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Abstract

In this paper, we introduce the notion of strongly nodec spaces and study their properties. Also, we discuss
strongly nodec generalized metric spaces. Furthermore, we extend these notions to Ty-strongly nodec space by
using the quotient map.

Keywords: Strongly nowhere dense, Dense, Codense, Strongly nodec space

2010 AMS: Primary 54A08, Secondary 54A10

1. Introduction

The notion of a generalized topological space was introduced by Csaszér in [1]. Let X be any non-empty set. A family
U C exp(X) is a generalized topology [2] in X if @ € p and | G; € u whenever {G; : i € I} C u where exp(X) is a power set
icl

of X. We call the pair (X, ) as a generalized topological space (GTS) [2]. If X € p, then the pair (X, 1) is called a strong
generalized topological space (sGTS) [2].

The elements in u are called the p-open sets and the complement of a (-open set is called the p-closed sets.

Let (X,u) be a GTS and A C X. The interior of A [2] denoted by iA, is the union of all p-open sets contained in A and the
closure of A [2] denoted by cA, is the intersection of all u-closed sets containing A.

In 2013, Korczak-Kubiak et al. introduced the notations fi, tt(x) defined by {U € u: U # 0},{U € u : x € U} respectively
[3].

Let (X,u) be a GTS and Y C X. The subspace generalized topology is defined by, uy = {UNY : U € u}. Then the pair
(Y, 1y) is called the subspace GTS. Furthermore, (X, pt) is strong GTS if and only if ¢(0) = 0 if and only if @ is closed [4].

2. Preliminaries

In this section, we remember some basic definitions and lemmas which will be useful to prove the results in the following
sections.

We already familiar with nowhere dense sets in generalized topological space. In 2013, Korczak - Kubiak et al. defined a
new one namely strongly nowhere dense sets and discussed their properties. Also, they gave a relation between nowhere dense
and strongly nowhere dense sets in generalized topological space [3]. In [5], we analyze properties of strongly nowhere dense
sets in generalized topological spaces. With this terminology, we define a new space namely strongly nodec space and study
some properties of strongly nodec spaces.

Let (X,u) bea GTS and A C X. A is said to be a ot-open (resp. a-closed) setif A C iciA (resp. cicA C A). The interior of
A [2] denoted by iyA, is the union of all &-open sets contained in A and the closure of A [2] denoted by cyA, is the intersection
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of all a-closed sets containing A. A subset A is said to be p-nowhere dense [3] (resp. W-dense, L-codense [2]) if icA = 0 (resp.
cA=X,c(X—A)=X).
A subset A of a GTS (X, u) is said to be p-strongly nowhere dense [3] if for any V € fi, there exists U € fi such that U C V

and UNA = 0. A is said to be a p-s-meager [3] set if A= |J A, where each A, is a u-strongly nowhere dense sets for all
neN
n € N where N denote the set of all natural numbers.

Let (X,u) bea GTS and A C X. A is said to be a u-s-second category (u-s-1I category) [3] set if A is not a [1-s-meager set.
A subset A of a GTS (X, 1) is said to be a p1-s-residual set if X — A is a p-s-meager set in X.

In GTS, every u-strongly nowhere dense set is (1-nowhere dense and every subset of a p-strongly nowhere dense set is
u-strongly nowhere dense [3]. Also, every subset of a p-s-meager set is a [l-s-meager set [3]. If A is a u-strongly nowhere
dense set, then cA is a u-strongly nowhere dense set [3].

Let (X, 1) be a GTS. X is said to be a generalized submaximal space [6] if every pt-dense subset of X is a {t-open set in X.

Throughout this paper p-strongly nowhere dense, t-nowhere dense, (-s-meager, -s-residual and etc., we will write
strongly nowhere dense, nowhere dense, s-meager, s-residual and etc., when no confusion can arise.

The following lemmas will be useful in the sequel.

Lemma 2.1. [7, Lemma 2.6] Let (X, 1) be a GTS and A C X. Then i(cA—A) = 0.

Lemma 2.2. [6, Theorem 19] Let (X, 1) be a GTS. The following properties are equivalent:
(a) X is a generalized submaximal space.
(b) Each p-codense subset A of (X, ) is p-closed.

Lemma 2.3. [2, Lemma 2.3] Let (X, ) beaGTS and let A C S C X. Then csA = cANS.
Lemma 2.4. [2, Lemma 3.2] Let (X,t) bea GTS andletA,U C X. If U € i and UNA =0, then UNcA =0.

Lemma 2.5. [5, Theorem 2.13] Let (X, ) be a GTS and A C X. If A is a u-strongly nowhere dense set in X, then A is codense.

3. Strongly nodec spaces

In this section, we define strongly nodec space and give the example for the existence of this space in generalized topological
spaces. Further, we discuss the properties of strongly nodec space in generalized topological spaces. Also, we prove product of
two GTS is strongly nodec then each one is a strongly nodec space.

Definition 3.1. Let (X, 1) be a GTS. A space X is said to be a strongly nodec space if every non-empty l-strongly nowhere
dense subset of X is [L-closed in X.

Example 3.2 shows the existence of the strongly nodec space and Theorem 3.4 give the necessary condition for a sGTS to
be a strongly nodec space.

Example 3.2. (a) Consider the GTS (X, 1) where X = {a,b,c,d,e} and u ={0,{a,d},{a,e},{b,e},{a,d,e},{a,b,e},{a,b,d,e}}.
Here the u-strongly nowhere dense set is {c¢} which is also a p-closed set in X. Therefore, X is a strongly nodec space.

(b) Consider the GTS (X, 1) where X =R and 4 = {0} U{A C X : A— {x} C A for some x € X }. Here, there is no p-strongly
nowhere dense set in X. Therefore, X is a strongly nodec space.

Lemma 3.3. Ina GTS (X, 1), every [-strongly nowhere dense set does not contains a non-empty [L-open set.

Proof. Let A be a u-strongly nowhere dense set in X. Suppose there is U € fi such that U C A. Then there isno V € fi such
that V. C U and VNA = 0, which is a contradiction to A is u-strongly nowhere dense in X. This implies U = 0. Therefore, A
does not contains a non-empty (-open set in X. Hence every p-strongly nowhere dense set does not contains a non-empty
u-open set. 0

Theorem 3.4. Let (X, L) be a sGTS. Then X is a strongly nodec space if any one of the following hold.
(a) Every a-closed set is a p1-closed set.

(b) Every a-open set is a L-open set.

(c) ForeachA C X,cA—A C cic(A).

(d) Foreach A C X,cA = AUcicA.

(e) ForeachA C X,iA =ANiciA.
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Proof. Assume (a). Let A be a non-empty strongly nowhere dense set in X. Then A is a non-empty nowhere dense set and so
icA = 0. Since X is a sGTS, cicA = 0. This implies cicA C A which implies A is a a-closed set. By (a), A is a y-closed set in
X. Hence X is a strongly nodec space.

Assume (b). Similar considerations in (a), we prove X is a strongly nodec space.

Assume (c). Let A be a non-empty strongly nowhere dense set in X. Then A is a non-empty nowhere dense set and so icA = 0.
Since X is a sGTS, cicA = 0. By (c), cA—A = 0. Thus, cA = A. Therefore, A is a p-closed set in X. Hence X is a strongly
nodec space.

Assume (d). Let A a non-empty strongly nowhere dense set in X. Then by same process in (a), cicA = 0. By (d),cA=AUD0 =A.
Therefore, A is a u-closed set in X. Hence X is a strongly nodec space.

Assume (e). Similar considerations in (d), we prove X is a strongly nodec space. O

Definition 3.5. Let (X, 1) be a GTS and A C X. Then frontier of A is denoted by Fr(A) and defined by Fr(A) = cANc(X —A).
Then frontier of A is a closed set in X .

Example 3.6 shows that the existence of Fr(A) and Lemma 3.7 give some properties of Fr(A) in a generalized topological
space (X, 1) where A C X.

Example 3.6. (a) Consider the GTS (X, i) where X = [0,5] and u = {0,[0,2),(1,3),[2,4),[0,3),(1,4),[0,4)}. Let A = [3,4)
be a subset of X. Then Fr(A) = [3,5]. Also, Fr(A) is a u-closed set in X.

(b) Consider the GTS (X, 1) where X = {a,b,c,d} and u = {0,{a,b},{b,c},

{a,b,c}}. Let A = {a,b} be a subset of X. Then Fr(A) = {c,d}. Also, Fr(A) is a u-closed set in X.

Lemma 3.7. Let (X, 1) be a GTS. Then the following hold.

(a) If B is a strongly nowhere dense set in X, then Fr(B) is a strongly nowhere dense set in X for all B C X.

