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Abstract — Existence and uniqueness of local classical solutions of the quasilinear evolution
integrodifferential equation in Banach spaces are studied. The results are demonstrated by employing the
fixed point technique on C,-semigroup of bounded linear operator. At last, we deal an example to interpret

the theory.

Keywords — Quasilinear evolution integrodifferential equation, local classical solution, C,-semigroups, fixed
point theorem.

1 Introduction

In this work, we examine the quasilinear evolution equation of the following form

%JFA(LU)U(U =H (u)(t)+f (t,u(t),G (u)(t)) 1)
u(0)=u,,te[0,T]=1J @)

where A(t, u) is the infinitesimal generator of a C,-semigroup in a Banach space
X.Uu,exX, f:IxXxX—X are functions and H and G are the nonlinear Volterra
operators

H(u)(t)=ik(t—s)h(s,u(s))ds and G(u)(t)=[a(t—s)g(s.u(s))ds

O t—

where a,k:J —J are real valued continuous functions and h,g:JxX — X are
functions.
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A lot of researchers have investigated the existence of solutions of various types of abstract
quasilinear evolution equations in Banach space [2, 3, 9, 14]. Pazy [11] considered the
quasilinear equation of the form

u'(t)+ A(t, uu(t)=0, 0<t<T, u(0)=u,

and studied the mild and classical solutions by applying fixed point theorem. Abbas et.al
[1] considered a class of quasilinear functional differential equations in which the author
investigated the existence of solutions for the same system by employing the thought of
C,-semigroup of bounded linear operator. Results on the existence and uniqueness of

solutions for problems of quasilinear differential equation with deviating arguments can be
found in [8].

Quasilinear integrodifferential systems in abstract form have got more notice because such
equations appear in different domain of science e.g. mathematical physics, population
dynamics etc. Different kinds of quasilinear integrodifferential equation in Banach space
have been investigated by numerous authors [4- 7, 10, 12, 13].

The remaining work is ordered as follows. In segment 2, we state some prelude. In segment
3, we give main result. Finally a concrete example is given in last segment 4 to show the
relevance of abstract theory.

2 Preliminaries

Let X and Y be two Banach spaces such that Y is densely and continuously embedded in
X . The norm in any Banach space Z is expressed by ||| or |||, . Consider B(X,Y) be the

set of all bounded linear operators from a Banach space X to a Banach space Y . We write
B(X,X) by B(X).

Let B< X and let A(t,b) be the infinitesimal generator of a C,-semigroup S, (s),s>0,
on X. {A(t,b)},(t,b) eJ xB is the family of operators which is stable if there exist

constants M >1 and o such that
p(A(t,b))D]a),oo[ for (t,b)e JxB,

where p(A(t,b)) is the resolvent set of A(t,b) and

k

[TR(4:A(t;.by))

=1

k

<M (1-0)

for 1> and every finite sequence 0<t, <t,......<t <T,b, eB,1<j<k.

The stability of {A(t,b)},(t,b) €J xB implies that
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k

k
Hstj,b,.(sj)H <M exp{a)zl:sj},sj >0
j=

i1

and any finite sequence 0 <t, <t, ......<t, <T,b, eB,1<j<k.

Suppose a linear operator S in X and let a subspace Y of X. The operator S with
domain D(S)={xeD(S)NY:SxeY} and Sx=Sx for xe D(S) is remarked to be the

partof S inY.

Let S, (s),s>0 be the C,-semigroup generated by {A(t,b)},(t,b) e J xB. A subspace Y
of X iscalled A(t,b)-admissible if Y is an invariant subspace of operator S (s),s>0
and the restriction of S, (s) to Y isa C,-semigroup in Y.

For deep information of the above noticed notions, we refer the work of Pazy [11] in
chapters 5 and 6. On the family of operators {A(t,b) :(t,b) €J xB} , we perform the same

hypothesis (Hl) —(H 4) given in section 6.6.4 in Pazy [11] for the homogenous quasilinear
evolution equation, as recall below.

(H,) The family {A(t,b):(t,b) e J xB} is stable.

