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ABSTRACT. In this paper, we characterize some algebraic and combinatorial
properties of spanning simplicial complex Ag(Gy, 1y, ...,1,,) of the n-cyclic
graphs Gy 1, ... ,1,, With a common vertex. We show that As(Gy, 1y, ..., 1,,)

n
is pure simplicial complex of dimension ). l; — n — 1. We determine the

Stanley-Reisner ideal IAs(Gzl, lyr i) OEXS(G117 lg, -, 1,) and its primary
decomposition. Under the condition that the length of each cyclic graph is
t, we also give a formula for f-vector of As(Gy, 1, ...,1,,) and consequently
a formula for Hilbert series of the Stanley-Reisner ring k[As(Giy i1y, .., 1, )]s
where k is a field.
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1. Introduction

The note of spanning simplicial complex A(G) on edge set E of a graph G =
G(V, E) was introduced in [1], the set of its facets is exactly the edge set s(G) of

all possible spanning trees of G, i.e.
A(G) = (F; | F; € s(Q)).

Note that for a graph G, the problem of finding s(G) is not always easy to
handle. Anwar, Raza and Kashif [1] proved some algebraic and combinatorial
properties of spanning simplicial complex of the uni-cyclic graph U, (i.e., if the
vertex set of Uy, is V = {x1,...,2,}, then the edge set of U, is E = {z;x;41 | i =
1,...,n, and &,+1 = 21}). Zhu et al. [5] discussed some properties of the spanning

simplicial complexes of the n-cyclic graphs with a common edge. In this paper,
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our goal is to characterize some algebraic and combinatorial properties of spanning
simplicial complexes of some n-cyclic graphs Gy, i,,...,7, With a common vertex,

which is obtained by joining n disjoint cycles G, ,..., Gy, of length [y, ..., [, at a

common vertex. For n =2 and I; =l = 3, the graph of G5 3 is shown in Figure 1
of Section 2.

We give a brief overview of this paper. In Section 2, we recall some definitions
and results from commutative algebra and algebraic combinatorics. In Section 3,
we determine the Stanley-Reisner ideal Ia (g, 4, ... ) of As(Gliy,t,--,1,) and its
primary decomposition in Theorem 3.2. In Section 4, under the assumption that the

length of every cycle is ¢, we give a formula for f-vector of As(Gy, 4, ....1,) and con-

) in

sequently a formula for Hilbert series of the Stanley-Reisner ring k[A(Gy, 15, .1,.)]-

s

2. Preliminaries

We firstly recall some definitions and basic facts about graph and simplicial

complex in order to make this paper self-contained.

Definition 2.1. A spanning tree of a simple connected finite graph G = G(V, E)
is a subgraph of GG, which is a tree and contains all vertices of G. We denote the

collection of all edge sets of the spanning trees of G by s(G), i.e.
s(G) = {E(T;) C E | T, is a spanning tree of G} (See [3] for more details).

It is well known that for any simple connected finite graph, spanning trees always
exist. One can find a spanning tree systematically by the cutting-down method,
which says that a spanning tree is obtained by removing one edge from each cycle

appearing in the graph. For example, for the following graph GG, we obtain that
s(G) = {{ea;e3,es5,¢6},{e2,€3,¢€4,¢6}, {e2,€3, 4,65}, {e1,e3,¢e5,¢€6},{e1, €3,
es,€6},{€1,€3,¢€4,65}, {e1,€2,€5,¢e6}, {e1,e2,e4,€6},{€1,€2,€4,€5}}.

€1

€9 es

€4 €5

€6
Figure 1. 2-cyclic graph with a common vertex
Definition 2.2. A simplicial complex A on a set of vertices [n] = {1,2,...,n} is

a collection of subsets of [n] such that
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(1) {i} € A for each i € [n];
(2) it Fe Aand G C F, then G € A.

An element of A is called a face of A, and the dimension of a face F' of A is
defined as |F'| — 1, where |F| is the number of vertices of F' and denoted by dim F.
The faces of dimension 0 and 1 are called vertices and edges, respectively, and
dim @ = —1.