(b) If Fr(A) is a strongly nowhere dense set in X, then Fr(iA), Fr(cA) is a strongly nowhere dense set in X for all A C X.
(c) If A is a strongly nowhere dense set in X, then Fr(A N B) is a strongly nowhere dense set in X for all A,B C X.

Proof. (a) Suppose B C X is a strongly nowhere dense set. Let U € [i. Then there exists V € fi such thatV C U and VN B = 0.
By Lemma 2.4, VN ¢B = 0. This implies V N Fr(B) = 0, since Fr(B) C cB. Therefore, Fr(B) is a strongly nowhere dense set
in X.

(b) Suppose Fr(A) is a strongly nowhere dense set in X. Now Fr(iA) = ciANc(X —iAd) = ciANc(X — (X —c¢(X —A))). This
implies Fr(iA) = ciANc(c(X —A)) = ciANc(X — A) which implies Fr(iA) C cANc(X —A) C Fr(A). Thus, Fr(iA) C Fr(A).
Since subset of a strongly nowhere dense set is strongly nowhere dense, Fr(iA) is a strongly nowhere dense set in X. Now
Fr(cA) = ccANc(X —cA). This implies Fr(cA) C cANc(X —A) which implies Fr(cA) C Fr(A) and hence Fr(cA) is strongly
nowhere dense set X.

(c) Suppose A is a strongly nowhere dense set in X. Since AN B C A and subset of a strongly nowhere dense set is strongly
nowhere dense, Fr(A N B) is a strongly nowhere dense set in X, by (a). 0

Example 3.8 shows the reverse implication of (a) in Lemma 3.7 is not necessary.

Example 3.8. Consider the GTS (X, 1) where X ={a,b,c,d,e}and u ={0,{a},{a,b},{a,c},{a,b,c}}. Let B={a,c,d} CX.
Then Fr(B) = {b,d,e} and so Fr(B) is a strongly nowhere dense set in X. But B is not strongly nowhere dense set in X.

Proposition 3.9. Ler (X, ) be a strongly nodec space. If A is a non-empty strongly nowhere dense set in X, then Fr(A) C A
and hence Fr(A) is a strongly nowhere dense set in X.

Proof. Suppose A is a non-empty strongly nowhere dense set in X. By hypothesis, A is a closed set in X. Now Fr(A) =
cANc(X —A) =ANc(X —A). Therefore, Fr(A) C A. By Lemma 3.7 (a) and hypothesis, Fr(A) is a strongly nowhere dense
setin X. =

Proposition 3.10. Let (X, 1) be a GTS. If Fr(A) is strongly nowhere dense = A is closed for all A C X, then X is a strongly
nodec space.

Proof. Let A be a non-empty strongly nowhere dense set in X. Then by Lemma 3.7 (a), Fr(A) is a strongly nowhere dense set
in X. By hypothesis, A is a closed set in X. Hence X is a strongly nodec space. 0

Every generalized submaximal space is a strongly nodec space. This implication is not reversible as shown in the following
Example 3.11.
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Example 3.11. Consider the GTS (X, 1) where X = {a,b,c,d} and u = {0,{a,b},{a,d},{b,c},{a,b,d},{a,b,c},X}. Here,
every U-strongly nowhere dense set is a p-closed set in X. Therefore, X is a strongly nodec space. Let A = {a,c,d}. Then A is
u-dense in X but not p-open in X. Thus, X is not a generalized submaximal space.

Theorem 3.12 gives the necessary condition for a strongly nodec space to be a generalized submaximal space and Example
3.13 shows that frontier of a dense set is strongly nowhere dense set is necessary.

Theorem 3.12. Let (X, 1) be a sGTS. If every frontier of a dense subset of X is a strongly nowhere dense set in X and X is a
strongly nodec space, then X is a generalized submaximal space.

Proof. Suppose X is a strongly nodec space. Let A be a i-dense subset of X. By hypothesis, cA —iA is a strongly nowhere
dense set in X. Then X — iA is a strongly nowhere dense set in X, since cA = X and so X — A is a strongly nowhere dense set in
X, since subset of a p-strongly nowhere dense set is pL-strongly nowhere dense. Suppose X —A = 0. Then X — A is a closed set
in X, that is ¢(@) = 0, since X is a sSGTS. Therefore, A is a yt-open set in X. Suppose X —A # 0. Since X is a strongly nodec
space, X — A is a closed set in X. Therefore, A is a (-open set in X. Hence X is a generalized submaximal space. O

Example 3.13. Consider the GTS (X, u) where X = {a,b,c¢,d} and p = {0,{a,b},{a,c},{a,b,c},X}. Here, every u-strongly
nowhere dense set is a p1-closed set in X. Therefore, X is a strongly nodec space. Let A = {a,c,d}. Then A is a p1-dense subset
of X. But Fr(A) = {b,d} is not a strongly nowhere dense set. For, let U = {a,b} € fi. Then there isno V € fi such that V. C U
and VN Fr(A). Let B={a,d}. Then B is yt-dense in X but not pt-open in X. Thus, X is not a generalized submaximal space.

Next Example 3.14 shows the existence of a non-generalized submaximal space satisfying the necessary condition in
Theorem 3.12 which is not a strongly nodec space.

Example 3.14. Consider the GTS (X, ) where X = {a,b,c,d} and u = {0,{a},{b},{a,b},{b,c},{a,c},{a,b,c}}. Here,
A ={c} is a p-strongly nowhere dense set in X but not g-closed in X. Thus, X is not a strongly nodec space. Clearly, every
frontier of A is a strongly nowhere dense set where A is a dense subset of X. Let B = {a,b,d}. Then B is yt-dense in X but not
u-open in X. Thus, X is not a generalized submaximal space.

Theorem 3.15 characterizes strongly nodec space in strong generalized topological space and Theorem 3.16 give one
property of s-meager, s-residual set in strongly nodec space, the essay proof is omitted.

Theorem 3.15. Ler (X, 1) be a sGTS and A C X. If frontier of A is a strongly nowhere dense set, then the following are
equivalent.

(a) X is a strongly nodec space.

(b) Foreach A C X,cA — A C cicA.

(c) ForeachA C X,cA = AUcicA.

(d) Foreach A C X,iA = ANiciA.

Proof. (a) = (b) Suppose X is a strongly nodec space. Let A C X. By hypothesis, frontier of A is a strongly nowhere dense set
and so A — icA is strongly nowhere dense. Suppose A —icA = 0. Since (X, i) is a sGTS, ¢(0) = 0 and so A — icA is a closed
set in X. Then d(A —icA) = 0 where the notation d(A — icA) is the derived set of A —icA C X. Now d(icA) C cicA and so
d(A) —cicA Cd(A)—d(icA) Cd(A—icA) = 0. Thus, d(A) C cicA. Therefore, cA — A C cicA. Suppose A —icA # 0. By (a),
A —icA is aclosed set and so d(A —icA) CA—icA. Letx € A—icA. Since A — icA is strongly nowhere dense, i(A —icA) = 0,
by Lemma 2.5 and so i(A — icA — {x}) = 0. Take B=A —icA. Then B is a codense set and so B — {x} is a codense set in X. By
hypothesis and Theorem 3.12, X is a generalized submaximal space. Therefore, B— {x} is a closed set in X. Hence {x} U (X —B)
is a non-empty open set in X. Let U, = {x} U (X — B). Thus, there is a neighbourhood Uy of x such that U, N (B—{x}) =0
and so x ¢ d(B). Therefore, d(A —icA) = 0. Now d(icA) C cicA and so d(A) — cicA C d(A) —d(icA) C d(A—icA) = 0. Thus,
d(A) C cicA. Therefore, cA —A C cicA.

(b) = (c) Let A C X. By (b), cA CAUcicA. Now cicA C cA. This implies A U cicA C AUcA = cA which implies AUcicA C cA.
Therefore, cA = AUcicA.

(c) < (d) it is obvious.

(c) = (a) Let 0 # A C X be a strongly nowhere dense set. Then A is a nowhere dense set in X, and so icA = 0. By (c) and
hypothesis, cA =AUQ = A. Thus, A is a closed set in X. Therefore, X is a strongly nodec space. O

Theorem 3.16. Let (X, 1) be a GTS. If X is a strongly nodec space, then the following hold.
(a) Every s-meager set is a Fs-set.
(b) Every s-residual set is a Gg-set.



Modifications of Strongly Nodec Spaces — 103/112

In GTS, a subspace of a strongly nodec space need not be a strongly nodec space even if the subspace is either closed or
dense-open as shown by the following Example 3.17.

Example 3.17. (a) Consider the GTS (X, ) where X = {a,b,c,d,e} and u = {0,{a},{a,b},{a,d},{a,b,d},{b,d, e},
{a,b,d,e}}. Here, every u-strongly nowhere dense set is a pi-closed set in X. Therefore, X is a strongly nodec space. Let
Y ={b,c,d, e} be a closed subset of X. Then uy = {0,{b},{d},{b,

d},{b,d,e}}.Let A= {e} C Y. Then A is a ly-strongly nowhere dense set in Y. But A is not a ty-closed set. Thus, Y is not a
strongly nodec space.

