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A GENERAL CLASS OF ESTIMATORS IN TWO PHASE
SAMPLING USING MULTI-AUXILIARY VARIABLES IN THE
PRESENCE OF NON-RESPONSE AT SECOND PHASE

ZAHOOR AHMAD, IRSA ZAFAR AND MUHAMMAD HANIF

(Communicated by Kamile SANLI KULA)

ABSTRACT. In this paper we have proposed a general class of estimators in
two phase sampling using multi-auxiliary variables for estimating population
mean of study variable in the presence of non-response for both study and
auxiliary variables at second phase. Special cases of suggested class have also
been deduced. The expressions of bias and mean square error have also been
derived. Mathematical and empirical comparison has been made for comparing
the efficiency of proposed estimators.

1. INTRODUCTION

The most common method of data collection in survey research is sending the
questionnaire through mail. The reason may be the minimum cost involved in
this method. But this method has a major disadvantage that, a large rate of non-
response may occur which may result in an unknown bias at any assumption because
of the fact that the estimate based only on responding units is representative of the
both responding and non-responding units.

Personal interview is another method of data collection which generally may
result in a complete response, but the cost involved in personal interviews is much
higher than the mail questionnaire method. We may conclude from the above
discussion that the advantage of one method is the disadvantage of other and vice
versa. Hansen and Hurwitz (1946) combined the advantages of both procedures.
They considered a problem to determine the number of mail questionnaires along
with the number of personal interviews to take in following up non-response to the
mail questionnaire in order to attain the required precision at minimum cost.

Let us assume that the population of size N is divided into two groups, one
group consisting of the units who respond called response class and the other group
consisting of the units who do not respond is called non-response class. Let Njand
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Ny be the sizes of responding class and non-responding class of population respec-
tively. A simple random sample of size nq is selected from population of sizelN,
out of which munits respond and ni2 do not. We can say that ni;is the sample
selected from Nj units and nisbe the number of units selected from Ns units. Let
r be the size of the sample selected from n12 wherer = %2, k > 1. Let 3; and g,
denote the sample means based on n1; and r units respectively.

Hansen and Hurwitz (1946) proposed the following estimator to estimate the
population meanY based on njiand 7 units:

_x _ M11y1 + N2y
(1.1) Y1 = —
ni

The estimator ¥} is unbiased and has variance

(1.2) Var (77) = MiS; + 05,

Where \; = L — % and § = Welkizl) ; Wo = % and Sg and ngbe the

ni ni
population variances based on N and Nyunits respectively.

1.1. Two-Phase Sampling in the Presence of Non-Response at Second
Phase using Single Auxiliary Variable. In two- phase sampling, a larger sam-
ple is selected from the population and information of auxiliary variable is recorded.
There may also be the situation when cost of drawing large sample is too high, there-
fore, we take a sub sample at second phase, information on auxiliary variable and
variable of interest is recorded for estimation. The two phase sampling may cause
a loss of efficiency but this loss is compensated by the use of auxiliary information.
We assume that the population of size N is divided into two groups, one group
consisting of the units who respond called response class and the other group who
do not respond is called non-response class. Let Nyand Ny be the sizes of responding
class and non-responding class of population respectively. A large first phase sample
of size my is selected from a population of N units by simple random sampling
without replacement (SRSWOR), we assume that at the first phase, all the ny units
provide information on auxiliary variablexy;, a smaller second phase sample of size
ngobservations is selected from n; first phase sample and information on study
variable y is recorded. Let noj units provide information on y and n9s units do not.
Therefore, take a subsample ofr = 22, k > 1so that the r units can be re-contacted
by personal interview. Let Z;be the sample mean of auxiliary variablex;based on
the first-phase sample.

1.1.1. Modified Hansen and Hurwitz’ (1946)Estimator. For the need of Hansen and
Hurwitz (1946) estimator in two phase sampling, it is modified as:
_y _ M21Y2 + Noglor
(1.3) =
no

The estimator ¥5 is unbiased and has variance

(1.4) Var (75) = XS, + 05,

Y2’

-1 _ 1 -1 _ 1 1 _ 1 — Wa(k=1). — N2
Where)\l—n1 N,)\g—n2 N,)\g—nz nlandﬁ— ” s Wo = 7%

and Sg and Sibe the population variances based on N and Nounits respectively.
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1.1.2. Khare and Srivastava (1993, 1995) Estimators: Khare and Srivastava (1993,
1995) proposed the following ratio, product and regression type estimators using
two-phase sampling where non-response is considered at second phase. The ratio
estimator is

(1.5) Tria = Z_J%fh
)

with

(1.6) Bias (Tr14) = ()1Z> {)\3 (ng - Socy) + 0 (ngg - Sﬂﬁy(z))}’

and

(1.7) MSE (Triq) = A3 {S; + R*S2 (1 -2C)} 4+ A1S;

+0 {5, + R*SZ, (1 -2C2)) },
whereC' = £.Czr) = 2528 = %éyv Bamy = FOR = o0 = BB =

S2(W>
1— Wa(k—1
nf27)\3_)\2 )\179_ 2512 ).

