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Bu calisma Gegenbauer (veya ultrakiresel) polinomlari igin bilineer ve bilateral dogurucu fonksiyonlarla
ilgilidir. Gegenbauer polinomlari igin bazi 6zel durumlari, gesitli 6zelliklerini, multilinear ve multilateral
dogurucu fonksiyonlari elde edilmistir.
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The present study deals with bilateral and bilinear generating functions for the Gegenbauer (or
ultraspherical) polynomials. In this manuscript we obtain some special cases for Gegenbauer
polynomials. miscellaneous properties and multilinear and multilateral generating functions.
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1. Introduction

Generalized functions oscupy the pride of place in
literature on special functions. Their importance
which is mounting everyday stems from the fact
that they generalize well-know one variable special
functions namely Hermite polynomials, Laguerre
polynomials, Legendre polynomials, Gegenbauer
polynomials, Jacobi polynomials, Rice polynomials,
Generalized Sylvester polynomials etc. All these
polynomials are closely associated with problems
of applied nature. For example, Gegenbauer
polynomials are deeply connected with axially
symmetric potentials in dimensions and contain
the Legendre and Chebyshev polynomials as special
cases. The hypergeometric functions of which the
Jacobi polynomials is a special case, is important in
many cases of mathematics analysis and its

applications.

The Gegenbauer (or ultraspherical) polynomials
Ch :C—>C «can be

hypergeometric
2010)

defined by Gauss

series as follows (Olver et al.
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where the Pochammer symbol (rising factorial)
(), : € — C isdefined by

() :=ﬁ(a+s—1),

where me N,.

Consider the generating function for Gegenbauer
polynomials given by Olver et al. (2010), namely

ic;ﬂ‘(z)tm =(1-2zt+t?)™. (2)
m=0

We attempt to generalize this expansion using the
representation of Gegenbauer polynomials in
terms of Jacobi polynomials given by Olver et al.

(2010), namely

2
CH(z) = (( ,U)l) Pn(],ufl/Z,,u71/2)(Z) _ (3)
The Jacobi polynomials : C—>C canbe

defined by Gauss hypergeometric series as follows
(Srivastava and Monocha 1984):
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for meN, and a,f>-1  such that if

a,ﬂe(—l,O) then a+ [+1+0.

Gegenbauer polynomials by suitably specializing
the parameters in the corresponding results for the
Jacobi polynomials:

Z (/1) m C “()t"

= Fll/?,,a,a; 14 (2427 =Dt (2 -7° —1)tJ , (4)

which, for 1 = 2a, yields
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or, alternatively,
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NI

A 3A+4

=(1-zt)* 2 F

view of the quadratic transformation (Srivastava
and Monocha 1984):

. 1 1 1-
a,b; sa,a+ 5,

2F1 27 :(1_2)705 2F1 (L)Z :

2b; b+1;
Starting, as usual, from (2) we get the following

formula of the type (1) for the polynomials

C (X) (Srivastava and Monocha 1984):

i(r;]m(z)t -MfC( o

m=0

where p is defined by p:(1—22t+t2)1/2,

|p|<1.

The Gegenbauer (or ultraspherical) polynomial
Ch(z) (u>-1/2, |Z|Sl) are defined by
Horadam (1985),

Cé(2)=1 Cl()=2a,

with the recurrence relation
mC;(2)
=2z(u+m-1)C%, (2) ~ (2u+m—2)CL,(2)
(m=>=2).

Lemma 1. The following addition formula holds for

the Gegenbauer (or ultraspherical) polynomials:
n

Cyr*e(2) = Y Cptn (2)Ct (2)-
m=0

(8)

Proof. Replacing w4 by g4+, in(2), we

obtain
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From the coefficients of t" on the both sides of the
last equality, one can get the desired result.

2. Multilinear and Multilateral

Functions

Generating

We aim here at presenting a family of bilinear and
bilateral generating relations for the Gegenbauer

(or ultraspherical) polynomials C/ (X) which are

generated by (2) without using grouptheoretic
technique but, with the help of the similar method

as given in (Ozmen and Erkus-Duman 2013, 2015,
2018).

Theorem 1. For a function

Qq(sl,...,sr) of
(reN) andfor 7,y C,meN; let

non-vanishing

I complex variables §,...,S,

Ar],y(sl’ " I" za Qn+}m( 11 'Sr‘)é/m
(am #0)

and

Y7 (2:80008,3€)

[n7s]

T Za Cn sm(Z)Qn+;/rn( " '!Sr)é:m'

Then, for s N , we have

A
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= (1-22w+W*)# A, (S, Sp5 4) ([vv|<1).
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Proof. Let E denote the first member of the
assertion (9) of Theorem1.

Then,
w [I/s]
E= ZZa Clam(DQ,, 1 (51,08, ) AW T
1=0 m=0
Replacing | by |+sm,
D> > a, Cl(D)Q,, (5108 ) AW

1=0 m=0
1=0

E

8
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@-2zw+ W) “ A, (5,155 4) Qw|<1)

which completes the proof.

