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ABSTRACT. Let G = M(2) be the group generated by all orthogonal transformations and translations of the 2-
dimensional Euclidean space E, or G = S M(2) be the subgroup of M(2) generated by rotations and translations of
E,. In this paper, global G-invariants of plane Bézier curves in E, are introduced. Using complex numbers and the
global G-invariants of a plane Bézier curves, for given two plane Bézier curves x(¢) and y(¢), evident forms of all
transformations g € G, carrying x(¢) to y(¢), are obtained. Similar results are given for plane polynomial curves.
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1. INTRODUCTION

Let E, be the 2-dimensional Euclidean space and O(2) be the group of all orthogonal transformations of E,.
Put SO2) = {g€O0Q2)|detg=1}, M2)={F : E; - E, | Fx = gx+b, g € O2), b € E;} and SM(2) =
{(FeMQ)|detg =1}.

In classic differential geometry, the following theorem is known in [14]:

“Let x(¢) and y(¢) be two curves in E,. Then, x(¢) and y(¢) are equivalent if and only if the curvatures and speeds of

x(t) and y(¢) are equal.”
[¥ 0x2()]
T (see [4, p.64-66], [,

In E,, two different concepts of curvatures were defined: the signed curvature k., = ——5
<x' ()X (1)>2

X )x(z)
p-14-15], [6, p.25], [17, p.8]) and the curvature k(x) = M (see [1, p.31]). The function «. is S M(2)-invariant,
<x (1),x (1)>2
but it is not M(2)-invariant. The function « is M(2)-invariant. The signed curvature «. is more used for investigation

of curves in two dimensional classical differential geometry (see [4, p,64-66], [5, p.14-15]). Thus invariant theory
of curves in the classical differential geometry was developed only for the group S M(2). In addition, the method of
orthogonal frame in the classical differential geometry give conditions only for the local S M(2)-equivalence of curves
(see [13, p,9-19]).
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In [2], by using invariant parametrization of curves, the problem of G-equivalence of curves (that is nonparametric
curves) was reduced to the problem of G-equivalence of paths (that is parametric curves) for G = M(n), S M(n).
Complete systems of global G-invariants of regular paths and regular curves in classical geometries were obtained
in [2]. This approach was developed for curves in papers [9, 11, 16] and for vector fields in [7, 8].

In books ( [4, Theorems 6.1 and 6.8], [5, p.136-137]) existence and uniqueness theorems for regular parametric
curves (that is paths) in E, were obtained for the group G = S M(2).

In [14], using differential invariants and Frenet frames of two curves, an isometry transformation which carrying a
curve into another curve has been calculated.

In [15] , G-equivalence of two Bézier curves for groups G = M(n) and G = S M(n) without using differential
invariants of Bézier curves in terms of control invariants of Bézier curves is proved. In this work, starting from the
ideas in [15] we address how to compute explicitly an isometry transformation which carrying a Bézier curve into
another Bézier curve in terms of control invariants of a Bézier curve for the groups M(2) and S M(2) without using
differential invariants of Bézier curves.

2. PRELIMINARIES
Let R be the field of real numbers and C be the field of complex numbers. The multiplication in C has the form
(a; +iax)(by +iby) = (a1b; — ayby) + i(a1by + aby). We will consider element a = a; + ia, also in the form a = ( Zl )
2

ag —ay

a and consider P, also as the transformation P, : C — C, where
1

For a = a; + iay, denote by P, the matrix

_(a —ax \[ b1\ _[ aiby —axbr _ . b .
P.,b = ( o a )( by ) = ( a1y + asb )for allb = by +ib, = ( by ) € C. Then we have the equality

ab = P,b. 2.1
for all a,b € C. Let P(C) denote the set of all matrices P,, where a € C. We consider on P(C) the following standard

matrix operations: the component-wise addition, a scalar multiplication and the multiplication of matrices. Then P(C)
is a field, where the unit element is the unit matrix. The following Propositions are known.

Proposition 2.1. The mapping P : C — P(C), where P : a — P, for all a € C, is an isomorphism of fields.