(b) Consider the GTS (X, 1) where X ={a,b,c,d,e, f} and u = {0,{a,b},{b,

ct{d,f}{a,b,c} {c,d,f}{a,b,d, f},{b,c,d, f},{a,b,c.d, [}, {b,c.d,e [},

{a,b,c,d,e},X}. Here, every u-strongly nowhere dense set is a -closed set in X. Therefore, X is a strongly nodec space. Let
Y ={b,c,d,e, f} be a dense-open subspace of X. Then uy = {0,{b},{b,c},{d, f},{b,d,f},{c,d,f},{b,c,
d,f},{b,c,d,e},Y}. Let A= {c} C Y. Then A is a uy-strongly nowhere dense set in Y. But A is not a uy-closed set. Thus, Y is
not a strongly nodec space.

Next one is the definition for a subspace of a space is strongly nodec with respect to the space and Example 3.19 shows the
existence of this space.

Definition 3.18. Ler (X, 1) be a GTS. A subspace Y of X is said to be strongly nodec with respect to X if every non-empty
Uy -strongly nowhere dense set is a [L-closed set. Y is said to be a strongly nodec space if Y is strongly nodec as a subspace.

Example 3.19. Consider the GTS (X, 1) where X = {a,b,c,d,e} and u = {0,{a,d,e},{b,d,e},{a,b,d,e},{a,c,d,e},X}.
LetY = {a,b,c,e}. Then py = {0,{a,e},{b,e},{a,b,e},{a,c,e},Y}. Here, every y-strongly nowhere dense set is p-closed.
Thus, Y is a strongly nodec space with respect to X.

In GTS, every subspace strongly nodec with respect to X is a strongly nodec space as a subspace. This implication is not
reversible as shown in Example 3.20.

Example 3.20. Consider the GTS (X, ) where X = {a,b,c,d,e, f} and u = {0,{a,b,c},{b,c,d},{a,b,c,d},{a,b,c,e},
{b,c,e,f},{a,b,c,d,e},{a,b,c,e,f},X}. Let Y = {a,b,c,e}. Then uy = {0,{b,c},{a,b,c},{b,c,e},Y}. Here, every Ly-
strongly nowhere dense set is a uy-closed set in Y. Therefore, Y is a strongly nodec space. But Y is not strongly nodec with
respect to X. For, let A = {a}. Then A is y-strongly nowhere dense set but not y-closed.

Theorem 3.21. Let (X, 1) be a GTS and Y be a dense subspace of X. If Y is a strongly nodec with respect to X, then X is a
strongly nodec space.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty p-strongly nowhere dense set in X. Suppose ANY = 0.
Then A is a non-empty Uy-strongly nowhere dense set. By hypothesis, A is a t-closed set. Suppose ANY # 0. Let U € fiy.
Then U = U1 NY where U; € [i. Since A is t-strongly nowhere dense set, there exists V; € [i such that Vi C Uy and Vi NA = 0.
This implies that V1 NY € [iy, since Y is a dense subspace of X. Take V =V NY. Thus, there exists V € iy such thatV C U
and VNA = 0. Therefore, A is a non-empty Uy-strongly nowhere dense set. By hypothesis, A is p-closed. Hence X is a strongly
nodec space. O

Theorem 3.22. Ler (X, 1) be a generalized submaximal space. Then every subset of X is a strongly nodec with respect to X
and hence a strongly nodec space.

Proof. LetY be a subset of X and A be a non-empty uy-strongly nowhere dense subset of Y. Then A is a uy-codense set and
so cy, (Y —A) =Y, by Lemma 2.5. Now ¢y, (Y —A) = ¢, (Y —A)NY, by Lemma 2.3. This implies Y = ¢, (Y —A)NY which
implies Y C ¢, (Y —A) C cu(X —A). Thus, Y C X —iyA. Therefore, iyA = 0 and so A is a pu-codense set in X. By hypothesis,
A is a p-closed set. Hence Y is a strongly nodec with respect to X. By Lemma 2.3, cyA=cANY =ANY =A,sinceACY isa
u-closed set. Therefore, A is a Ly-closed set. Hence Y is a strongly nodec space. O

Theorem 3.23. Let (X, ) be a strongly nodec space. Then every non-empty [L-strongly nowhere dense subspace of X is a
strongly nodec with respect to X and hence a strongly nodec space.

Proof. LetY be a non-empty p-strongly nowhere dense subspace of X. Let A be a non-empty Ly-strongly nowhere dense
subset of Y. Then A is a non-empty u-strongly nowhere dense set, since subset of a (1-strongly nowhere dense set is a -strongly
nowhere dense set. By hypothesis, A is a u-closed set. Therefore, Y is a strongly nodec with respect to X. By Lemma 2.3,
cyA=cANY =ANY =A, since A CY is a u-closed set. Therefore, A is a ty-closed set. Hence Y is a strongly nodec
space. O
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Theorem 3.24. Let (X, 1) be a strongly nodec space. Then every non-empty frontier of a [L-strongly nowhere dense subspace
of X is a strongly nodec with respect to X and hence a strongly nodec space.

Proof. Let A be a non-empty p-strongly nowhere dense set in X. By Lemma 3.7, Fr(A) is a non-empty p-strongly nowhere
dense set in X. Then by Theorem 3.23, Fr(A) is a strongly nodec with respect to X and hence a strongly nodec space. Hence
every non-empty frontier of a p-strongly nowhere dense subspace of X is a strongly nodec with respect to X and hence a
strongly nodec space. 0

Lemma 3.25. Let (X, ux), (Y, ly) be a two GTSs. Then the following hold.
(a) If A and B are strongly nowhere dense sets in X, Y respectively, then A x B is strongly nowhere dense in X x Y.
(b) If C x D is strongly nowhere dense in X x Y, then C or D or C and D is strongly nowhere dense set in X or Y respectively.

Proof. (a) Suppose A and B are strongly nowhere dense sets in X,Y respectively. Let U; x U, € [ixxy. Then U; € fix and
U, € [iy. By hypothesis, there exists V| € fiy, Vs € fiy such that V| C U,V, C Uy and Vi NA = 0,V, N B = (. Thus, there exists
Vi XV € fixxy such that V| x V, C Uy x U and V| x V; NA X B = (. Therefore, A X B is strongly nowhere dense in X x Y.

(b) Suppose C x D is strongly nowhere dense in X x Y. Let G| € fix,G; € fly. Then G| x G € [ixxy. By hypothesis, there
exists H; X Hy € fixxy such that Hy x Hy C G| X Gy and H; x HyNC x D = 0. Since H; X H, # 0 and H| x H, C G| X G2,
Hy C Gyand Hy C Go. Now Hy X HbNC x D =0,H NC x HyND = (. This implies Hy NC =0 or H, D or H NC = ( and
HyND = 0. Thus, C is strongly nowhere dense in X or D is strongly nowhere dense in Y or C and D are strongly nowhere
dense sets in X, Y respectively. O

Theorem 3.26. Product of two GTS is strongly nodec, then each one is strongly nodec.

Proof. Let (X, ux),(Y,Uy) be a two GTSs. Suppose X X Y is a strongly nodec space. Let A and B are non-empty strongly
nowhere dense sets in X, Y respectively. Then by Lemma 3.25, A x B is a non-empty strongly nowhere dense set in X x Y. By
hypothesis, A x B is a closed set in X x Y. This implies A is a closed set in X and B is a closed set in Y. Hence X and Y are
strongly nodec space. O

4. On Ty-strongly nodec spaces

In this section, we define Tp-strongly nodec space and give the example for the existence of this space in generalized
topological spaces. Further, we discuss the properties of Ty-strongly nodec space in generalized topological spaces by using a
quotient maps. Also, we introduce and give some results for 7p-generalized submaximal space in generalized topological space.

Let (X, i) be a GTS. We define the binary relation ~ on X by x ~ y if and only if ¢{x} = ¢{y}. Then ~ is an equivalence
relation on X and the resulting quotient space To(X) = X/ ~ is the Ty-reflection of X and the generalized quotient topology on
To(X) is defined to be p, = {G C To(X) : f~1(G) € u} where g is a canonical or quotient map from X into T(X) by setting
x € X to its equivalence class [x] in 7y(X). Then the pair (75(X), uy) is called the generalized quotient space of X.

Let (X, 1) and (Y, ) be two generalized topological spaces. A function f: X — Y is called (i, A)-continuous if f~1 (V) € u
foreach V € A [2]. A function f: X — Y is called (u,A)-open [2]if f(V) € A foreach V € . A function f : X — Y is called
(u,A)-closed if f(U) is a A-closed set for each U is a p-closed set.