The product estimator is

%

y2 — %

1. Toy, = 22
( 8) Pld 7 Lo,

with

) 1

(1.9) Bias (Tp14) = d {385y + 0S5y, },

and
(1.10) MSE (Tpia) = A3 {S; + R*S2 (1+2C)} + M S

+6 {52, + R*S2, (1+2C2)) } -
The regression estimator is

(1.11) Tpria = U5 + b"(21 — 23),
where b* = Ssgy.
The bias is

N(N — nl) H21 B
(N —1)(N —2)n; XS,
N (N —ny) 1430 9“30(2) n N (N —no)
(N—l)(N—Q)anSg XS% (N-1)(N-2)
pso N (N—ny) P21 9N21(2>

Bias (TLRld) ~ ﬁmy (

and

(1.12) MSE (Trria) = As (1= p%) S; + AiS;
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+6 {5}, + R*CSZ, (1-2C5)) } .

Tabasum and Khan (2004) revisited the ratio estimator Tr14 of Khare and Sri-
vastava (1993) and found that the cost of these estimators is less than the cost
gained by Hansen and Hurwitz’ (1946) estimator.

1.1.3. Singh et al. (2010) Estimators: Singh et al. (2010) suggested the following
generalized version of modified exponential ratio and exponential product type
estimators using two-phase sampling.

1) _ a (@3 — 531)}

1.13 ) = —2 1,
( ) (a) y2 €xp |: (.i'; + jl)

with

. (1) - a R 2 R 2

(1.14) Bias (t(a)) = o [/\3 (Sy - 25;) + 0 (Swy@) - 2512”

and

2 Q2

(1.15) MSE(t) = \s {sj + (“Rff) (1+ 40)} + 1S}

aR?5?

+6 {552 + (4m> (1 +4C(2))] .

Remark 1.1. When a =-1 and 1, the expression given in (1.27) becomes Exponential
Ratio Estimator and Exponential Product Estimator along with their Bias and
mean square error respectively.

Quite often, we possess information on several variates and it may be considered
important to make use of the whole of the available material to improve the pre-
cision. Several authors have used the multi-auxiliary characters for estimating the
population mean using the known values of population means of auxiliary variables
without considering the problem of non-response. Some of the names among them
may be Olkin (1958), Shukla (1965, 66), Raj (1965), Rao and Mudholkar (1967),
Mohanty (1967, 70), Srivastava (1971), Khare and Srivastava (1980, 81), Khare
(1983), Srivastava and Jhajj (1983) and Sahoo (1986).

However, it is a common practice in sample surveys that the data may not be
obtained for all the units selected in a sample due to some problem of non-response.
Tripathi and Khare (1997) considered the simultaneous estimation of several pop-
ulation means for two types of non-responses (partial and complete) using single
phase sampling. Khare and Sinha (2009) proposed two classes of estimators for
estimating the population mean of study character using multi-auxiliary characters
in the presence of non-response.

In the following section we propose a general class of estimators in two phase
sampling using multi-auxiliary variables for estimating population mean of study
variable, in the presence of non-response for both study and auxiliary variables at
second phase.
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2. PROPOSED CLASS OF ESTIMATORS

In this section, we will suggest a general class of estimators for two-phase sam-
pling using multi-auxiliary variables when we consider non response on study vari-
able and all the auxiliary variables.

Considering the sample design discussed in section 1. Let we have g auxiliary
variables x1, T2, ..., 7, to estimate the mean of study variabley. Further, let X; de-
note the known population mean of i*"auxiliary variable, T1(;) and ZTy(;) denote the
sample means of i*"auxiliary variables from first and second phase samples respec-
tively, 3, and 5 be the sample means for auxiliary variables and study variable
respectively defined by Hansen and Hurwitz (1946) based on ng;+r sampling units.

Also, let the sampling errors of study and i**auxiliary variable are

(2.1) egy =95 — Y,
(2.2) Cay, = Th; — X,
and
(2.3) oy, = 1 — X
Let, dlh = [ dl d2 dlh ] s dq2 = [ dq1+1 dq1+2 dq2 ]andd% =
[ dgyt1 dgy2 -+ dg, |; whered; = (éz;i —€py,);i=1,2,...,qandg = q1 + q2 +
q3. Further, suppose the vector of unknown constants areq,, = [ Qv Qg ],
ag, = [ g1 g2 0 ag, | andag, = [ agg1 agi2 o ag | Also,

suppose, X,, = [X;l](qlqu);i =1,.0q1, Xy = [Xi—l](qﬂqz);i =q+1, 1 +2...,0
o a

and X, = [Xi ](q3><Q3)’Z

q=q +q2+gs.