For vectors a = a; +iay, b = by +iby € C, we put < a,b >= a;b; + ab,. Then < a, b > is a bilinear form on E, and
<a,a>= a% + a% is a quadratic form on E;. Put Q(a) =< a,a >. We consider the field C also as the two-dimensional
Euclidean space E; with the scalar product < a,b >. Then ||la|| = |a| = VO(a),Va € C.

Proposition 2.2. (1) Equalities Q(a) = det(P,), Q(ab) = Q(a)Q(b), |ab| = |a||bl, Q(a) = det(P,) = hold for all
a,beC.
(ii) Leta = a; + iay € C*. Then det(P,) = Q(a) > 0.

An endomorphism ¢ of a vector space C is called an involution of the field C if y/(¢/(a)) = a and ¥(ab) = y(a)y(b)

forall a,b € C. For an element a = a; + ia; € C, we seta = a; — ia.

Proposition 2.3. The mapping a — a is an involution of the field C. In addition, for an arbitrary element a = a; +ia, €
C, equalities a + a = 2a1,< a,a >=aa = a% + a% € R hold.

Proposition 2.4. Let x € C. Then the element x~' exists if and only if Q(x) # 0. In the case Q(x) # 0, equalities

xl= 5l and Q(x7") = ﬁ hold.

Let W = ( (l) _01 ) We will use W also for the writing of the element 7 in the form 7 = Wz.

Proposition 2.5. Q(Wx) = Q(x) for all x € C and < Wx, Wy >=< x,y > forall x,y € C.

Put C* = {ze C| Q(z) # 0}. C* is a group with respect to the multiplication operation in the field C. Let a =
ap + iap € C* thatis |a| # 0. Put
a ca
r-(d )

lal lal
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Proposition 2.6. Let a = a; + ia, € C*. Then the equality P, = |a| P} holds, where P}, € S O(2).

Proof. The equality P, = |a| P, is obvious. Since ( )2 +(\al )2 =1, the implication P} € S O(2) follows from [3, p.161-
162]. O

Put S(C*) = {zeC| Q) =1}, P(C*) = {P,|z€ C*} and P(S(C*)) = {P,|z€ S(C")}. S(C*) is a subgroup of
the group C* and S (C*) = {e” |pe R}. Denote the set of all matrices {gW | g € P(C*)} by P(C*)W, where gW is the
multiplication of matrices g and W.

Theorem 2.7. (see [3, p.172]) The following equalities are hold:
(1) SM2)=({F : E; » E3)|F(x) = Pyx+b,ac S(C*),b € E;,Vx € E}
1) SMQ)W ={F : E; = E3|F(x) = P,W(x) + b,a € S(C*),b € E;,Vx € Ey}

(i) M(2) = SM(2)USMQ2)W.

Proposition 2.8. (i) Let u,v € C. Assume that Q(u) # 0. Then the element vu™" exists, the following equalities
hold: vu™" = <Q”(Z)> +i [Q"(Z]) and

<uyv>  _ [w]
vu 1= [ %1(1‘;]) <LlQ,]£I;) J
Ou) O(u)

(ii) Assume that Q(u) # 0. Then det(Py,1) = (Gi)* + (%)2 # 0 if and only if Q(v) # 0.

(iii) The functions Q(u), < u,v > and [uv] are S O(2)-invariant.

Proof. The proof of this proposition is given in Theorem 2 in [10]. O

3. ConNTrROL INVARIANTS OF PLANAR BEzIER CURVE

A planar Bézier curve is a parametric curve(or a I-path, where I = [0, 1]]) whose points x(¢) are defined by
x(t) = X", piBim(t), where the p; € E, are control points and B;,, (1) are Bernstein basis polynomials.(for more
details, see [12].)

A planar polynomial curve is a parametric curve(or a /-path, where I = [0, 1]]) whose points x(¢) are defined by
x(@) =Yl ai ', where the a; € E; are monomial control points.(for more details, see [12, p.166].)
All polynomial curves can be represented in Bézier form. The following lemma is given in [12, p.166].