A (1, A)-continuous map f : (X, ) — (Y, 1) is said to be a quasi-homeomorphism it U — f~1(U) (resp. C — f~1(C))
defines a bijection O(Y) — O(X) (resp. F(Y) — F (X)) where O(X) (resp. F (X)) is the collection of all p-open (resp. p-closed)
sets of X.

Equivalently, (u,A)-continuous map f : X — Y is a quasi-homeomorphism if for each pt-open subset U of X, there exists
a unique A-open subset V of Y such that U = f~!(V') (equivalently, for each u-closed subset F of X, there exists a unique
A-closed subset G of Y such that F = f~!(G)).

Lemma 4.1. [2, Lemma 7.3] Let (X, 1) and (¥, 1) be two generalized topological spaces. A mapping f: (X,u) — (Y,A) is
(1, A)-open if and only if f~!(cB) C c(f~'(B)) forany B C Y.

Proposition4.2. Let (X, 1) and (Y, L) be two generalized topological spaces. If f : X — Y is a surjective, quasi-homeomorphism
map, then f is a (1, A)-open map.

Proof. Let A be a p-open set in X. Since f is quasi-homeomorphism, there exists a unique A-open subset V of Y such that
A= f~1(V). Now f(A) = f(f~'(V)) =V, since f is a surjective map. Therefore, f(A) is a A-open set in Y. Hence f is a
(1, A)-open map. O
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Example 4.3. Consider two GTSs (X, 1) and (Y,A) where X = {a,b,c,d},

u=1{0,{a,b},{a,c},{b,c},{a,b,c}} and¥ = {a,b,c,d,e},A = {0,{a,b},{a,

b,e},{a,c,e},{b,c,e},{a,b,c,e}}. Define amap f:X —Y by f(a) =a,f(b) =b,f(c) =c, f(d) =d. Then f is a quasi-
homeomorphism but not a surjective map. Let U = {a,c}. Now f(U) = {a,c}. But f(U) is not a A-open set. Thus, f is not a
(1, A)-open map.

Notations 4.4. Let (X, 1) be a GTS, a € X and A C X. We use the following notations:
(D) do(a) ={x € X : c{x} =c{a}}.
(2) do(A) =Uldo(a) : a € A].

Example 4.5 shows the existence of dy(A) in generalized topological space (X, 1) where A C X and the next Lemma 4.6
give some properties of dp(A) and the canonical surjective map in generalized topological space.

Example 4.5. (a). Consider the GTS (X, i) where X = {a,b,c,d} and u = {0,{a},{a,c},{b,c},{a,b,c}}. Let A ={a,c,d}.
Now dy(a) = {a},do(c) = {c} and do(d) = {d}. Therefore, dp(A) = A.

(b). Consider the GTS (X, 1) where X = {a,b,c,d} and u = {0, {a},{b,c},{aq,

b,c}}. LetA ={a,c,d}. Now dy(a) = {a},do(c) = {b,c} and dy(d) = {d}. Therefore, dp(A) = X.

Lemma 4.6. Let (X, 1) be a GTS,AC X and q: (X,u) — (To(X), ) be a canonical surjective map. Then the following hold.
(a) The map ¢ is a quasi-homeomorphism.

(b) The map g is (i, 1y)-open, (1, iy)-closed map.

(c) A Cdy(A) C cA and consequently c(dp(A)) = cA.

(d) If A is a closed set, then dp(A) = A.

() do(A) =g ' (q(A)).

(f) If {A, }en is a collection of subsets of X, then do( U A,) = U do(An).
neN neN

Proof. (a) Define amap f: O(Tp(X)) — O(X) by f(U) =g~ (U). Itis enough to prove, f is bijective between p,-open sets and
p-open sets. Let Uy, U € i, such that Uy # Us,. Suppose f(U;) = f(Uz). Then ¢ ' (Uy) = ¢~ (U>) and so ¢~ (U — U,) = 0.
This implies Uy — U, = 0. Therefore, U; = U,, which is not possible. Therefore, f is injective between L,-open sets and
p-open sets. Let U be a i-open set in X. Then U = g~ !(V) where V is a y,-open set in To(X). Now f(V)=¢ (V) =U.
Therefore, f is surjective between Li,-open sets and (1-open sets. Hence g is a quasi-homeomorphism.

(b) By Proposition 4.2, g is a (1, 1t;)-open map. Similar considerations in Proposition 4.2, we get every canonical surjective
map q is a (i, y)-closed map.

(c) Obviously, A C dy(A). Let s € dy(A). Then s € dy(a) and so c({s}) = c({a}) for some a € A. This implies s € ¢({a}) C cA
which implies s € cA. Therefore, dy(A) C cA. Thus, A C dy(A) C cA and hence ¢(dp(A)) = cA.

(d) follows from (c).

(e) follows from the definition of dy(A) and a canonical map g.

(f) Letr € do( U A,). Thent € Udp(a) for alla € |J A,. This implies c({t}) = c¢({a}) for some a € A; or ...... orae€A,or
neN neN
.. which implies r € |J (do(A,)). Therefore, do( U An) C U (do(A,)). Conversely, let s € |J (do(Ay)). Then s € dp(A1)
neN neN neN neN
or s € dy(Az) or .... or s € dy(A,) or .... and so ¢({s}) = c¢({a}) for some a € A; or ¢({s}) = c¢({b}) for some b € A,

or ... or c¢({s}) = c({c}) for some ¢ € A, or .... . Therefore, s € do( U An). Thus, U (do(A)) C do( U A,). Hence
neN N neN

ne
do(U An) = U do(An). O
neN neN
Definition 4.7. Let (X, 1) be a GTS. X is called a Ty-strongly nodec space if its To-reflection is a strongly nodec space, that is
To(X) is a strongly nodec space.

Example 4.8 shows the existence of a Tp-strongly nodec space and Theorem 4.9 is a characterization theorem for a
To-strongly nodec space in generalized topological space.

Example 4.8. Consider the GTS (X, ) where X = {a,b,c,d} and u = {0,{a},{b,c},{a,b},{a,b,c},{a,b,d},{a,c,d},X}.
Define amap ¢ : X — To(X) by x € X to its equivalence class [x] in Tp(X ), where Tp(X) is the Tp-reflection of X. This implies
Uy = {0,{a}}. Here, every strongly nowhere dense set is a closed set in 7Ty (X ). Therefore, 7p(X) is a strongly nodec space.

Theorem 4.9. Let (X,u) be a GTS and q : (X, 1) — (To(X),Hq) be a canonical surjective map. Then the following are
equivalent.

(a) X is a Tp-strongly nodec space.

(b) For any non-empty strongly nowhere dense subset A of X, dy(A) is closed.
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Proof. (a) = (b). Suppose X is a Tp-strongly nodec space. Let A be a non-empty strongly nowhere dense subset of X. Then
cA is a non-empty strongly nowhere dense set in X. Suppose ¢(¢(A)) is not a strongly nowhere dense set in Tp(X). Then by
Lemma 3.3, there is a non-empty open set U of Ty(X) such that U C c(g(A)). Since g is a (1, lt,)-continuous map, g~ (U)
is a non-empty open set and ¢! (U) C ¢~ '(c(g(A))). Since ¢ is a (u, 11,)-closed map, c¢(g(A)) C c(g(cA)) = q(cA). Then
g (U) Cq ' (q(cA)) = dy(cA) = cA, which contradict the fact that cA is a strongly nowhere dense subset of X. Therefore,
¢(g(A)) is a non-empty strongly nowhere dense set in 7p(X ). Hence ¢(A) is a non-empty strongly nowhere dense set in 7p(X),
since subset of a strongly nowhere dense set is strongly nowhere dense. Since Tp(X) is a strongly nodec space, g(A) is a closed
setin To(X) and so g~ (g(A)) is a closed set in X, since g is a (1, i, )-continuous map. By Lemma 4.6(e), do(A) = g~ (q(A))
and hence dy(A) is a closed set in X.

(b) = (a). Let B be a non-empty strongly nowhere dense subset of 7y(X) and A = g~ !(B). Then g(A) = g(¢~'(B)) = B, since ¢
is surjective. Thus, g(A) is a strongly nowhere dense set in 7p(X ). Since ¢ is a surjective map, ¢~ ' (¢(A)) = ¢ ' (q¢(¢~ ' (B))) = A.
By Lemma 4.6(¢e), dp(A) = A. Suppose A is not a strongly nowhere dense set in X. Then there exists V € fi such that V C A.
Since ¢ is an (i, A)-open map, ¢(V) is a non-empty open set in Ty(X ). This implies g(V) C ¢(A). By Lemma 3.3, g(A) is not a
strongly nowhere dense set in X, which is not possible. Therefore, A is a non-empty strongly nowhere dense subset of X. By
(b), A is a closed set in X, since do(A) = A. Since ¢ is a (1, Uy )-closed map, g(A) is closed in X. Hence B is a closed set in
Tp(X), since g(A) = B. Hence X is a Tp-strongly nodec space. O

The following Corollary 4.10 and Corollary 4.11 follows from Lemma 4.6 and Theorem 4.9.