= q2 + 1, g2 + 2...,q3are the diagonal matrixes and

2.1. Mathematical Expectations: The following expectations will be used to
derive the expressions for bias and mean square error of proposed class of estimators

E(ey;) = B (ea;,) = B (€0,,) = 0
E (dqleg;) = [AgSywi + OSy(g)mi]qlxl = Qyag s t=1,2,.,q1
b (dqzeﬂé) = [/\3Syxi + 95@/(2)%]
E (dqseg;) = [AgSymi + GSy(g)xi]q?’M = Qyrg t=¢2+1,¢2+2,...,q3
E(dyd),) = [NsSuia, + 0552, ]

q2x1 = (pquz; 1= Q1+ 17q1 +27~-~7Q2

= Aql; 17] = 1727"'7q1

q17q1

91 Xq1
E (dqzdgz) = [)‘351113' + eswiwj(Q)]qzqu = qu; Li=qg+la+2..,q
E (qudfzz) = [A35z.a, +05l‘i1'j(2>]qsxq3 =0y ,J=¢+1,2+2,..,q

) = [)\lszizj]qlqu = qu; w3 =1,2 ..,q1,

E (éﬂflqz é%hm) = [Alsxixj]qzxq2 = E(Tz; Z7.7 =q + 17q1 + 27 5 g2

E (émlqg éz—clq = [Alsmimj]%qu = qu; ,j=qa+ 1,020+ 2,...,q3
E (éi;ql) = |:)‘2S£L +65§¢(2)i|q1><1 = 82;1,7/,_] = 1a27"'7q17
E (éi; ) = |:)‘252z + 9557(2)} = SZz;i,j =q + ]-7(]1 + 23 e 42
a2 qa2x1
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~2 _ 2 2
E (ew) - [Azsm n HSM(?)LM S =gt gt 2.
E (éilql> = [MS2), =S =12
E(éilq'z) = [Alsgi}tnxl :S‘D’ »J q1+1 Q1+2

E (éilqg) = [Alsgj%xl = ng;i,j =q2+ ]-7 q2 + 27 - 43
2.2. Proposed Class of Regression-Cum-Ratio-Exponential Estimators.

We have proposed the following general class of estimator using multi-auxiliary
variables:

=1

g2 Ty \ " T5, — T1q)
o i (2) o dex G
i=q1+1 \ Ty P Z 'IQ’L + xh)

i=qg2+1

(24) ty = (y; + CLZO&,’ (fli — x;)>

where a, b, ¢ and d are suitable constants to be chosen for generating members
of this class such that b+ d = 1; and «;, 5; and 7; are unknown constants to be
determined by minimizing the mean square error of ¢7* given in (2.4).

Using the result from (2.1), (2.2) and (2.3), we can write (2.4) after ignoring the
third and higher order terms as:

q €.y, — Cgx*
= q2 (1) Ty,
ty ~ <Y+éy; +a) ai(Eagy), — é:,:;i)> {b‘ 1 <1 ¥ ooy~ F@i

=1 i=q1+1 Xz

cay (ca; + 1) 2 cay (ca; — 1) 2 242 em(l)zem(z)l
2X? s 2X? o CX?
7 7 7

9(2, ~ %)
_ (2)i T(1)i
+d {1+ Z al .(ex(*Q)i_ :1:<1)7) Z @i 4X2

t=q2+1 i=q2+1
2
a3 92 ) )
+ Z & (8)_(.2 (e%)i + €5y — 2€ap, ex(l)z))
i=q2+1 g
Simplifying and writing in matrix notation, we get:
q2 o
> ’ i _
tg = (Y +egs — aaqldql) 14 bc Z < (emli - efﬂéi)
i=q1+1 "
q2 g3
o (ca; +1) 4 goy _
+bC Z Tez;i —+ d Z QX (ez; — ea;li)
i=q1+1 v i=qa+1 v

= (coy —1) _ zu)b %)1 (5926?2)if53:(1)1_)
the D a g, Z o —d Z o <

4X2
i=q1+1 g i=q1+1 i=g2+1 ?
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2

g3 2
g =2 52 = >
+d Z i <8X.2 (ew(*z)i + Coay 2€x22)iex(1)i)>
1

1=qa2+1

Again ignoring third and higher order terms for each expansion of product and

simplifying, we can write the expression as:

q1 q2
> _ _ _ > ;[ _
ty=Y +é: +a E Q; (ez(m — ez&)i) + Ybc E < (ez(m - e%)i)
i=1 i=q1+1 "¢
q2 o q1
— 3 — — —
+Yd g o= 2, (ew ewmi)—i-abc E < (ew(l)i - em(*z)i) E o (eI(l)l
i=q1+1 i=q+1 7" i=1
q2 e q2 &2
i T(1)i T(1)i
+Ybe E ozl (2) +Ybc? E a2 =2 _ Ve E a; —2
P 9X?2 2X?2
— 1 z i— 1 4 - 1 [
i=q1+ i=q1+ i=q1+
2
q2 éx(l)véx* 92 q3
X/ K3 2)i X — —
Yo Y ol VA | Y ai| e, g,
X: 8 X2 (2)i )i
i=q1+1 g v i=q2+1
2 2
q3 e 2 q3 2 q3
7 T()i _2 >3 9 _2
+Ydg E «; 2 + Yd8X2 E ai | e, + Yd8X2 E a; | e
i=q2+1 i i=q2+1 i i=q2+1
q3 ez, 92 e2. 2 €x1y; — €a;
-Ydg g a; (—2); +Ybe? E o? (—2)21 + be E o _ P 2t
=qo+1 i i=q1+1 2X; =q1+1 v
1=q2+ 1=q1+ =q1+