The maximum faces of A under inclusion are called facets of A. The dimension
of the simplicial complex A, which is denoted by dim A, is the maximal dimension

of its facets, i.e.
dim A = max {dim F |F is a facet of A}.
We denote the simplicial complex A with facets {F,..., Fy} by
A= (F,...,F,).

Definition 2.3. A simplicial complex A is pure if all of its facets have the same

dimension.

Definition 2.4. Given a simplicial complex A of dimension d, we define its f-vector
to be the (d+ 1)-tuple f = (fo, f1,..., fa), where f; is the number of i-dimensional
faces of A.

Definition 2.5. For a simple connected finite graph G = G(V, E) with s(G) =
{E1,...,Es}, we define a simplicial complex A (G) on E such that facets of
A4 (G) are precisely the elements of s(G), called the spanning simplicial complex of
G(V, E). In other words,

A (G) = (E,...,E).

As the number of elements of both E; and E; are |E| —m, where m denotes the
number of cycles in G, we have that E; ¢ E; for i # j.
For example, the spanning simplicial complex of the graph G with edge set

E ={e1,ea,€3,e4,€5,e6} in Figure 1 is given by

As(G) = ({ez,e3,€5,e6}, {ea, e3,e4, €6}, {€2, €3, €4, €5}, {e1, €3, €5, €6}, {e1, €3,
64766}7 {617 €3, €4, 65}7 {617 €2, €5, 66}7 {617 €2, €4, 66}7 {613 €2, €4, 65}>.

Definition 2.6. An n-cyclic graph Gy, i,,...,1, with a common vertex is a graph

which is obtained by joining n disjoint cycles Gi,, G, . .., G}, at a common vertex,
where G, denotes the cycle of length [; and [; > 3 for each i € {1,2,...,n}.

n n
Remark 2.7. It is easy to see Gy, 1,, .1, has > l;—n+1 vertices and Y, 1; edges.
i=1 i=1
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3. Primary decomposition of In,Giy 0y )

In this section, we will determine the Stanley-Reisner ideal IAS(Gzl, . of

l2
As(Giy 1y, - 1,,) and its primary decomposition.
We label the edge set of Gy, 45, ... 1

of the cycle Gy, for 1 <i <n. First, we have the following proposition.

such that {e;1,eia,...,€e;,} is the edge set

n

n
Proposition 3.1. A (Gy, 1, ....1,) is a pure simplicial complex of dimension ) l;—
i=1
n—1.

Proof. Let E = {€11,..-,€11,,6215--+,€205s---,€nls--.,€ni, } be the edge set of

the n-cyclic graph Gy, i,,...,1,,- As Gy, 1,,...,1,, contains exactly n cycles of length

l, la, ..., I, by the cutting-down method, its spanning trees are obtained by re-
moving one edge from each cycle Gy,, 1 < i < n. Hence, the subset F(T;) C F is in
S(G’ll’b7 .‘.Jn) if and only if E(Tl) = E\{€1 P15 €nin} for some ij S {1, ey lj},

where j runs from 1 to n, i.e.

s(Giytp, 1) ={E\{e1iys - renin b |45 €4{1,...,;} and j € {1,...,n}}.

n n
It is easily seen that each spanning tree of Ag(Gy, 1, ... 1,,) has > (Li—1) = > l;—n
i=1 i=1
edges, thus the result follows. O
Let E={e11,-.-,€11,,€21,--+,€205,-«€Enl,---,€ni, } be the edge set of the n-

cyclic graph Gy, 1, ... .1,,, and let Ag(Gy, 1, .- ,1,,) be the spanning simplicial complex

of Gy, 15, ,1,,- We can assume that S = k[z11,...,%10,,%21, - s L2055+ -, Tnl, - - -5
n

Tn1,] is a polynomial ring in > I; variables over a field k, Ia (G, ,, ..., ) I8 the
h » b2, v bin

Stanley-Reisner ideal of As(él_ll’l%...’l”), which is a squarefree monomial ideal.
The standard graded algebra k[A(Giy 1, -, 1,)] = S/Ia Gy 1y, 1, ) 18 called the
Stanley-Reisner ring of As(Gi, 1, ,1,)- We can give a primary decomposition of
ideal Ia, (G, 1, ... )» Hilbert series and h-vector of k[As(Giy,1,,-,1,)]. We refer
readers to [2] and [4] for detailed information about the Stanley-Reisner ideal,
primary decomposition and Hilbert series.