Corollary 4.10. Let (X, 1) be a sGTS and q : (X, 1) = (To(X), Uy) be a canonical surjective map. Then X is a Ty-strongly
nodec space if any one of the following hold.

(a) For every A C X, if cicA C dp(A), then dp(A) = cA.

(b) For every A C X, cA —dp(A) C cicA.

(c) Forevery A C X, cA = dy(A) UcicA.

Corollary 4.11. Let (X,u) be a GTS and q : (X, ) — (To(X), Ug) be a canonical surjective map. If X is a To-strongly nodec
space, then the following hold.

(a) If A C X is a s-meager set, then dy(A) is a F5-set.

(b) If A C X is a s-residual set, then dy(A) is a Gg-set.

Corollary 4.12. Let (X,11) be a GTS, A C X and q: (X, 1) = (To(X), ly) be a canonical surjective map. If A is a strongly
nowhere dense set in X, then Fr(q(A)) is a strongly nowhere dense set in Ty(X).

Proof. Suppose A is a strongly nowhere dense set in X. Then cA is a non-empty strongly nowhere dense set in X. Suppose
q(A) is not a strongly nowhere dense set in 7p(X). By similar considerations in Theorem 4.9 (a) = (b), we get a contradiction.
Hence ¢g(A) is a non-empty strongly nowhere dense set in Tp(X). O

Lemma 4.13 shows inverse of a canonical surjective map preserve closure and interior of a subset of a codomain set.

Lemma 4.13. Let (X, ) be a GTS and q : (X, 1) — (To(X), 1q) be a canonical surjective map. Then the following hold.
(a) For every subset A of Ty(X), g~ (cA) = c(¢" ' (A)).

(b) For every subset A of Ty(X), ¢~ (iA) = i(g~(A)).

(c) For every subset A of Ty(X), g~ ! (cicA) = cic(q~ ' (A)).

Proof. (a) Let A C Ty(X). By Lemma 4.6(b), g is an (u, tt,)-open map. Then g~ !(cA) C c(q~'(A)) where A C Ty(X), by
Lemma 4.1. Let a € ¢(qg'(A)). Then U, Mg ' (A) # 0 for every U, € p(a). Since g is a quasi-homeomorphism, by Lemma
4.6(a), there exists a unique open set V() in To(X) such that U, = ¢~ (V,(,)). This implies ¢~ ' (V,(,)) Vg~ ' (A) # @ which
implies ¢~ ! (V,(,) NA) # 0. Thus, V,(,) NA # 0. Therefore, g(a) € cA and so a € g~ '(cA). Thus, c¢(g'(A)) C g~ (cA). Hence
g '(cA) = c(q”'(A)).

(b) Since g is a (i, pt,)-continuous map, ¢! is a (1, it,)-open map. Then ¢~ ! (iB) = i(q ' (iB)) C i(¢~'(B)) where B C Tp(X).
Therefore, g~ (iA) C i(g~'(A)). Let b € i(g~'(A)). Then there exists U, € u(b) such that U, C ¢~ (A). Since ¢ is a quasi-

).
homeomorphism, by Lemma 4.6(a), there exists a unique open set V) in To(X) such that U, = g Vq(b)). This implies
g} (Vaw)) C g~ '(A) which implies Vaw) C q(g~'(A)) = A, since q is a surjective map. Thus, g(b) € iA and so b € g~ (iA).
Therefore, i(g~'(A)) C ¢! (iA). Hence ¢~ ' (iA) = i(g~ ' (A)).
(c) Now ¢~ !(cicA) = c(q'(icA)), by (a). Then g~ ! (cicA) = c(q~ ' (icA)) = ci(q~'(cA)), by (b) and so g~ ! (cicA) = cic(q~ ' (A)),
by (). O

Lemma 4.14. Ler (X,u) be a GTS, A C X and q : X — (To(X), ly) be a canonical bijective map. If Fr(A) is a strongly
nowhere dense set in X, then Fr(q(A)) is a strongly nowhere dense set in Ty(X).
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Proof. Let G be a non-empty [,-open set in Ty(X). Since ¢ is a (1, ity)-continuous map, g~ ! (G) is a non-empty {-open
set in X. Since Fr(A) is a strongly nowhere dense set in X, there exists V € [i such that V C ¢~'(G) and V N Fr(A) = 0.
Since ¢ is an (u, ty)-open map, g(V) is a non-empty p,-open set. Thus, there exists a non-empty L -open set g(V) such
that ¢(V) C q(¢~'(G)) C G and g(V NFr(A)) = 0. Suppose there is an element ¢ € g(V) N Fr(q(A)). Then t € g(V) and
t € Fr(g(A)). This implies g~ !(¢) € V, since ¢ is injective. Now, 7 € c(q(A)) Ne(To(X) — q(A)). Consider, ¢ € ¢(g(A)). Since
qis a (U, ug)-closed map, g(cB) = c¢(q(cB)), where B C X. Now B C ¢B. This implies c(¢(B)) C c(q(cB)) = g(cB). Thus,
c(q(B)) C gq(cB). Therefore, t € g(c(A)). Then g~ () € cA, since ¢ is injective. Now, € ¢(Tp(X) —q(A)) = c(g(X) — q(A)),
since ¢ is a surjective map. Then 7 € c(g(X —A)), since ¢ is injective. Since ¢ is a (U, i, )-closed map and by same process,
we get ¢ € g(c(X —A)). Then ¢~ !(¢) € ¢(X —A), since q is injective. Therefore, ¢~'(t) € cANc(X —A) = Fr(A). Thus,
g~ '(t) € VN Fr(A), which is not possible. Therefore, (V)N Fr(q(A)) = 0. Hence Fr(q(A)) is a strongly nowhere dense set
in T()(X). O

Next Theorem 4.15 is another charecderaization theorem for a Ty-strongly nodec space in genearlized topological space.

Theorem 4.15. Let (X, 1) be a sGTS, q: X — Ty(X) be a canonical bijective map and A C X. If frontier of A is a strongly
nowhere dense set, then the following are equivalent.

(a) X is Tp-strongly nodec space.

(b) cA —dy(A) C cic(A).

(c) cA=dy(A)Ucic(A).

Proof. (a) = (b) Let A C X. Since X is Ty-strongly nodec, c¢(g(A)) — g(A) C cic(q(A)), by Theorem 3.15. Now g~ ! (c(q(A)) —
q(A)) = q ' (c(q(A))) —q~'(q(A)) = c(g ' (q(A))) — a~ ' (q(A)) = ¢(do(A)) — do(A), by Lemma 4.13 and Lemma 4.6(e). By
Lemma 4.6(c), ¢~ '(c(q(A)) —q(A)) = cA —do(A). This implies cA — do(A) C g~ (cic(q(A))) = cic(q~'(q(A))), by Lemma
4.13 which implies cA —dy(A) C cic(dy(A)) = cic(A), by Lemma 4.6(c) and (e). Thus, cA —do(A) C cic(A).

(b) = (c) Let A be a subset of X. Then cic(A) C cA and do(A) C cA, by Lemma 4.6(c). Therefore, dy(A) Ucic(A) C cA.
Conversely, cA = do(A) U (cA —do(A)) C do(A)Ucic(A), by (b). Thus, cA = dy(A) Ucic(A).

(c) = (a) Let A be a non-empty strongly nowhere dense subset of X. Then A is a nowhere dense set in X and so ic(A) = 0.
By (c) and hypothesis, cA = dy(A). Therefore, dy(A) is a closed set in X. Hence X is a Tp-strongly nodec space, by Theorem
4.9. O

Definition 4.16. Ler (X, 1) be a GTS. X is called a Ty-generalized submaximal space if its Ty-reflection is a generalized
submaximal space, that is Ty(X) is a generalized submaximal space.

Next Theorem 4.17 is the characterization theorem for a Ty-generalized submaximal space in generalized topological space.

Theorem 4.17. Let (X,u) be a GTS, q: X — To(X) be a canonical surjective map and A C X. Then the following are
equivalent.

(a) X is Tp-generalized submaximal.

(b) A is dense in X, then dy(A) is an open set in X.

(©) ¢(do(A)) —do(A) is a closed set in X.