(H,)Y is A(t,b)-admissible for (t,b)eJxB and the family {A(t,b)},(t,b) el xB of
parts of A(t,b) of A(t,b) inY isstablein .

(H,) For (t,b)eJxB,D(A(t,b))oY, A(t,b) is a bounded linear operator from Y to
X and the map t > A(t,b) is continuous in the B(Y, X ) norm ||.||Y%x for every beB.

(H,) There is a constant L such that

[A(t.b)-Atb )], <Ll by,
holds for every b,,b, € B and 0 <t <T.

Definition 2.1: A two parameter family of bounded linear operators U (t,s),o <s<t<T,
on X is called an evolution system if the following two conditions are satisfied:

(i) U(s,s)=1,U(t,r)u(r,s)=U(t,s)for 0<s<r<t<T.

(ii) (t,s) >U (t,s) is strongly continuous for 0<s <t <T.
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Moreover, let B < X and let {A(t )} (t,b) e I x B be a family of operators fulfilling the
above stated hypothesis (H,)—(H, ) If ueC(J,X) has values in B then there is a
0<

unique evolution system U, (t,s), <t<T,in X satisfying

(i) (t-s) ©)

forO<s<t<T,where M and o are stability constants;

.. 0"
(ii) auu(t,s)w = A(s,u(s)jw (4)

t=s
forweY,and 0<s<t<T,
0
(iii) gu (tsiu)w=-U, (t,;s)A(s,u(s))w (5)

for weY,and 0<s<t<T.

Again, there is a constant C, such that for every U,VEC(J,X) with values in B and for
every weY, we have

(L)W, (t.s)w] <C,|w, D\u (c) ~v(c)|dx. ©)

To find the above noticed outcomes in details, the Theorem 6.4.3 and Lemma 6.4.4 is given
in Pazy [11].

Further we consider that
(Hs)For every ueC(J, X) satisfying u(t)e B for t €J, we have
U, (t,s)Y <Y, 0<s<t<T

where U (t,s) is strongly continuous in Y for t,s €J and s <t.
(H, ) Every closed convex and bounded subset of Y is also closed in X.

(H,) The real-valued function a and b are continuous on | and there exist positive

constants k, and a, such that |k (t)| <k and |a(t)|<a, for teJ.

(Hg) h:J xX — X is continuous and there exist constants H, >0 and H, >0 such that

JIn(s. )b, ) <. fxt) -y 0]
and

H, = maxj.Hh(s,O)Hds.
0
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For the conditions (H,) and (H,,), Z be taken as both X and Y.

(Hy) f:JxZxZ —Z is continuous and there exist constants F_ >0 and F; >0 such that

| (tu,v)—f (t,uz,vz)HZ < F1(||u1 —u,, +||vl—v2||z)
and

F, = max
tel

(0.0,

(Hy) 9:J xZ —Z is continuous and there exist constants G, >0 and G, >0 such that

Jlofs) -8 s, d5 <G, (1) -u, (1],

and
G, = max{j;”k(s,o)”ds}

Let M =max{Uu(t,s)HB(z),OssstsT,u eB}.

(Hy) My {Jugll, +ke rTH, +k THy + FrT +a R G rT +a, F G T +RT|<r
and

- C.T |lugl, +ClT2{kT(HLr+H0)+FL(r+aTGLr+aTGO)+FO} 1
| +MTk, H, + MF.T +MF.G_a,T |

We mentioned that condition (H,) is always satisfied if X and Y are reflexive Banach

space. Next we prove the existence of local classical solution of the quasilinear problem
(1)-(2). By a mild solution to (1) - (2) on J =[0,T], we signify a function ueC(J,X)
with values in B satisfying the integral equation

t

()=, (4000 o, :3) Hafe) 1 s(e) fata -l s @

0 0

A function ueC(J,X) such that u(t)eYNB for te(0,T] and UEcl((O,T],X)

satisfying the equation (1) — (2) in X is called a classical solution of (1) — (2) on J, where
C*(J,X) space of all continuously differentiable functions from J to X .

3 Existence Result
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Theorem 3.1: Let uyeY and let B={ueX:|u|, <r},r>0. If the hypothesis
(H,)-(H,) are satisfied, then (1)«(2) has a wunique classical solution
ueC([0,T]:Y)NCH((0,T]: X).