q1

+d Z %2X (e%n ex(mz) Cy; +d Z aZQX (e%n ém)az%‘ (éxmz

i=q2+1 i=qa+1 i=1
We can write the above expression in matrix notation as:
tq Y = Eys aa dy, cha ,Xgdy

q927q2

.Y
+= dga s Xy, + —bca X aqzlqleemzq

Y Y
2 52 2 52
+ bca ,Xgn€ T3, bc a 2 X 0o 1 2x1€5,,,

Y
2.t y2 St t o2 52
—Ybe g, Xg,€a,,, €0 230, %2 T 5 bcoquXquIlq2

t * 7%
—bcaqu(hdqzeyg Jrabca qudqqulaql

Y Y dg
——dgaX ;+ —dgal, X2 & —i——aXd*

g3 T1q a3 q3

Y
+§d92a X2 ag, 1t e .t ngQaZS > g, 1l e

q3 Ty q3 Ilq

d
(2.5) ——dg o X2 el —ﬁa" Xy di dita, .

ewlqg T1gg 93 2 437°q3"q1
Ignoring second and higher order terms, we can write

- Y
tg =Y ~ ey —aay di —Ybeal, Xg,d; + dga s Xy, -

— €
3”<2>L>
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Squaring and taking expectation

, 2
(2.6) MSE(ty) = F [éﬂs - h1><qqul} J

. ’ ’ ’ _ « « Yd «
where hy, = [ Qg Qg Qg ]Mq and m;, = [ ady, YbeXg,dy, —5%Xq,dy, 1xq

To find the optimum value ofh, differentiating the equation (2.6) w.r.t h and equat-
ing to zero, we get:
2m B [eg; = myhy| =0

or
E (mgég;) — E (mqm;) hg=0
or
(2.7) Oyp, — Tyhy =0
where _
a’lAg, YabcAlqu2 = Y‘;dg Ags Xgs
T, = VRN, A Xy, — 50X, A, Xy,
= illg X%A%qu
and
Dy, = | @By, VheXpy0yo, ~82X, 0, |

Now from (2.7)
(2.8) hgx1 =T '@y ..

Now, from (2.5), ignoring the third and higher order terms for each expansion
of product, we get

_ _ Y
E(t]" —=Y) =~ E (ey; —acf, d; —Ybcal, Xq,d}, + EdgatsX d;

a27q2 q3+437q3

Y _ Y _
+5b02(){22X3204q21q262 + Ebcaang e

* *
. 2 €
2q, 24,

Y -
2t y2 52 2t yv2 5 gt
+ 5 bc anqua%lqgezlqz Ybe 04(12X(126:,31q2 €a3,, Yaz

Y
t 2 =2 t * =
3 bcaq2quewM2 —beag, Xy, dy, eys

t * 7%’ Y t 2 =2
+abeag, Xg,dy, dy o, ngaquqs T30y

Y Y
—l—zdgoszXQ &2+ ngQaZSXg g1t e

g3 " Tigg 3 LERS AP

Y 2t 2 t 52 Y 2.t yv2 3 t
—|—§dg aq3Xq30‘q31q36x1q3 - ng a%que;,;lqg €z,,, Yas
adg
2

Now taking expectation, bias can be written as:

dg
t t t
Qg X‘I3 d23 d;1 Qg + 9 Qg XqS d;3 €ys > :

Y
; ~ t t t 2 * *
Bias (tq) ~ bc {(1()4(12Xq2 Agy gy — gy Xy @y + g, X0 (s%2 - 31q2>

Y oy o ot o2
+c <2aq2Xq2aq2 1q, (SLQ + SZQQ) — Yoy, Xg,81,,, Qg
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Y 2 * * 1
g { =20l X0y Bs, g, + 0l X2 (51, = 53, ) + 508, Xeu By,

Y . . Y
(2.9) +g (8 o X2 Qg 1L (51q3 + SQqS) — ZafBXisquS aq3> } )

The optimum values of unknowns are given in equation (2.8). By using the nor-
mal equations those are used to find the optimum values given in equation (2.8),
equation (2.6) can be written as:

MSE (t,) = E (éy; (éu - hémq))
or

MSE (t;) = B (&) = hyE (mgéy;)

Y2
or

MSE (ty) = XSy + 055, — "1y q®ya, -
Now, using equation (2.8), we get:

(2.10) MSE (ty) = AoS) + 0S5, — ®,, T 'Oy,

3. SPECIAL CASES OF PROPOSED ESTIMATORS

As the class is generalized in nature, so special cases can be deduced for different
values of a, b, ¢, d and g. Different special cases, their biases abs mean square
errors are given in the following tables.
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Table-1: Special Cases of Proposed Class of Estimators