Proof. (a) = (b) Let A C X be a dense set in X. Then ¢cA = X and so ¢(dp(A)) = X, by Lemma 4.6 (c). By Lemma 4.6 (e),
c(¢7'(q(A))) = X. Since ¢ is a canonical surjective map, ¢~ (c(g(A))) = X, by Lemma 4.13 (a). Then ¢(g(A)) = To(X), since
q is surjective. By (a), g(A) is an open set in Ty(X). This implies ¢! (g(A)) is an open set in X, since ¢ is (1, it,)-continuous.
By Lemma 4.6 (e), do(A) is an open set in X.
(b) = (a) Let A C X such that g(A) is a dense subset of Ty(X). Then ¢(¢(A)) = To(X) and so ¢~ ' (c(¢(A))) = X. By Lemma
4.13, ¢(¢ ' (q(A))) = X. This implies c(dy(A)) = X which implies cA = X, by Lemma 4.6 (e) and (c). By (b), do(A) is an
open set in X. Then g~ !(g(A)) is an open set in X and so ¢(¢~!(g(A))) is an open set in Ty(X), by Lemma 4.6 (e) and ¢ is a
(M, ug)-open map. Since g is surjective, g(A) is an open set in Ty(X). Therefore, Ty(X) is a generalized submaximal space.
Hence X is a Ty-generalized submaximal space.
(a) = (¢) Let A be a subset of X, then ¢(do(A)) —do(4) = (g™ (a(4)) — 4~ (4(A)) =4 (c(a(4)) — g~ (a(A)) =4~ (c(q(4)) —
q(A)), by Lemma 4.6 (¢) and Lemma 4.13 (a). By Lemma 2.1, i(c ( (A) —q(A )) = 0. Thus, c(g(A)) —g(A) is a co-
dense set in Tp(X). Since X is a Tp-generalized submaximal space, then ¢(g(A)) — g(A) is a closed subset of Ty(X). Then
g '(c(q(A)) —q(A)) is a closed subset of X, since g is a (1, t,)-continuous map. Therefore, c(do(A)) —do(A) is closed in X.
(c) = (a) Let B be a subset of Tp(X) such that B = c(q(A)) —g(A). Then iB = 0, by Lemma 2.1. Let A be a subset of X such
that c(do(A)) —do(A) is closed in X. Then by above process ¢! (c(q(A)) — q(A)) is a closed subset of X and so g(g~'(B)) is
a closed subset of Ty(X), since g is (i, 1g)-closed map. This implies B is a closed set in Ty(X ), since g is a surjective map.
Therefore, X is a Tp-generalized submaximal space. O
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Theorem 4.18. Let (X, 1) be a GTS and g : X — Ty(X) be a canonical surjective map. If X is a generalized submaximal space,
then X is a To-generalized submaximal space.

Proof. Let A be a dense subset of X. Then A is an open set in X, by hypothesis. Since ¢ is a (1, t4)-open map, g(A) is an open
set in To(X). This implies ¢! (g(A)) is an open set in X, since g is a (1, tt,)-continuous map. By Lemma 4.6 (e), do(A) is an
open set in X. Therefore, X is a Tp-generalized submaximal space, by Theorem 4.17. O

Theorem 4.19. Let (X, 1) be a GTS and q : X — To(X) be a canonical bijective map. If X is a Ty-generalized submaximal
space, then X is a generalized submaximal space.

Proof. Let A be a dense subset of X. Then do(A) is an open set in X, by hypothesis and Theorem 4.17. This implies ¢~ (¢(A))
is an open set in X, by Lemma 4.6 (e). Since q is injective, A is an open set in X. Therefore, X is a X generalized submaximal
space. O

Next Theorem 4.20 shows every Tp-generalized submaximal space is a Tp-strongly nodec space.

Theorem 4.20. Let (X, 1) be a GTS and q : X — To(X) be a canonical surjective map. If X is Ty-generalized submaximal
space, then X is a Ty-strongly nodec space.

Proof. Let g(A) be a non-empty strongly nowhere dense set in 7p(X ). Then g(A) is a codense set in 7p(X), by Lemma 2.5.
Since X is Tp-generalized submaximal space, g(A) is a closed set in 7p(X). Thus, 7p(X) is a strongly nodec space. Therefore,
X is a Tp-strongly nodec space. O

5. Strongly nodec, 7y-strongly nodec spaces by functions

In this section, we discuss the properties of images of a strongly nodec, Tp-strongly nodec spaces by a quasi-homeomorphism
function.

Lemma 5.1. Let (X,u),(Y,A) be two GTSs and f : X — Y be a quasi-homeomorphism map. Then the following hold.
(a) If f is a bijective map and A is strongly nowhere dense in X, then f(A) is strongly nowhere dense in Y.

(b) If B is strongly nowhere dense in Y, then f~!(B) is strongly nowhere dense in X.

(c) If A is of s-II category in X, then f(A) is of s-II category in Y.

(d) If f is a bijective map and B is of s-II category set in Y, then f~!(B) is of a s-II category set in X.

Proof. (a) Suppose A is strongly nowhere dense in X. Let W € A. Since f is (i, A)-continuous, f~! (W) € fi. By hypothesis,
there exists V € [i such that V. C f~!(W) and VN A = 0. Since f is a quasi-homeomorphism, there exists a unique V| € 4
such that V = f~!(V}). Thus, V; € A and f(V) = Vi, since f is a surjective map. Now V C f~'(W) implies f(V) C W and so
Vi C W. Since f is injective, f(VNA) = f(V)N f(A) = 0. Therefore, Vi N f(A) = 0. Hence f(A) is strongly nowhere dense in
Y.

(b) Suppose B is strongly nowhere dense in Y. Let W € [i. Since f is a quasi-homeomorphism, there exists a unique V € 4
such that W = f~1(V). Since V € 2 and by hypothesis, there exists V| € 2 such that V; C V and V; N B = 0. Since f is a
(1, A)-continuous map, there exists f~!(V;) € i such that f~'(V;) C W and f~1(v;) N f~!(B) = 0. Therefore, f~'(B) is
strongly nowhere dense in X.

(c) Assume that, A is of a s-II category set in X. Suppose f(A) is of a s-meager set in Y. Then f(A) = U,cnAn Where each A, is
a strongly nowhere dense set in Y. By (b), each f~!(A,,) is a strongly nowhere dense set in X. Now = (f(A)) = = (U,enAn)-
Then £~ '(f(A)) = Unen £~ (An). This implies f~!(f(A)) is a s-meager set in X which implies A is a s-meager set in X, since
subset of a strongly nowhere dense set is strongly nowhere dense set, which is not possible. Therefore, A is of a s-II category
setinY.

(d) Suppose f is a bijective map and A is of s-II category set in Y. Suppose f~!(A) is of a s-meager set in X. Then f~!(A) =
U,enAn Where each A, is a strongly nowhere dense set in X. By (a), each f(A,) is a strongly nowhere dense set in Y. Now
F(f1(A)) = f(U,enAn)- Since f is a bijective map, A = U,.cry f(A,). This implies A is a s-meager set in ¥, which is not
possible. Therefore, f~!(A) is of a s-TI category set in X. O

Example 5.2 shows the condition that surjective on f cannot be dropped in Lemma 5.1 (a). Next Theorem 5.3 shows that an
image and inverse-image of a strongly nodec is strongly nodec under a bijective, quasi homeomorphism function in generalized
topological space.
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Example 5.2. (a) Consider the two GTSs (X, ) and (Y, 4) where X ={a,b,c¢,d},u ={0,{b},{c},{b,c},{a,c},{a,b,c}},Y =
{a,b,c,d,e} and A = {0,{e},{a,c},{b,e},{c,e},{a,c,e},{b,c,e},{a,b,c,e}}. Define a function f:X — Y by f(a) =
a,f(b)=b,f(c) =c,f(d) =d. Clearly, fis a (i, A)-continuous and for each p-open subset U of X, there exists a unique
A-open subset V of Y such that U = £~ (V). Therefore, f is a quasi-homeomorphism but not a surjective map, since f(X) # Y.
Let A = {a} C X. Then A is a strongly nowhere dense set in X. Now f(A) = {a} C Y. Let G = {a,c} € A. Then there is no
H € 2 such that H C G and HN f(A) = 0. Therefore, f(A) is not a strongly nowhere dense set in Y.