Lemma 3.1. The following equalities

a; = l,(n_l), Z(— ) ),< ~ bo),

il(n— j)!
b, — by = —aq;
0 ;n!(i—j)!“’
hold foralli=1,2,...,m

Let G be a one of the groups O(2) and S O(2).

Definition 3.2. A function f(z9, z1, . . . , Zn) Of vectors zg, Z1, . . . , 7 in E5 will be called G-invariant if f(Fzo, Fzi,...,Fz,) =
f(z0,215--.,2m) forall F € G.

A G-invariant function f(bg, by, ..., b,,) of control points by, by, ..., b, of a Bézier curve x(¢) = ZT:() b;B;,(t) will be
called a control G-invariant of x(¢), where B, (¢) are Bernstein basis polynomials. A G-invariant function f(ag, ay, ..., ay)
of monomial control points ag, ai, . . ., a,, of a polynomial curve x(f) = Y\, a jtf will be called a monomial G-invariant

of x(1).
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Definition 3.3. Bézier curves x(¢) and y(¢) in E, will be called G -equivalent and written x g y if there exists F € G
such that y(¢) = Fx(¢) for all t € [0, 1].

Since Bézier curves can be introduced by control points, we will define the problem of G-equivalence of points in
E,.

Definition 3.4. m-uples {z,22,...,2,} and {wy,ws,...,wy,} of vectors in E, will be called G-equivalent and written
by {z1,22, -+ Zm} g {wi,wa, ..., wy} if there exists ' € G such that w; = Fz;forall j =1,2,...,m.

Example 3.5. Since < g(u), g(v) >=< u,v > for all g € O(2), we obtain that the scalar product < u,v > of points
u,v € E, is O(2)-invariant. Similarly, the function f (&, v,w) =< u —w,v —w > is M(2)-invariant.

Example 3.6. Let uy,u,,...,u, be points in E,. We denote the the matrix of column-vectors uy, us,...,u, by U =
[leguy . . . uy|| and its determinant by det U. Then det U is S O(2)-invariant.
In fact, det ||guigus . . . gu,|| = detgdet U = det U for all g € SO(2).

Example 3.7. Let x(¢) and y(¢) be Bézier curves of degrees of m and k, respectively. Assume that x o y. Thenm =k

that is the degree of a Bézier curve x(¢) is O(2)-invariant.

4. EQUIVALENCE OF PLANAR B£zIER CURVES

Theorem 4.1. Let x(t) = X7 ga;t! = ¥, piBjm(1) and y(t) = 37y cit! = 37 q;Bjm(t) be Bézier curves in E of
degree m, where m > 1. Then, x(t) M Y1) & x (1) o y ().
Proof. =. Assume that x() M y(t). Then there exists F € M(2) such that y({) = Fx(1), \/tre [0, 1]. Then, there exist
g € 02)and b € E; such that y(r) = Fx(t) = gx(t) + b. This equality implies y (t) = (Fx(?)) = gx’(t), YVt € [0, 1]. That
is, ¥ (1) %y (0).

<. Assume that x(0) %@ y (). Then there exists g € O(2) such that y () = gxlgt), ¥t € [0,1]. Then we have
y () = (gx(?)),Yt € [0,1]. This equality implies that y (r) — (gx(r)) = (y(t) — gx(¢)) = 0,Yt € [0,1]. Then there
exists b € E, such that y(r) = gx(¢) + b, V¥t € [0, 1]. This means that x(r) M ¥(#). Proofs of other statements are given
in [15, Theorem 1]. a

Theorem 4.2. Let x(t) = X7 ga;t! = YL, p;Bjm(1) and y(t) = X7y cit) = 37 q;Bjm(t) be Bézier curves in Ey of
degree m, where m > 1. Then, x(t) S (b)) & X (f) SO y (1)
Proof. 1t is similar to proof of Theorem 4.1. O

In [15], The following theorems are given as follows:

Theorem 4.3. Let x(t) = ?:o at/ = Z;.”:O piBin(t) and y(t) = ;.”:0 cjt! = Z;’LO q;B;u(t) be Bézier curves in E of
degree m, where m > 1. Then following conditions are equivalent:
M)