247

Sr. (a,b,c,d,g) Estimator
#
q2 = ;g
1 |(0,1,1,0,0) Ratio t =7 ()
i=q1+1 24
q =%\ i
2 (0,1,-1,0,0) Product t,=g5 1 (L)
g1 \ T
3 (1,0,0,1,0) Regression tir = (3 + D oiny oy (T, — T5)))
4 (-1,0,0,1,0) Difference ta = (U3 + Yt o (T1 — T3;))
5 (0,0,0,1,1) Exponential Ra- | te, = 75 exp giq2+1 a; (g;;; )J
tio )
6 g) OdO,l, 1) Exponential | t., = g3 exp [> 02 ) (iz I_i;)J
roduct )
7 (1,1,1,0,0) Regression-Cum- | tyer = (73 + D1y @ (T1; — T3;))
Ratio g2 (171 e
H 7*1,
i=qi+1 \ "2
8 (1,1,-1,0,0) Regression- | trep = (U3 + Y iny i (T1i — T3;))
Cum-Product g2 (a:cz>o‘
i—gi 1 \ T
9 (1,0,0,1,1) Regression-Cum- | tyeer = (U5 + Y iny @ (T1; — T3;))
Exponential-Ratio expY ¥ a (;1-%;21)
10 (1,0,0,1,-1) Regression- | treep = (U3 + Doiny g (Z1; — T5;))
Cum-Exponential-Product exp ;13 i1 Qi 21;;1
11 (-1,1,1,0,0) Difference tdcr (g5 + Z Lo (T — T3;))
-Cum-Ratio (z1>
i= <11+1
12 (-1,1,-1,0,0) Difference tdpp = (73 + Zz L (T — T3;))
-Cum-Product (i’S )
= q1+1 i
13 (-1,0,0,1,1) Difference | tacer = (U3 + 2oy @ (T1; — T3;))
-Cum-Exponential-Ratio exp 2% e (;111;;)
14 (-1,0,0,1,-1) Difference | tacep = (U5 + Y irq @i (T1; — T3;))
“Cum-E ial-Product T1i-73,
Cum-Exponential-Product | ¢, Yo« (éﬁg)

The expressions of bias MSE of above special cases can be obtained from (2.9)
and (2.10) by using suitable combination of (a, b, ¢, d, g). The empirical values of
these expressions are given in empirical section. The following table contains the
some existing estimators that are special cases of proposed class.
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Table-3: Some existing estimators as special cases of proposed class

Sr. | (a,b,c,d,g,q1,92,q3) Estimator Author

#

1 (0,0,0,1,0,0,0,0) 7s Hansen and Hurwitz (1946)

2 (0,1,1,0,0,0,1,0) us (%—1) Khare and Srivastava (1993,

’ 1995)

3 ](0,1-1,0,0,0,1,0 73 (gg) Khare and Srivastava (1993,
1995)

4 (1,0,0,1,0,1,0,0) Us +a(z1 —z5) | Khare and Srivastava (1993,
1995)

5 1(0,0,0,1,1,0,0,1) 75 exp (;1;2%) Singh et al. (2010)

6 | (0,0,0,1,-1,0,0,1) 75 exp <%§1%1> Singh et al. (2010)

4. THEORETICAL COMPARISON FOR THE PROPOSED CLASS

In this section we compare our proposed class of estimators with Hansen and
Hurwitz (1946).

The comparison of proposed class of estimators with Hansen and Hurwitz (1946)
is:

MSE (g;) - MSE (t?ln) = ¢ym1X3T;31X3¢yx3x1 >0

We can observe that our proposed class of estimators is efficient than Hansen and
Hurwitz (1946).

5. EMPIRICAL COMPARISON

For empirical comparison, we have used the data set of Census report of Faisalabad
district (1998) Pakistan, used by Ahmad, et al. (2009b). The size of this population
is N = 283. The first 28% of the observations are considered as non-response
Ny = 80and thenN; = 203. The detail of study and auxiliary variables is given
in Table A2 of Appendix A. The necessary matrices required for the calculation of
bias and MSE are given in Table A3 and Table A4 respectively. The values of bias
and percent relative efficiency of the proposed and existing estimators for different
values of ny,mo andk are given in Appendix A.

We have developed a general class of estimators using multi-auxiliary variables
consisting fourteen types of estimators.

The relative efficiency and bias of existing and suggested estimators are given
in Table A4 and Table A5 respectively. From Table A4, the MSE of six esti-
mators (ratio, product, regression, difference, exponential, exponential ratio and
exponential product) is same and similarly, of eight remaining estimators is same.
The group of eight estimators is more efficient because the PRE of this group is
greater than the group consisting of six estimators. To check the performance
within these two groups, we need to observe the bias of these from Table Ab5.
This group of eight estimators having same MSE can be further divided in to two
groups on the basis of biases, each consisting of four estimators. The first group
of four estimators (Regression-cum-exponential-ratio, Regression-cum-exponential-
product, difference-cum-exponential-ratio and difference-cum-exponential-product)
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is preferred because it has less bias as compared to the second group of estima-
tors (Regression-cum -ratio, Regression-cum -product, difference-cum -ratio and
difference-cum-product).

Now we want to check the rate of increase/decrees in Bias/MSE of different esti-
mators by increasing the values ofng,ne andkunder the assumption that the trend
will be linear. For this purpose we considered two values for eachni,ny andkand
calculated slopes for Bias/MSE for all estimators, the results are given in Table
A6. Empty cell in the column ofnyshows that the expression of MSE ofgjdoes not
involve the value ofn;.