Theorem 5.3. Let (X, 1), (Y,A) be two GTSs and f : X — Y be a bijective, quasi-homeomorphism map. Then X is a strongly
nodec space if and only if Y is a strongly nodec space.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty strongly nowhere dense set in Y. By hypothesis and Lemma
5.1, f~1(A) is a strongly nowhere dense set in X. By hypothesis, f~!(A) is a closed set in X. Since f is a quasi-homeomorphism,
there exists a unique closed set V in ¥ such that f~1(A) = f~!(V). Thus, A is a closed set in Y, since f is a surjective map.
Therefore, Y is a strongly nodec space. Conversely, assume that Y is a strongly nodec space. Let B be a strongly nowhere dense
set in X. By hypothesis and Lemma 5.1, f(B) is a strongly nowhere dense set in Y. By hypothesis, f(B) is a closed set in Y.
Since f is a (i,A)-continuous and bijective map, B is a closed set in X. Therefore, X is a strongly nodec space. O

Theorem 5.4. Let (X, 1) be a sGTS and q : X — Ty(X) be a canonical surjective map. Then the following hold.
(a) Every strongly nodec space is a Tp-strongly nodec space.
(b) Every generalized submaximal space is a Tp-strongly nodec space.

Proof. We will present the proof only for (a). Let X be a strongly nodec space and g(A) be a strongly nowhere dense set in
To(X). By Lemma 5.1, ¢~ (g(A)) is a strongly nowhere dense set in X. Since A C ¢~ '(¢(A)) and subset of a strongly nowhere
dense set is strongly nowhere dense, A is a strongly nowhere dense set in X. By hypothesis, A is a closed set in X. Since ¢ is a
closed map, by Lemma 4.6, g(A) is a closed set in To(X ). Therefore, X is a Ty-strongly nodec space. O

Next Example 5.5 shows that the converse of Theorem 5.4 (a) is not necessary and Theorem 5.6 is the reverse implication
of Theorem 5.4(a).

Example 5.5. Consider the GTS (X, 1) where X = {a,b,c} and 4 = {0,{a},X}. Define amap f: X — Tp(X) by x € X to its
equivalence class [x] in To(X), where Ty(X) is the Ty-reflection of X. This implies iy = {0, {a}}. Let A = [b] = {b,c}. Then A
is strongly nowhere dense set in Ty(X). Now £~ (A) = f~!([b]) = {b,c} is a closed set in X. Then A is a closed set in Tp(X).
Therefore, Tp(X) is a strongly nodec space. Let A = {b}. Then A is a strongly nowhere dense set in X but not closed in X.
Thus, X is not a strongly nodec space.

Theorem 5.6. Let (X, 1) be a sGTS and q : X — Ty(X) be a canonical surjective map. If q is injective and X is a Ty-strongly
nodec space, then it is a strongly nodec space.

Proof. Let A be a non-empty strongly nowhere dense subset of X. By Lemma 5.1, g(A) is a non-empty strongly nowhere dense
set in Ty(X). By hypothesis, g(A) is a closed set in Ty(X). Since g is a (i, A)-continuous map, ¢~ '(¢(A)) is a closed set in X.
Since g is injective map, A is a closed set in X. Therefore, X is a strongly nodec space. O

Example 5.7 shows the condition injective on ¢ is necessary in Theorem 5.6 and Theorem 5.8 shows a (i, 4 )-open map
from a GTS (X, u) into a GTS (¥, A) preserve the frontier of B where B C Y.

Example 5.7. Consider the GTS (X, i) where X = {a,b,c,d,e} and u ={0,{a},{a,b},{b,c},{a,b,c},{a,b,d,e},{a,c,d e}, X}.
Define amap f: X — Tp(X) by x € X to its equivalence class [x] in Tp(X ), where Tp(X) is the Ty-reflection of X. Then f is a
canonical surjective but not an injective map and so uy = {0,{a}}. Let A = [d] = {d,e}. Then A is strongly nowhere dense
setin Tp(X). Now f~1(A) = f~1([d]) = {d,e} is a closed set in X. Then A is a closed set in Ty(X). Similarly, every strongly
nowhere dense set in 7p(X) is closed set in Ty(X ). Therefore, T (X) is a strongly nodec space. Let A = {e}. Then A is a strongly
nowhere dense set in X but not closed in X. Thus, X is not a strongly nodec space.

Theorem 5.8. Let (X,u),(Y,A) be two GTSs and f : X — Y be a map. If f is (1, A)-open, then f~'(Fr(B)) = Fr(f~'(B))
forall BCY.

Proof. Suppose f is a (1t,A)-open map. Lett € f~'(Fr(B)). Thent € f~!(¢cBNc(Y — B)). This implies ¢ € f~'(cB) and
t€f~Y(c(Y—B)). Since fis (u,A)- 0penandbyLemma4 Ltee(f (B )) andt € ¢(X — f~1(B)). Therefore, t € Fr(f~'(B)).
Hence f~!(Fr(B)) C Fr(f~'(B)). Let s € Fr(f~'(B)). Then s € c(f~ (B))mc(x f~Y(B)). Now s € ¢(f~'(B)). Then
UNf'(B)#0forallU € u( ). By hypothesis, f(U) € A. Th1s implies f(UN f~'(B)) # 0 for all f(U) € A(f(s)). Now
funfYB) c fu)nf(f1(B)) c f(U)NB,since f(f '(B)) C B. Then f(U)NB # 0 and so f(s) € cB. Consider, s €
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c(f~Y (Y —B)). ThenVN f~(Y —B) # 0 forall V € u(s). By hypothesis, (V) € A(f(s)). This implies f (VN f~1(Y —B)) # 0
forall £(V) € A(f(s)). Now f(VNf~' (Y —B)) C f(V)Nf(f~'(Y —=B)) C f(V)N(Y —B). Then f(V)N (Y —B) # 0 and so
f(s) € (Y — B). Therefore, f(s) € Fr(B). Thus, s € f~'(Fr(B)). Hence Fr(f~'(B)) C f~'(Fr(B)). O

Theorem 5.9. Let (X,1),(Y,A) be two GTSs and f : X — Y be a surjective, quasi-homeomorphism map. If B is a strongly
nowhere dense set in Y, then f~'(Fr(B)) is a strongly nowhere dense set in X for all B C Y.

Proof. Suppose B is a strongly nowhere dense set in Y. By Lemma 5.1, f~!(B) is a strongly nowhere dense set in X. Then
Fr(f~'(B)) is a strongly nowhere dense set in X, by Lemma 3.7 (a). By hypothesis and Proposition 4.2, f is a (i, )-open
map. Therefore, f~!(Fr(B)) = Fr(f~'(B)), by Theorem 5.8. Hence f~!(Fr(B)) is a strongly nowhere dense setin X. [

Let (X, 1) be a GTS. A space X is said to be a weak Baire space (wBS) if every non-empty p-open set in X is of p-s-II
category in X [3].

Theorem 5.10. In a GTS, every wBS is of s-1I category.

Proof. Let (X, 1) be a GTS and X is a wBS. Suppose X is a s-meager. Then X = |J A, where each A, is a strongly nowhere
neN
dense set in X. Then each A,, is a nowhere dense set in X for n € N. This implies cA,, has no interior points so any non-empty

open set in X must intersect G, = X — cA,, for all n € N. Take {Gj, },¢n is a collection of non-empty open-dense sets in X. This
implies ¢G, = X for all n € N which implies c¢G, is a s-meager set in X. Therefore, G, is a s-meager set in X for alln € N,
since subset of a s-meager set is s-meager. Thus, a non-empty open set G, is not s-1I category, which is a contradiction to X is a
wBS. Hence X is of s-II category. O

Theorem 5.11 and Theorem 5.12 shows the behaviour of wBS under the quasi-homeomorphism and canonical surjective
map in generalized topological space.

Theorem 5.11. Ler (X, ), (Y, 1) be two GTSs and f : X — Y be a surjective, quasi-homeomorphism map. Then the following
hold.

(a) If X is a wBS, then Y is of s-II category.

(b) If f is a injective map and Y is a wBS, then X is of s-II category.

Proof. (a) Suppose X is a wBS. It is enough to prove, Y is a wBS, by Theorem 5.10. Let A € A. Since fisa(u,A)-continuous
map, f~!(A) € fi. By hypothesis, f~!(A) is of s-II category in X. By Lemma 5.1, f(f~'(A)) is of s-II category in Y. Since f is
a surjective map, A is of s-II category in Y. Therefore, Y is a wBS. Hence Y is of s-II category.

(b) Suppose f is a injective map and Y is a wBS. It is enough to prove, X is a wBS, by Theorem 5.10. Let A € [i. Since f is
a quasi-homeomorphism map, there exists a set A| € A such that A = f~!(A,). Since f is a surjective map, f(A) = A;. By
hypothesis, A; is of s-II category in Y. Thus, f(A) is of s-II category in Y. By Lemma 5.1, A is of s-II category in X. Therefore,
X is a wBS. Hence X is of s-II category. O

Theorem 5.12. Let (X, 1) be a GTS and q : (X, 1) — (To(X), g) be a canonical surjective map. Then the following hold.
(a) If X is a wBS, then Tp(X) is a wBS and hence a s-II category space.
(b) If Tp(X) is a wBS and ¢ is a injective map, then X is a wBS and hence a s-II category space.