(&) x() "~ y(®)

.. MQ)
@) {po, p1>---sPmt ~ {40,915+ qm}

0(2)

(@ii) {p1 — Po,P2 = DPos--->Pm—Po} ~ {q1 — 490,92 = qo; - - -, qm — qo}
. 0Q)

(iv) {ar,an,...,a,} ~ {c1,¢cay...,Cn}

Theorem 4.4. Let x(t) = 27:0 ajt/ = ZT:O piBjm(t) and y(t) = ZT:() cjt) = Z;":O qB;m(t) be Bézier curves in E, of
degree mwhere m > 1. Then following four conditions are equivalent:
N SM2)
(D) x~"y
iy SMQ)
D) (P D1 P > 2 (G0 1 i)
50(2)
@i@) {p1 = po, P2 = Pos-- -, Pm = po}  ~{

. S0(2)
(IV) {al’a27"~’am} ~ {CI7C27"'7Cm}

q1 = 40,92 = Gos - - -»qm — qo}
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Remark 4.5. In Theorems 4.3 and 4.4, we have considered the problem of G-equivalence of polynomial curves in the
case m > 1. For the case m = 0, the problem of G-equivalence of polynomial curves x(¢) = ag and y(f) = ¢( reduces to

the problem of G-equivalence of vectors ag and ¢ in E,. For groups M(2) and S M(2), it is obvious that ag M) co and

ap S co for all ag and ¢ in E,. In what follows, m > 1. The case m = 0 is easily considered.

Theorem 4.6. (i) Let x(1) = ;”:O a;t/ and y(r) = ’}1:0 cjt! be two polynomial curves in E, of degree m,where

SMQ2)

m > 1 such that x(t) ¥(t). Then, the following equalities hold.

< aj, ag >=<Cj, Ck >,
4.1
[ail aiz] = [Cilciz]
foralliy,iy =1,....m;1 <iy<ip<m; ,k=1,2,...,m;j<k
(ii) Conversely, if x(t) = Z’}LO a;t’ and y(t) = Z?:o c;t! are two polynomial curves in E; of degree m, where m > 1
SM(2)

such that the equalities (4.1) hold, then x(t) ¥(t). Moreover, there exists the unique F € S M(2) such that
y(t) = Fx(t) for all t € [0, 1]. In this case, Fx(t) = Ux(t) + b, where U; € S O(2) and U, has the following
form

<amCm>  _ [amCml

o= ). @2)
Oam) Oam)

and b = y(t) — U x(¢t) € Ey. Uy and b do not dependont e T.

Proof. (i) It follows from [15, Corollary 1].

(if) Assume that the equalities (4.2) hold. From [15, Corollary 1], we have x(f) SU y(t). Then, there exist
F € S M(2) such that y(r) = Fx(¢) for all ¢ € [0, 1]. In this case, y(r) = Fx(¢t) = U;x(¢) + b, where U; € SO(2)
and b € E,.

Since x(¢) and y(¢) are two polynomial curves of degree m > 1, m™ order derivatives of x(¢) and y(t) are
x"(t) = m'a,, and y"(t) = m!c,,.respectively. The equality y(t) = Fx(t) = U,x(t) + b implies y" () =
a

U, x"(¢). Using this equality, we have ¢,, = Uja,, such that U; € S O(2), where U, = ( b _ab ) Using the

equality ¢,, = Ua,,, we obtain a = % and b = %

Prove the uniqueness of U; € S O(2) and uniqueness of b satisfying the condition y(r) = U x(f) +b. Assume
that K € SO(2) and b; € E, such that y(rf) = Kx(¢) + b;. This equality implies y" () = Kx"(t). Then by
(2.1), Proposition 2.1 and Theorem 2.7, there exists the unique u € S(Q*) such that K = P,. Hence we have
Y@ = P,x"(f). By (2.1), we obtain y'() = ux™(r). Since Q(x"™ (1)) = Q(m!la,) = m!Q(a,) # 0,
Y"™(1) = ux"™(t) implies that u = y" (£)(x"(1))"! = g. Hence P, = P, = U;. The uniqueness of U is proved.
Then b = y(t) — U x(f) = y(t) — Kx(t) = b;. Hence the uniqueness of b is proved.