From Table A.6, by comparing our suggested and existing estimators, we can

observe that when we increase the value ofk, the value of PRE oftp and Tj,14
highly increase, but the PRE of the class consisting of eight estimators increase
least. When we increase the value of k, bias of Trigincreases the most and the
value of exponential product and exponential ratio is almost stable.
When we change the value ofni, the increase in the values of PRE of Tj.14 is
the most and in the value of PRE oftg()_l) 4 is least. In the case of bias, al-
most all of the estimators are stable and the stability of the class of four es-
timators (Regression-cum-exponential-ratio, Regression-cum-exponential-product,
difference-cum-exponential-ratio and difference-cum-exponential-product) is more
than all other considered estimators.

We can conclude from the above discussion regarding Bias, Relative efficiency
and slopes that the class of four estimators (Regression-cum-exponential-ratio,
Regression-cum-exponential-product, difference-cum-exponential-ratio and difference-
cum-exponential-product) has less Bias and MSE than all suggested and existing
estimators, and is also less sensitive for increasing the values ofny,ne andk. Hence
this group is preferred over all other considered estimators.
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Appendix A
Table A.1: Description of Variables and mean w. r. t N = 283 andN; =

251

Name

Description of Variables

Mean for N = 283

Mean for Ny = 80

Yo

Population of currently married

1511.261484

1825.9

X1

Population of both sexes

10931.4417

13226.025

X5

matric

Population of primary but below

1969.286219

2622.5625

80 e

Population of matric and above

754.360424

1048.275

X4

above

Population of 18 years old and

6173.162544

8146.425

X5

old

Population of women 15-49 years

2457.681979

2953.7375

Table A2: Variance-covariance matrix

w. r. t N

Yo

X4

Xo

X3

Xy

X5

Yo

621542.7328

3963614.8

792130.418

303104.0047

2481864.876

823818.0161

X4

3963614.842

29441849

5836183.44

2230311.546

17507723.7

6588651.038

Xa

792130.4178

5836183.4

2815406.61

624113.7475

3788276.829

1390088.258

X3

303104.0047

2230311.5

624113.748

276331.9476

1795351.395

533963.3136

X4

2481864.876

17507724

3788276.83

1795351.395

39560446.26

4060606.428

X5

823818.0161

6588651

1390088.26

533963.3136

4060606.428

2196836.707

Table A3: Variance-covariance matrix

w. r. tNs

Y,

Xy

X3

X3

X4

X5

Yo

915368.5722

5470158.3

1207503.21

429915.8

3939985.41

1236879.163

X

5470158.306

43396500

8701020.14

3059560.347

27495437.31

8863944.5

Xy

1207503.209

8701020.1

2605859.46

788441.1218

6822705.087

1983612.909

X3

429915.8

3059560.3

788441.122

382683.9487

3553687.451

716956.6554

X4

3939985.41

27495437

6822705.09

3553687.451

120333017.3

6217267.278

X5

1236879.163

8863944.5

1983612.91

716956.6554

6217267.278

2000402.069
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Table A4: Percent Relative Efficiency w. r. tj; of Existing and Proposed
Estimators

1
k| n n2 Tr14 Tir14 tgg()_l)d trstpstir, | trerstreps

tdat6T7t8p trcerv trcepa
tdCTvtdev
tdcerytdcep
130 | 90 114.22 | 123.83 | 152.85 | 179.18 181.28
130 100 113.17 | 119.05 | 146.78 | 160.91 162.37
130 110 112.06 | 114.33 | 140.81 | 143.66 144.64
130 120 110.90 | 109.68 | 134.93 | 125.69 126.34
140 | 90 115.23 | 127.66 | 158.66 | 195.61 198.39
140 100 114.31 | 123.12 | 152.97 | 176.91 178.93
140 110 113.33 | 118.62 | 147.31 | 159.64 161.06
140 120 112.31 | 114.14 | 141.70 | 143.00 143.99
150 | 90 116.12 | 131.16 | 164.08 | 212.18 215.75
150 100 115.31 | 126.88 | 158.77 | 193.01 195.68
150 110 114.46 | 122.60 | 153.46 | 175.40 177.36
150 120 113.56 | 118.32 | 148.15 | 158.85 160.26
160 | 90 116.91 | 134.39 | 169.13 | 228.96 233.42
160 100 116.21 | 130.36 | 164.21 | 209.36 212.78
160 110 115.46 | 126.31 | 159.26 | 191.33 193.92
160 120 114.68 | 122.23 | 154.28 | 174.52 176.45
130 |90 117.13 | 120.53 | 164.97 | 170.34 172.23
130 100 116.40 | 117.16 | 160.14 | 154.85 156.30
130 110 115.64 | 113.82 | 155.36 | 139.15 140.25
130 120 114.86 | 110.51 | 150.64 | 121.69 122.55
140 | 90 117.90 | 123.14 | 169.85 | 182.75 185.08
140 | 100 | 117.27 | 119.97 | 165.39 | 167.78 169.61
140 110 116.61 | 116.81 | 160.95 | 153.07 154.49
140 120 115.92 | 113.67 | 156.53 | 137.92 139.02
150 |90 118.57 | 125.49 | 174.32 | 194.56 197.35
150 100 118.02 | 122.51 | 170.23 | 179.94 182.18
150 110 117.45 | 119.54 | 166.13 | 165.76 167.54
150 120 116.86 | 116.57 | 162.03 | 151.63 153.04
160 | 90 119.17 | 127.62 | 178.43 | 205.89 209.17
160 100 118.70 | 124.83 | 174.70 | 191.57 194.25
160 110 118.21 | 122.03 | 170.94 | 177.75 179.93
160 120 117.69 | 119.22 | 167.16 | 164.18 165.93