Proof: Let S be the nonempty closed subset of C([O,T], X) defined by

S :{u:ueC([O,T],X),Hu(t)HY <r forteJ}.

Suppose a mapping F on S defined by

(R0, 00, o, 1) 103 s s~ )

0

We state that F:S — S For ueS, we have

[Fu(y], =u, (t,O)u0+J:UU (t,s)ﬁk(s—r)h(r,u(r))dr+ f (s,u(s),ia(s—r)g (T,u(r))df] ds
C ikis= el (et -n(e0) (s |

<[u, (£.0)ug |+ U, (t:5)] S ds
0 + f[s,u(s),!a(s—r)g(r,u(r))dr}—f(s,0,0) +f (.0,0)

using the hypothesis

[t )i, (s s

i

B t
||u0||Y +kT,[HL HU (s)“ds+kTHoT
0

<M ||u0||Y +M

f [s,u(s),ia(s—r) g (T,u(f))dfj_ f(5.0,0)

+|f (s,0,0)H}ds

oJ sl late ol () - o(<f (s s s

<M ], +k rTH, +k TH, + FIT +a rTF.G +a TR G, +FT |

By using hypothesis (H,,), we get HFu(t)HY <r. Therefore F maps S into itself.
Moreover, for u,v €S, we have
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|[Fu(t)—Fv(t)| <|u, (t.0)u, U, (t.0)u,|

o mier o [sute) ate-rotrateor |

0

009 06D (0 ate- oo (e |

<[, (£.0)u, ~U, (t.0)u,|

+j;[ U, (t,s){H (u)(s)+f (Svu(s),j‘a(s—r)g(r,u(r))dr}}

0] (e) 1 mu) ate g (au(eer |

0

Using our hypothesis, we get

[Fu(t)-Fv(t)]<C,fuf, T max Ju(z)-v ()|

‘] Huua.s)—uV(t,s)H{HH(u)(s)H+ (009 Jate-e)a (oo

0

}ds
[ suts)fats-era(rmutoer

0

ds

+':[||Uv(t,s)|| [H (u)(s)-H (v)(s)] +

_f (s,v(s),ia(s-f)g(T,v(f))dr

<C ||u0||Y T max “u (T)—V(Z')H-I— CT rggx”u (T)—V(T)HX

j s (este)-1(-0 el
ds

: f[au(sw a(s—r)g(w(f))dfj-f(S’O’O) “|f(s.00]

0
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S

t !k(s_/[)h(T,u(T))df_j;k(s—’[)h('[’v(z-))dz-

+Mj ds

o] st Jat st o sutel fte-lafsvtee

0

_I_

u(z)-v(7) j[kT (Hir+H,)+F {r+(a,Gr+aG,)|+ Fo}ds

0

<C, |u], T max

=Y

u(z)-v(z)|+C.T max

7€l

t
u(z)=v(e)|[ fkH +F +a F.G s

0

+M max

=Y

<Cyu,, T max

rel

u(z)-v(z)|+CT? [kT (Hor+H,)+F {r+(aG.r+a,G)| + Fo}max

u(z)-v(z)|

) Cy |, T+CT? {kT (Hor+Hy)+F, (r +(a,G,r +aTGO)) + FO} + .
MT {k,H +F +aFG,| -

u(e) (7

+MT {k.H, +F_+aFG,} max

u(e)-v(

This gives

|Fu (t) - Fv(t)| < T max

rel

lu(z)-v(z)|. by hypothesis (H,,)

where 0<I'<1. Thus F is a contraction from S to S. By the contraction mapping
theorem F has a unique fixed point ueS which is the mild solution of (1)—(2) on J.
From (H,), it leads that u(t) isiin C(J,Y) (see [10] Lemma 7.4). Indeed, u(t) is weakly

continuous as a Y -valued function. This means that u(t) is separably valued in Y, hence
it is strongly measurable. Then, ||u(t)||Y is bounded and measurable function in t.
Therefore, u(t) is Bochner integrable (see e.g. [15], Chapter-V). Applying the relation
u(t)=Fu(t), we conclude that u(t) isin C(J,Y).