Proof. (a) Suppose X is a wBS. Let g(A) be a non-empty set in Ty(X). Since g is a (i, tt,)-continuous map, ¢~ (g(A)) € fi.
By hypothesis, g~ (g(A)) is of s-II category in X. By Lemma 5.1, g(A) is of s-II category in Ty(X). Therefore, Tp(X) is a wBS
and hence a s-1II category space, by Theorem 5.10.

(b) Suppose Tp(X) is a wBS and ¢ is an injective map. Let A € ji. By Lemma 4.6, ¢ is a (i, iy )-open map, g(A) is a non-empty
open set in Tp(X). By hypothesis, g(A) is of s-II category in Tp(X ). By Lemma 5.1 and ¢ is a injective map, A is of s-II category
in X. Therefore, X is a wBS. Hence X is of s-II category space, by Theorem 5.10. O

6. Strongly nodec space in GMS

In this section, we discuss the behaviour of p-strongly nowhere dense set and strongly nodec space in generalized metric
spaces.
In 2013, Korczak-Kubiak et al. introduced the notion of a generalized metric space [3]. They define the notions kernel and
perfect kernel in GMS and discuss some properties of kernel, perfect kernel and three types of a Baire space in generalized
metric space in [3].
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Here, we focus only the properties of strongly nowhere dense sets and give some results for strongly nodec space in
generalized metric space by using kernel and perfect kernel. Also, we give one result for wBS in generalized metric space. First
we see the definitions and notation defined in generalized metric space.

Let X # 0. The symbol 7 to denote the family consisting of metrics defined on subsets of X, that is p € 7 then there exists
a non-empty set Ap C X such that p is a metric on A, where A, is a domain space of p and it will be denoted by dom(p). The
pair (X, ) is called a generalized metric space (GMS) [3].

Denote (i is the family of 7-open sets in a GMS (X, ), more precisely, V € i if and only if for each x € V, there exists
p € wand € > 0 such that B, (x,€) C V where B, (x,€) = {y € dom(p) : p(x,y) < €} [3].

Let (X,7) be a GMS. A finite family 7y C 7 is called a perfect kernel (resp. kernel) [3] of the space X if for any
Vi,Va, ..., Vi € Uz such that Vi NV N ...V, # 0 (resp. V € [iy), there exists p € my such that ip (Vi NV2N...NV,,) # O (resp.
ip(V) # 0). The set of all perfect kernels (resp. kernels) of the space (X, ) will be denoted by Ker, (X, ) (resp. Ker(X,x)).
Obviously, if 7 is a perfect kernel of the space (X, 7), then it is a kernel of the space too [3].

Lemma 6.1. If the GMS (X, 7) has a kernel my C 7 and A is a dense subset of X, then ) is a kernel of the GMS (A, 7t|4).

Proof. Suppose A is dense subset of X. Let V € [iz|, and x € V. Then there exists p € 7 and € > 0 such that B, (x,e) C V.
Since B, (x,€) # 0 and 7 is a kernel, there exists py € o such that iy, (Bp(x,€)) # 0. Choose y € iy, (Bp(x,€)) and & > 0.
Then By, (y,&) C Bp(x,€) and so By, (y,€) NA C Bp(x,€) NA. That is, B, (v,€) C By, (x,€). Also, By,|, (y,€0) € iz,
since A is dense and B, |, (y,€0) C V. Thus, there exists po|a € 7|4 such that iy |, (V) # 0. Hence 7|, is a kernel of the GMS
(A, 7|a). O

Lemma 6.2 shows the properties of strongly noowhere dense sets in subspace generalized metric space.

Lemma 6.2. Let (X, 1) be a GMS with a kernel my C 1, U be a dense, gz -open subset of X and A C U C X. Then the
following hold.

(a) If A is a strongly nowhere dense set in (U, 7|y/), then A is a strongly nowhere dense set in (X, ).

(b) If A is a s-meager set in (U, |y ), then A is a s-meager set in (X, ).

(c) If B is of s-II category in (X, 7), then B is of s-1I category in (U, 7|yy) where B C X.

Proof. (a) Let W € [iz. Then UNW € [ig,. Since A is a strongly nowhere dense set in U, there exists V € [iy,, such
that V.C UNW and VNA = 0. By Lemma 6.1, m|y is a kernel. Then there exists po|y € 7|y such that iy, (V) # 0.
Let x € iy |, (V). Then there is € > 0 such that B, |, (x,€) C V. This implies By, (x,€) C W and By |, (x,€) NA = 0. Now
x €ip,U=U=ip,U,since U is a iz -open set in X. Let & > O such that & > €. Then By, (x,€1) C U and so By, (x,€) CU.
Therefore, By, (x,€) = Bp, (x,€). Thus, there is By, (x,€) € fir such that By (x,€) C W and By, (x,€)NA = 0. Hence A is a
strongly nowhere dense set in X.

(b) and (c) follows from (a). O

Theorem 6.3 shows every dense-Liz,-open subspace of a strongly nodec space having kernel is a strongly nodec space.

Theorem 6.3. If GMS (X,7) has a kernel my C m, U be a dense, ly,-open subset of X and if (X, i) is strongly nodec, then
(U, Uzy, ) is strongly nodec.

Proof. Suppose X is a strongly nodec space. Let A be a non-empty strongly nowhere dense subset of U. By hypothesis and
Lemma 6.2, A is a non-empty strongly nowhere dense subset of X. Then A is closed in X. By Lemma 2.3, cyy(A) = A. Hence U
is a strongly nodec space. O

Theorem 6.4 shows every dense- Lz, -open subspace of a wBS having perfect kernel is a wBS. Next Lemma 6.5 shows the
properties of strongly nowhere dense sets in generalized metric space.

Theorem 6.4. If GMS (X, ) has a perfect kernel my C &, U be a dense, iz -open subset of X and if (X, lz) is wBS, then
(U, Uz, ) is wBS and hence a s-II category.

Proof. Suppose X is a wBS. Let V be a non-empty open set in U. Then V =V NU where V] is a non-empty Uz-open set in X .
Since Vi, U are piz-open sets and Vi NU # 0, there is py € @y such that ip (Vi NU) # 0. Take G = ip, (Vi1 NU). Then G is a
non-empty Uz-open set in X. By hypothesis, G is of s-1I category in X. By Lemma 6.2, G is of s-II category in U. Since G C V,
V is of s-II category in U. For, if V is a s-meager in U. Since subset of a s-meager set is s-meager, G is a s-meager set in U.
Hence U is a wBS. By Theorem 5.10, U is of s-II category. O
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Lemma 6.5. Let (X,7) be a GMS, U be a closed subset of X and A C X. Then the following hold.
(a) If A is a strongly nowhere dense set in (X, 7), then A is a strongly nowhere dense in (U, 7|y ).
(b) If A is a s-meager set in (X, 7), then A is a s-meager set in (U, 7|y).

(c) If A is a s-residual set in (X, 7), then A is a s-residual set in (U, |y ).

(d) If B is of s-1I category in (U, &), then B is of s-1I category in (X, 7) where BC U.

Proof. (a) Let A be a strongly nowhere dense subset of X. Suppose ANU = 0. Then A is a strongly nowhere dense set in U, by
definition of strongly nowhere dense. Assume, ANU # 0. Let W € i), and x € W. Then there is p|y € 7|y and € > 0 such
that By, (x,€) C W. Since A is a strongly nowhere dense set in X and By (x, €) € fiz, there exists V € [ir such that V C By (x, €)
and VNA = 0. Choose V = By (x,€;) where & < €. Since U is closed and x € U, VN U # 0. Thus, there is By, (x, 1) € iy,
such that By, (x,€1) C By, (x,€) C W and B, (x,€) NA = 0. Therefore, A is a strongly nowhere dense in (U, |v).

(b), (¢) and (d) follows from (a). O

Theorem 6.6. Let (X, ) be a GMS and U be a closed subset of X. If (U, Uy, ) is a strongly nodec space, then (X, lz) is a
strongly nodec space.

Proof. Suppose (U, Uz, ) is a strongly nodec space. Let A be a non-empty strongly nowhere dense subset of X. Then by
Lemma 6.5, A is a non-empty strongly nowhere dense set in U. By hypothesis, A is a closed set in U. Then cyA = A and so
A=UnNcA, by Lemma 2.1. Since U is a closed subset in X, A is a closed set in X. Therefore, (X, i) is a strongly nodec
space. O

Theorem 6.7. Let (X, 1) be a GMS. If frontier of a subspace of X is strongly nodec, then (X, lz) is a strongly nodec space.

Proof. LetY be a subspace of X. Suppose Fr(Y) is a strongly nodec space. Since every frontier of a subset of X is a closed set
in X, Fr(Y) is a closed subset of X. Hence X is a strongly nodec space, by Theorem 6.6. O
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