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Abstract

We proved a new theorem on the existence of positive solutions to initial-value problems for second-order
nonlinear singular differential equations. The existence of solutions is proven under considerably weaker than
previously known conditions.
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1. Introduction

We consider the problem

(py') +pggly) = 0, 1€[0,7] (1.1)
y©0) = a>0,
[Jim p(e)y'(r) = 0
and
(py') +pggly) = 0, 1€[0,7] (1.2)
y(0) = a>0,
y'(0) = 0,

where 0 < T < oo, p>0,g>0and g:[0,00) — [0,00).
Agarwal and O’Regan [1] established the existence theorems for the positive solution of the problem (1.1) and (1.2):

Theorem 1.1. [1] Suppose the following conditions are satisfied

peCl0,T)NC0,T) with p>0on (0,T) (1.3)
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qe€ Lll7 [0,6¥] foranyt* € (0,T) withq > 0on (0,T), (1.4)

where LL[0,a] is the space of functions u(t) with [ lu(t)|r(t)dt < o,

G| s
/ — / p(x)g(x)dxds < oo foranyt* € (0,T) (1.5)
Jo p(s) Jo
and
g:10,00) — [0, 0) is continuous, nondecreasing on [0,0) and g(u) > 0 for u > 0. (1.6)
Let
@ dx
H(z :/ —— for0<z<a
) = g)
and assume
A | s
/ —/ p(x)q(x)T(x)dxds < a foranyt* € (0,T), (1.7
o p(s)Jo
here

T(x) =g <H_1 (/0)C ﬁ /pr(z)q(z)dzdw)) )

Then (1.1) has a solution y € C[0,T) with py € C[0,T), (py')' € L,,(0,T) and 0 < y(t) <afort € [0,T). In addition if either

p(0)#0

_ - p(t)glr) _
p(0) =0 and tg%l+ O 0

holds, then y is a solution of (1.2).

The condition (1.7) in connection with the definition of the function 7(x), makes this theorem difficult for an application. In
[2] we proved more easy and applicable theorem:

Theorem 1.2. Suppose (1.3)-(1.5) hold. In addition, we assume

/Ot ﬁ/osp(x)ﬂx)g(a)dxds <a

forany t* € (0,Tp). Then

a) (1.1) has a solution y € C[0,Ty) with py € C[0,Ty), (py')' € L},,(0,Ty) and 0 < y(t) < afort € [0,Tp).

b) IffT](;l ﬁ Jo P(x)q(x)g(To)ds < y(Tv), and conditions (1.3)-(1.6) satisfied then solution can be extended into the interval
[07 T )

In this paper we generalized the Theorem 1.2.
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2. Main result

Theorem 2.1. Suppose the following conditions are satisfied

p € (C[0,T)NC'(0,T) with p>0on (0,T],
g =2 0,

/ /p x)dxds < o foranyt* € (0,T],
o p(s

g :10,00) — [0,0) is continuous, nondecreasing on [0, o),

and assume

[ =55 [ poateista—otoyasas

/ot ﬁ /Osp(x)CI(x)g((P(x))dxds

for some @(t) € C[0,T), with 0 < @(t) < a. Then (1.1) has a solution y € C[0,T] with py’ € C[0,T], (py')’ € L},(0,T) and
0 <y(r) <afort€[0,T]. In addition if either

p(0) #0

A
N

|
<
=

%
p-3

or

=0

p(t)q(t)
p(0) =0 and rgo+ (0

holds, then y is a solution of (1.2).

Remark 2.2. The case ¢(t) =0, corresponds to the case of inequality

/ / plx a)dxds < a for anyt* € (0,T].

Proof of Theorem 2.1. Consider the sequence {y,(¢)},n=0,1,2,... with yo(t) = a — ¢(1),

yn(t) = / / px gn—1(x))dxds, n=1,2,...,t <T.

We have

() = a-9@),
0 = a= [ = [ paosa—ot)dsds > ol

nt) = /t (1 /p (x))dxds
< / 5 |} Pas(o()dsds
< a—e(),
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nl) = a= [ [ pgsta(e)dsds > ple)

5wl = a= [~ [ plaoslss(x))dsds < a=g0)..
yanl(t) Z (P(t)v

yaut) < a—o1),..

The sequences {y2,(f)} and {y2,+1(¢)} are equicontinuous. Indeed we have

[vu(t) —yu(r :/ /p glyn—1(x ))dxds<M/ /p x)dxds, 2.1

where
M =max{g(u):0<u<a}

and the right hand side of (2.1) can be taken < € for |t — r| < &, regardless of the choice of # and r: the function f fo p(x)g(x)dxds

is (uniformly) continuous on [0, 7]. It follows from Ascoli Arzela Theorem that the sequence {y,,(¢)} has the (uniformly)
convergent subsequence, y2,, () — u(r). The Lebesgue dominated theorem guarantees that

y2nk+l(t) = / / ]7 y2nk( ))dde — V(t),
() = a= [ o [ pea)s(uto)dsas
andu(t) = a—/ot ﬁ/osp(x)q(x)g(v(x))dxds.

If u(¢) = v(¢) we have that the function u(z) is the solution of the problem (1.1), indeed it follows from

1 1 s
) =a— [ | pe)atos(utx))dxds

o
that
W) = s /O’p<x>q<x>g<u<x>>dx,
pu' = / p(x u(x))dx,
()" = —pagu).

So we suppose u(t) # v(r). We have u(0) = v(0) = a and if for example, u(¢) > v(z) on the interval (0,b), then we obtain

u(b)=v(6) = | b ﬁ || P@a(a) g(ate)) ~ glv(e) xds >0

and therefore u(¢) > v(¢) on the whole interval (0, T]. The same holds for all points of intersections #y : u(fy) = v(p). That is if
u(to) = v(to), then for any € > 0 there are infinitely many points #, € [fo,% + €) such that u(t,) = v(t,). Therefore, u(t) > v(r)
(or <) on (#p, T]. Without loss of generality let us suppose u(t) > v(¢) on (0,T]

and consider the operator N : C[0,T] — C[0,T] defined by

W) =a= [ [ plas(y(s))dds

Next let
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K={yeCl0,T]:v(t) <y(t) <u(t) forr €[0,T]}.

Clearly K is closed, convex, bounded subset of C[0,7] and N : K — K. Let us show that N : K — K is continuous and compact
operator. Continuity follows from Lebesgue dominated convergence theorem: if y,(¢) — y(¢), then Ny, (t) — Ny(t). To show
that N is completely continuous let y(¢) € K, then

[Ny(t) — Ny(r)| SM‘/rt ﬁ/oxp(z)q(z)dzds fort,r € [0,7],

that is N completely continuous on [0,7].
The Schauder-Tychonoff theorem guarantees that N has a fixed point w € K, i.e. w is a solution of (1.1). It follows from

1
p(t)

W) =~ [ pe)atogwx)ar,

that if p(0) # 0 then w/(0) = 0. Now if p(0) = 0 but lim; o4 254 = 0 we have from (2?) that

W(04) = — tim [ P9

t—0+.J0 p(t) g(w(x))dx: 0

that is w is a solution of (1.2).
The proof is completed.
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