W W W W W[ W[ W W W W W W WWWWNNNNNNNN NN NN NN NN
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k ni n2 TRld nrld tg()—l)d t’!‘atp7tl’r‘7 trcr7trcp7
td7t€T7t6p trcemtrce[)a
tdCT7tde7
tdcervtdcep
4 130 | 90 118.86 118.73 172.79 | 160.96 162.71
4 130 100 118.30 116.12 168.77 | 147.43 148.85
4 130 110 117.73 113.54 164.79 | 133.31 134.46
4 130 120 117.14 110.97 160.85 | 117.50 118.45
4 140 | 90 119.48 120.70 176.97 | 171.03 173.09
4 140 100 119.00 118.27 173.30 | 158.33 160.02
4 140 110 118.50 115.84 169.64 | 145.45 146.85
4 140 120 117.99 113.42 166.01 | 131.88 133.03
4 150 | 90 120.02 122.47 180.76 | 180.28 182.65
4 150 100 119.61 120.19 177.42 | 168.20 170.18
4 150 110 119.18 117.91 174.09 | 156.13 157.79
4 150 120 118.74 115.63 170.75 | 143.78 145.16
4 160 | 90 120.50 124.06 184.22 | 188.87 191.56
4 160 100 120.15 121.92 181.20 | 177.31 179.59
4 160 | 110 | 119.78 119.78 178.17 | 165.84 167.78
4 160 120 119.41 117.64 175.13 | 154.28 155.91
5 130 | 90 120.00 117.59 178.24 | 153.04 154.69
5 130 100 119.55 115.47 174.81 | 141.03 142.42
5 130 110 119.09 113.36 171.40 | 128.35 129.53
5 130 120 118.62 111.26 168.02 | 114.24 115.24
5 140 | 90 120.52 119.18 181.89 | 161.58 163.46
5 140 100 120.13 117.20 178.78 | 150.47 152.08
5 140 110 119.74 115.23 175.67 | 139.05 140.42
) 140 120 119.34 113.26 172.58 | 126.91 128.08
5 150 |90 120.97 120.59 185.18 | 169.25 171.36
5 150 | 100 | 120.64 118.75 182.37 | 158.84 160.66
5 150 110 120.31 116.90 179.55 | 148.27 149.85
5 150 | 120 | 119.96 115.05 176.74 | 137.33 138.69
5 160 | 90 121.37 121.86 188.16 | 176.23 178.57
5 160 100 121.09 120.13 185.63 | 166.40 168.44
5 160 110 120.81 118.40 183.09 | 156.50 158.28
5 160 120 120.51 116.67 180.54 | 146.38 147.93
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Table A5: Results of absolute bias of existing and proposed estimators