Now, we give a primary decomposition of the Stanley-Reisner ideal I Gyt i1,

of As(Gll,lg, l'n.)'

)

Theorem 3.2. Let Ay(Giy 1y, ,1,) be the spanning simplicial complex of the n-

cyclic graph Gy, 15, ... 1 i) of

n*

Then the Stanley-Reisner ideal In (q,, .

lg, -y
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Ay (G 1y, - 1,,) 18 given by

Ingcy g0, = ﬂ (T1iy> T2igs - - -5 Tniy )
ij € {1,2,...,10;}
jef1,2,...,n}
= ($11$12"'$111,$21JJ22"'$2127~-~,$n1$n2"'ﬂ?nln)~

Proof. As each of facets of Ay(Gy,,1,,...,1,) is obtained by removing exactly one

edge from each cycle Gj,, 1 <14 < n. From [4, Proposition 5.3.10], we get that

Ingciy g0, = ﬂ (%14, %209, - - -+ Ty, )
i € {1,2,...,0;}
je{1,2,...,n}
= ($1111712"'l”111,$21$22"'I2127~-~7117n11‘n2"'iEnln)~

As corollaries, we obtain the following two results.

Corollary 3.3. Let As(Giy 1y,--,1,) be the spanning simplicial complex of the

n-cyclic graph Gi, i,,...,1,.  Then the Stanley-Reisner ring S/Ia (q,, ., .. 1,) i
Gorenstein.
Proof. By the above theorem, we have that
InN(Giy g, 0) = (@11T12 0 B0y, T21 @22+ 20y, Tnd T2~ Tt )-
It is clear that x11212- - %11, 21222 T2y, -+ -, Tn1Tp2 -+ Ty, 1S a regular se-

quence in any order. As S is Gorenstein, the Stanley-Reisner ring S/IAS(Gll, by 1)

is Gorenstein by [2, Proposition 3.1.19]. O

Corollary 3.4. Let Ay(Gyy,1,,..,1,) be the spanning simplicial complex of the n-
cyclic graph Gy, 1. ... ,1,- Then the Stanley-Reisner ideal Ingcip oy,
of height n.

L) 8 unmized
n

4. The computation of f-vector of A (Gy, 1, ... 1)

In this section, we will give a formula for f-vector of As(Gy, 15, ....1,) and conse-
quently a formula for Hilbert series of the Stanley-Reisner ring k[A (G, 1y, - 1,)]
under the assumption that the length of every cycle Gy, is t for 1 < ¢ < n. But
before this we need the following proposition, its proof can be seen in Proposition
2.2 of [1].

Proposition 4.1. For a simplicial complez A on [n] of dimension d, if f; = (
for some t < d, then f; = (11’1) for all0<i<t.

t—tl)
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Now, under the assumption that the length of every cycle Gy, is ¢t for 1 <14 < n,

we give the formula to compute the f-vector of As(Gy, 1y, .-, 1,)-

Theorem 4.2. Letl; =t for any 1 <i <n. Then the f-vector of As(Giy 1y, 1,,)
is given by f = (fo, f1,---, fa), whered=n(t—1) — 1 and

/i = ﬁ;“”i(?) (Zats)

where 0 < j < d, k =[] and symbol [a],a € Q denotes the mazimum integer not

exceeding a.