So, the proof is completed.

The following corollary is given in [12, Corollary 1.7].

Corollary 4.7. Let x(t) = ZT:O D Bjm(t) be Bézier curves in E of degree m, where m > 1. Then, the " derivative of
x(t) is

m—r
A0 =" PiBim D),
j=0

where

pi=mm—-1)...(m-r+1) Z(—l)rj(;)PHh

=0

foralli=0,...,m
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Theorem 4.8. (i) Letx(t) = Z;”:O pjBjm(t) and y(t) = Z?:o qBjm(t) be two Bézier curves in E; of degree m,where
SM(2)

m > 1 such that x(t) ¥(t). Then, the following equalities hold.

< PpPj—PoPk — Po >=<¢g; —q0,9k — qo0 >, 43
{ [Pi, = Po Pi, = Pol = [i, — g0 91 — q0] )
foralliy,ix =1,....m;1 <iy<ip<m;jk=1,2,...,m;j<k
(ii) Conversely, if x(t) = ZT:O DjBjm(t) and y(t) = Z?’:o q;Bjn(t) are two Bézier curves in E; of degree m, where
SM(2)

m > 1 such that the equalities (4.3) hold, then x(t) ¥(t). Moreover, there exists the unique F € S M(2)
such that y(t) = Fx(t) for all t € [0,1]. In this case, Fx(t) = V1x(t) + b, where V| € SO(2) and V| has the

following form
<ro-a0> _lrpag]
— o(pg)) o(py)
Vi= [ phanl  <shad> ] 44
a(py) a(py)
and b = y(t) — V1x(t) € E,. Vi and b do not dependont € T.
Proof. 1t follows from Theorem 4.6 and Corollary 4.7. O
Lemma 4.9. For all vectors yi,y»,71, 22 in E,, the equality [y,y2][z122] = det|| < y;, zx > ||l.2,k:1 holds.
Proof. A proof of this lemma is given in [9, Lemma 13]. O
Theorem 4.10. (i) Let x(t) = Z?:o a jtj and y(t) = Z;f’zo c;t! be two polynomial curves in E; of degree m,where
m > 2 such that x(t) M ¥(?). Then, the following equalities hold.
< aj, ag >=< Cj, Ck >, (45)
forall jk=1,2,....m;j<k
(it) Conversely, if x(t) = Y.y a it and y(r) = Yioc it/ are two polynomial curves in E, of degree m, where m > 2

such that the equalities (4.5) hold, then x(t) M y(t). Moreover, there exist the unique F € M(2) such that
y(t) = Fx(t) for all t € [0, 1]. In this case, the following cases exist:

@i.1) [ayai] = [cici)

(llZ) [ailaiz] = — [c,-]c,-z].
In the case (ii.1), Fx(t) = U1x(t) + by, where U; € SO(2),b, € E,. Here Uy and by have the forms (4.2) and
by = y(¢t) — Uy x(2), resp.
In the case (ii.2), Fx(t) = (UyW)x(t) + by, where Uy € SO(2), by € E,. Here U, and by have the forms

Wam,cn>  _ [Wamcnl
— Way, Way,

U, —( i) <P ) (4.6)
0Way,) O0Wa,,)

and by = y(t) — (U;W)x(t) € E,, resp.
The matrices U; and the constants b; do not depend on t € [0, 1] fori =1, 2.

Proof. (i) It follows from [15, Theorem 4].

(ii) Assume that the equalities (4.5) hold. Then, from [15, Theorem 4], we have x(¢) M y(¢). That is, there exist
F € M(2) such that y(¢) = Fx(¢) for all ¢ € [0, 1].
Applying Lemma 4.9 to vectors y; = a;,,y2 = ai,,21 = @i, 22 = aj, forall 1 <ij <ip <mand 1 <i3 <iy <
m, we obtain

[a,-laiz] [aisam] =< a;,,aiy; >< a4, ai, > — < a;,,aq;, ><ap,,0qi; > . (47)

Since the inner products in this equality are O(2)-invariants, [a;,a;, ] [a;,a;,] are O(2)-invariants.