Theorem 2. For a non-vanishing function
Q, Yy, Y, ) of r complexvariables Y,..., Y,

(r € N) and of complex order 77, let

NF (X Yy Yy s ©)

[m/p]

= 2, a.C (09 s (Vi Yr )@,
=0

where a,#0,7,ye€C, mpeN and the
notation [m/ p] means the greatest integer less

than orequal m/p .

Then, we get
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> aCL, (9C, 20 (0, g (Vo V)
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Proof. Let H denote the right side of the assetion

(10). Then, upon subsituting for the Gegenbauer
polynomials C/ "¢ (X) from the (8) into the left-

hand side of (10), we get

[m/p]m-p

H = 3 Chtic o (NC ()4 (V01 ¥, )
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Theorem 3. For a non-vanishing function

Q,(sy,..,S,) of r complex variables S,...,S,
(r e N) and of complex order u , suppose that
A% alzisye s o]

_Za C (DR, (81,0005, )"

where a, #0 and

0,1.p.q(Spes Sp3t)
q r+m v
= _— Q ok (Spres S
k=0

Then, for p,q € N; we obtain

Zcm+r (2)49#] p.q (Siyr St SHIICR
p M, p q 11" r! ( ) ( )
p
(p = (1-2xo+o*)"?, |a)| < 1).
Proof. For the proof of Teorem 3, we find it to be
convenient to denote the right side of the assertion

(11) by IT.
Then,

m/q
IT= ZCm+r (Z) z ak( j ,u+pk(sl""’sr)tka)m'

Replacing M by m+gk andthen using (7), we

may write that
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m+qk

k
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(p: (1-2xw+ 0®)"?, |a)| <1)

which completes the proof.
3.Special Cases

We can give promote apposition of the on

teorems.
Set
Q17+}4‘|’1 (S]_l 1Sr) = héf;’r;‘]’ﬁr) (Sl’ ’Sr)

in Theorem 1, where the multivariable extension

of the Lagrange-Hermite polynomials
h;f;n“"ﬂf)(sl,...,sr)(Altm and  Erkus  2006),

generated by

(12)

(pec: l<minfs) s, "% s,

We obtain,
class of bilateral generating functions for the

the following result which provides a

multivariable extension of the Lagrange-Hermite

polynomials hfﬁu"ﬁ’) (S;,--S,) and  the

Gegenbauer polynomials C/*(X).

Corollary 1. If

Ay (Sin$,iC) —zamh,sf;m---ﬁ”(sl,...,srw"
(am;tO, n,y/eC),

then, we have
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Remark 1. Taking a,, =1, 7 =0, » =1and using
the generating relation (12) for the multivariable
polynomials h( """ /’"(sl,...,s,) in Corollary 1, we

have

w [I/s]
DY Cl (P (g s ) AW

I-sm
1=0 m=0

= (1-2xw+w?)™“ ﬁ{(l—sjﬂj)_ﬁj }

j=1

(2] < mins,| s, s 7} i <)

lfweset r=1Yy,

Q,.,s(V)=Cr3,(y)

in Theorem 2, we have the following summation
expression for the Gegenbauer polynomials.

=Yy and

Corollary 2. If
Ao (XY Yy @)

[m/p]

Z a.Con (0C3ys (V).

then, we have
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/‘1+/12 (X yl, . yr : a)) (14)
provided that each member of (14) exists.

Remark 2. Takinga; =1, n=0,p=1, y =1y =

x, w = 1 in Corollary 2 and using (8) we have

iZcm (X)C 2 (X)C{3(x)

k=0 1=0

= Clathaths (x),
lfweset s=1,5, =Yy and

A,
Qi () =PLA ()

in Theorem 3, where the classical Jacobi

polynomials P(ﬂ'ﬁ)(y) is generated by (Erdélyi

n

et al. 1955),

o 2/1+ﬂ

> RAX =E—(-t+p) A +t+p)”
n=0 '0

p=(1-2xt+1?)"? [t <1f

we get a family of the bilateral generating
functions for the classical Jacobi polynomials and
the Gegenbauer (or ultraspherical) polynomials

Ch(X) as follows:

Corollary 3. If

AO.’

o Za Clram@PLm(y) ¥,

(an =0, r,p,qeN, /JEC)

(z,y;0):

and
el (rem)
y p, q(y t) - Z ak[ qkj P/i+’£()(y)tk'

Then, we get

Zcm+r (Z) . P, q(y )™

—2a-r ya l—w, 0O q
@),
M, P, ] P P

(p =(1-2xw+w?)"?, |a)| <1)
Furthermore, for each suitable choice of the
a, (meN,),

Qy+wk (yli"" yr)l

expressed as an appropriate product of a lot of

coefficients if the multivariable

functions reN, are

simpler functions, the assertions of Theorem 1,
Teorem 2, Teorem 3 can be applied to yield many
different families of the Gegenbauer polynomials.
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