Proof. Asl;=tforany 1 <i<n, wecanset E={e11,...,€1¢,€21,...,€2¢, ...,
€n1s---,ent} be the edge set of the n-cyclic graph Gy, i1, ... 1,- By the definition
of f-vector of Ay(Giy, 1y, .1,
E of the graph Gy, i1,,...,1, with j + 1 elements, that do not contain these cycles

{€i1,. e |1 <dip < n}, {en,- €€ty €t |1 < ip < i < n}, ...,

), f; is the number of all those subsets of the edge set

s ln

{61'117...,67;1,5,...,eikh...,eikt|1S’L'l <"'<ik§n}.

By Remark 2.7, Gy, 15, ... ,1,, has nt edges, thus there are (Z) (]Tit,;]fl) subsets of F

with j+1 elements, which contain the edge set {€;,1, €iy2, -+ €iyty- vy €ixly---s€ipt|

1<iy <+ <ip <n}. Similarly, there are (") [(ﬂt@(ff)ifl) — ("_Uf_l)) (ﬂt};]j_tl)]

1 4 B i
= (") (jitz;'f?fl) — ()T ) = 20D (T G
subsets of F with j+1 elements, containing the edge set {€;,1, -, i1ty -y €ip_11s-+ -,

€ip_1t|1<i3 < <ir_1 <n}. By analogy, there are
Y 1 ety N G ) [ Gy
S G )
G ()
[n—k+2 n—k+1 n—k+2 it—kt
(<nt1kt+>2€> ( > )<<n 2k+2>>éjntkt;i>t>
—kt+2t+1 1 j—kt+t+1
( —k+2)( nt—kt)
2 j—kt+1
(

Gl rerete)

_|_

+
/-\/-\g-\/-\/-\
3 | 3
V]
N~ N S

I
[
—
|
—_
~—
<
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subsets of E with j + 1 elements, containing the edge set {€;,1,€i,2,. .., €5ty -+,
il Cip_22s--5€ip_ot]1 < i1 < -+ < dg_2 < n} and so on. Therefore, the
number of all subsets of E, which have j + 1 elements and contain the edge set

{eill,...,eilt,...,eikim,l,...,eikfm}ﬂ1 Sll < - <im§n}, is

Se( ) ()

Therefore, by inclusion exclusion principle, we have
o nt n nt — kt
fi = <j+1)<k)<j—kt+1>
n n—k+1 nt — ( —1—|—z
)OGS
2 i n n—k+2 nt — (k—2+1)
B ;(_1) (k:—2>( )( —2+zt+1>
i n n—k—i—m nt—(k—m+i
2 (k‘—m)( )(j—k m+z)t+1>_”'
S\ (n—1 nt — (1+14)t
(J( )G
k
n—j nt — kt
e () GG )
k—1 .
he1_i (M n—j nt — (k—1)t
2. ]<j)<k1j>](j<k1)t+1)_

Jj=1

e (G0 - ()

J

B i(_l)i@) (]Titz:ttl)

=0

>
[l
= O

~
Il
=]

k .
where the last equality holds by combinatorial formula Z(_l)k—j (n) <n —J )

= J)\k—=7]
=0. O
We can now give a formula for Hilbert series of k[As(G, i,,-.,1,)] under the
condition that the length of every cycle Gy, is t for 1 <i < n.
Theorem 4.3. Let Ay(Gy, 1y, ....1,) be the spanning simplicial complex of the n-

cyclic graph Gy, 15, ... where l =t for every 1 < i < n. Then Hilbert series of

vn)
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the Stanley-Reisner ring k[As(Giy, 1y, - ,1,,)] i given by

H(k[AS(Gy 1, ,1,)),2) = 1+ Xd: :O(‘l)l <7) <j7itlt—l:1)'

i=0

Proof. From [4, Corollary 5.4.5], we know that if A is a simplicial complex and
f(A) = (fo,..., fa) is its f-vector, then the Hilbert series of the Stanley-Reisner
ring k[A] is given by

_ fiz' o

The desired formula follows from the theorem above at once. O
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