Now, consider the following evolution equation
S Aftu)u) = H (u) (1) + F (10,6 (u) (1),
u(0)=u,,te[0,T]=J,
The above equation can be noted as
v (t)+A(t)v(t)=h(t),t €] (8)

v(0) =u, 9)
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where A(t)=A(tu(t)) and h(t)=H (u)(t)+f (t,u(t),G(u)(t)),t cJ and u is the
unique fixed point of F in S. We note that A(t) satisfies (H,)—(H,) of [11] (Section
5.5.3) and h(t) eC(J,Y). By using theorem 5.5.2 in Pazy [11] we summarize that unique
function ve C(J,Y) exists such that VECl((O,T], X) satisfying (8)—(9) in X and hence
vis given by

t

v(t) =U, (t0)u, + [U, (t.s)[H (u)(s)+  (s.u(s).G(u)(s))]ds.t e J,

0

where U, (t,s),0<s<t<T is the evolution system generated by the family {A(t,u(t))} ,
t e J, of linear operator in X. The uniqueness of v implies that v=u on J and hence u
is a unique classical solution of (1)-(2) and ueC([0,a]:Y)NC*((0,a]:X). This
completes the proof.

4 Example

Consider QcR" be a bounded domain with smooth boundary 0Q. Let the differential
operator

A(t,x,u;D) @ = —i%a%(a” (t.xu(t,x)) S—Z}rc(t, X,U(t,x)) @,

where a, (r._x, u [:f._x]] and c(z‘,x._u [:r._x]i] are valued functions described on J xQxIR and

J= [O,Tl, 0<T <m. Let us suppose  that a; EC|:J xﬁxﬁ’,ﬁ&} where

w = (J xﬁﬂ&] with %«:F <1, a; =a,.(1<i, j <n)and there exists some c>0such

that

> a,(t.xu(t.x))gq, 2clgf .q =(4-92--,) €R

i,j=l1
holds for each (r,x_.u{f,x)j} eJ xQxR.
Consider the partial integrodifferential equation
ot
with the boundary condition

+A(t,x,u; D)u(t,x) =G (u) (t,x) + F (t,x,u(t,x), K (u) (t,x)),(t, x) e(O,T] xQ, (10)

u(t,x) =0for (t,x)e(0,T]xoQ
and initial condition
u(0,x) =u,(x) for x €€,
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where G (u)(t,x) = [a(t—x)h(s,xu(s,x), Vu(s,x))ds

and K (u)(t,x)=[k(t=x)g(s,x,u(s,x),Vu(s,x))ds

Ot O ey ~+

the function k and a are a real valued continuous function of bounded variation in R and
the function f (t, x,u,v) is also a real valued continuous function defined on J xQxB xB

and there exist a constant L >0 such that
|t xu,v) = F(txuv) | < LlJu, —u, ]+ v, = v, ]

for x eQand u,.v, €B.i=12. u:J xQ— R 1s unknown function and #,1s its initial value.
Again, we consider that /2, g :[0,50) xQ xB x B —>[R is continuous and there exist constants
M >0 and N >0 such that

[h(txu. &) =h(txv.m)| <M [Ju=v]+]¢-r]
lo(txu. &) =g (txvim)| <N[Ju—vl+|¢-]

for xeQ and u,v,&,neB.

n

<p<o and X =L"(Q) with the usual norm

1

p

], {ﬂur’ dx]
Q

then integrodifferential equation (10) can be reformed as an abstract integrodifferential (1)
in Banach space X, where A(t,u)v=A(t,x,u;D)v with domain

Let
2

D(A(t,u))={veW?(Q),v(t,x)=0,(t,x)€(0,T]xoQ|

and

f [t,u,ja(t—s) g (s,u(s))ds]: f(t,x,u(t,x)K (u)(t,x))

0

':[k(t—s)h(s,u(s))ds=G(u)(t,x).

We take note of that the assumption (H,)—(H,,) are satisfied hence we may exert the
finding of earlier part to assure the existence of unique classical solution of (10).
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