k ni UP) TRld tg%l()—l)d tr7tp temtep trcr7trcp7 tTCETatTC€p7
tdC‘l‘7tde tdceratdcep
2 130 | 90 2.52 9.03 0.10 2.46 0.0912 0.0906
2 130 | 100 | 2.02 7.16 0.12 1.88 0.0703 0.0698
2 130 110 1.60 5.64 0.13 1.38 0.0538 0.0533
2 130 120 1.25 4.36 0.13 0.88 0.0419 0.0415
2 140 | 90 2.71 9.72 0.08 2.68 0.0996 0.0991
2 140 | 100 | 2.20 7.85 0.10 2.12 0.0787 0.0782
2 140 110 1.78 6.33 0.11 1.64 0.0617 0.0612
2 140 120 1.44 5.05 0.12 1.22 0.0480 0.0476
2 150 |90 2.86 10.32 | 0.07 2.88 0.1069 0.1064
2 150 | 100 | 2.36 8.45 0.08 2.32 0.0860 0.0855
2 150 110 1.94 6.92 0.09 1.85 0.0688 0.0684
2 150 | 120 | 1.60 5.65 0.10 1.45 0.0547 0.0544
2 160 | 90 3.00 10.85 | 0.06 3.04 0.1132 0.1128
2 160 | 100 | 2.50 8.98 0.07 2.49 0.0923 0.0919
2 160 110 | 2.08 7.45 0.08 2.03 0.0752 0.0748
2 160 | 120 | 1.73 6.17 0.09 1.64 0.0610 0.0606
3 130 | 90 3.91 13.78 | 0.31 3.37 0.1308 0.1303
3 130 | 100 | 3.27 11.43 | 0.30 2.62 0.1078 0.1074
3 130 | 110 |2.74 9.51 0.29 1.92 0.0909 0.0905
3 130 120 | 2.30 7.92 0.23 1.17 0.0812 0.0808
3 140 | 90 4.10 14.47 | 0.30 3.65 0.1385 0.1381
3 140 100 | 3.45 12.12 | 0.29 2.92 0.1147 0.1143
3 140 110 | 2.92 10.20 | 0.28 2.29 0.0962 0.0959
3 140 120 | 2.48 8.61 0.26 1.69 0.0826 0.0823
3 150 | 90 4.25 15.06 | 0.28 3.87 0.1454 0.1450
3 150 100 3.61 12.72 0.27 3.17 0.1212 0.1209
3 150 | 110 | 3.08 10.80 | 0.27 2.56 0.1020 0.1017
3 150 120 | 2.64 9.20 0.26 2.03 0.0868 0.0866
3 160 | 90 4.39 15.59 | 0.27 4.06 0.1515 0.1512
3 160 100 | 3.75 13.24 | 0.26 3.37 0.1272 0.1269
3 160 110 | 3.22 11.33 | 0.25 2.78 0.1075 0.1072
3 160 120 | 2.77 9.73 0.25 2.27 0.0917 0.0914
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k ni UP) TRld tggl()_l)d trvtp; teratep t’I‘CT7t’I‘Cp7 trceratrcepz
tdcmtdcp tdceratdcep
4 130 |90 5.30 18.52 | 0.51 4.11 0.1744 0.1740
4 130 100 | 4.52 15.70 | 0.47 3.18 0.1497 0.1493
4 130 110 | 3.87 13.39 | 041 2.29 0.1324 0.1320
4 130 120 | 3.34 11.47 | 0.29 1.31 0.1237 0.1232
4 140 90 5.48 19.21 0.50 4.44 0.1807 0.1804
4 140 | 100 | 4.70 16.39 | 0.47 3.56 0.1546 0.1543
4 140 110 | 4.06 14.08 | 0.43 2.77 0.1349 0.1346
4 140 120 | 3.52 12.16 | 0.37 2.01 0.1213 0.1209
4 150 |90 5.64 19.80 | 0.49 4.70 0.1867 0.1864
4 150 | 100 | 4.86 16.99 | 0.46 3.85 0.1598 0.1595
4 150 110 | 4.21 14.68 | 0.43 3.12 0.1389 0.1386
4 150 120 | 3.68 12.76 | 0.39 2.45 0.1229 0.1226
4 160 | 90 5.78 20.33 | 0.48 4.92 0.1922 0.1919
4 160 100 | 4.99 17.51 | 0.45 4.09 0.1648 0.1646
4 160 110 | 4.35 15.20 | 0.42 3.39 0.1431 0.1429
4 160 120 | 3.82 13.28 ] 0.39 2.76 0.1260 0.1257
5 130 | 90 6.69 23.26 | 0.70 4.71 0.2216 0.2212
5 130 100 | 5.77 19.97 | 0.62 3.60 0.1948 0.1944
5 130 | 110 |5.01 17.27 | 0.51 2.55 0.1767 0.1762
5 130 120 | 4.38 15.03 | 0.33 1.37 0.1677 0.1671
5 140 | 90 6.87 23.95 |0.70 5.10 0.2263 0.2260
5 140 100 | 5.95 20.66 | 0.63 4.07 0.1978 0.1974
5 140 | 110 | 5.19 17.96 | 0.55 3.14 0.1766 0.1762
5 140 120 4.56 15.72 0.46 2.22 0.1623 0.1619
5 150 | 90 7.03 24.55 | 0.69 5.41 0.2311 0.2308
5 150 100 6.11 21.25 0.63 4.42 0.2015 0.2012
5 150 | 110 | 5.35 18.56 | 0.57 3.56 0.1787 0.1784
5 150 120 | 4.72 16.32 | 0.50 2.76 0.1616 0.1613
5 160 | 90 7.17 25.07 | 0.68 5.66 0.2357 0.2354
5 160 100 | 6.24 21.78 | 0.62 4.70 0.2054 0.2051
5 160 | 110 | 5.49 19.08 | 0.57 3.88 0.1816 0.1813
5 160 120 | 4.86 16.84 | 0.52 3.15 0.1630 0.1627
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TableA6: Slopes of Proposed and Existing Estimators

Estimators k ni o

PREs | Triq4 -4.51 0.08 -0.07
Tyr1d -1.50 0.31 -0.37
150 928 | 051 |-049
t’l”vtpatlry 2.19 1.42 -1.69
td7ter;tep
trersbrepstreerstrceps 233 | 148 | -1.76
tder 7tdcp atdcer ;tdcep

Bias TRr14 -3.61 0.02 0.02
He1a 508 |0.06 |0.06
Loty -2.91 0.00 0.00
ter,tep -2.63 -0.02 -0.02
trerstrepstderstdep -3.02 0.00 0.00
trcer 7trcep7tdcer 7tdcep -3.02 0.00 0.00
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