The equalities (4.5) and (4.7) imply the equalities [a;,a;,] = [c; ¢;,] and [a;,a;,] = —]ci ci,]. Using the
equality (4.5) and the equality [a;,a;, | = [ci, ¢, ] imply the equalities (4.1). Then, by Theorem (4.6), the unique
U, € SO(2) and the unique b, € E; exist such that y(#) = U x(¢) + by for all ¢ € [0, 1]. Here U, and b; have
the forms (4.2) and by = y(t) — U1 x(¥), resp.
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Now, consider the polynomial curve Wx(¢). Since the inner products in the equality (4.5) are O(2)-
invariants, we have < Wa;, Way >=< aj,a; >=< cj, ¢, > forall jk = 1,2,...,m; j < k. Using detW = -1
and the equality [a;,a;, ] = — [c;,¢i, ], we obtain [Wa;, Wa,, | = (detW) [a;,a;,] = (=1)(—[ci ¢, ]) = [ci,¢i]-

Then the following equalities hold:

<Wa;,Wa, >=<cj,c; >,
[Wail Waiz] = [Cilciz] .

Then, by Theorem 4.6, the unique U, € S O(2) and the unique b, € E; exist such that y(t) = U,(Wx(?)) + b, =
(U, W)x(t) + b, for all ¢ € [0, 1]. Here U, and b, have the forms (4.6) and b, = y(t) — (U, W)x(¢), resp.

The matrices U; and the constants b; do not depend on ¢ € [0, 1] fori = 1, 2.

Let F € M(2) such that y(tf) = Fx(¢). Prove that Fx(f) = Ux(t) + by or Fx(t) = (U;W)x(t) + b,. Let
¥(t) = Fx(t) = Cx + b for some C € O(2) and some b € E,. Then C € SO2) or C € SO(2)W. Assume that
C € SO(2). Then, by the uniqueness in Theorem 4.6, C = U; and b = b;. Assume that C € SO(2)W. Then C
has the form C = DW, where D € S O(2). We have y(t) = (DW)x(t) + b = D(Wx(¢)) + b. Hence paths y(¢) and
Wx(t) are S M(2)-equivalent. By the uniqueness in Theorem 4.6, D = U,. This implies b = b,.

O

Theorem 4.11. (i) Let x(t) = ;‘n:o PjBjm(t) and y(t) = ;‘n:o qjBjm(t) be two Bézier curves in E, of degree
m,where m > 2 such that x(t) M) ¥(t). Then, the following equalities hold.

< pj=Po, Pk — Po >=<q; — qo,qk — qo >, (4.3)

forall j,k=1,2,...,m;j<k
(ii) Conversely, if x(t) = ZT:() a jtj and y(t) = Z;f’:o c jt-f are two polynomial curves in Ey of degree m, where m > 2

such that the equalities (4.8) hold, then x(t) M y(t). Moreover, there exist the unique F € M(2) such that
y(t) = Fx(t) for all t € [0, 1]. In this case, the following cases exist:

(@@.1) [pi, = po Pi = Pol = [9i, — 90 4i, — q0),

(@.2) [pi, = po pi, = pol = = [qi, — 90 @i, — qo]-
In the case (ii.1), Fx(t) = Vix(t) + by, where V| € SO2),b; € E,. Here V| and by have the forms (4.4) and
by = y(t) — Vix(t), resp.
In the case (ii.2), Fx(t) = (V,W)x(t) + by, where V, € SO(2),b, € E,. Here V) and by have the forms

Wppay>  Whpay)
Vo= | Ve T owem
2 [Wpgag] <Wpiay> |°
o(Wpg' o(Wpg)

and by = y(t) — (Vo W)x(2), resp.
The matrices V; and the constants b; do not depend on t € [0,1] fori =1,2.

Proof. Tt follows from Theorems 4.8 and 4.10. O
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