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Abstract

The aim of this paper is to obtain a (non-commutative) Grobner-Shirshov basis for the braid group associated with the complex reflection
group Go4. This gives us an opportunity to get normal forms of the elements of group G»4, which represent a new and effective algorithm to
solve the word problem over it.
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1. Introduction

Presentations arise in various areas of mathematics such as knot theory, topology, and geometry. Another motivation for studying presentations
is the advent of softwares for symbolic computations like GAP (Groups, Algorithms and Programming). Providing algorithms to compute
presentations of given groups (semigroups) is a great help for the developers of these softwares. GAP provides a programming language, a
library of thousands of functions implementing algebraic algorithms written in the GAP language as well as large data libraries of algebraic
objects. In GAP, although there exist some accepted package programs that shows the solvability of the word problem of some groups types,
there is no any general algorithm to solve word problem for arbitray group (monoid) presentations. So, in the present paper, it is worth to
calculate Grobner-Shirshov basis of the braid group associated with the complex reflection group G4 and then study solvability of the word
problem of that group.

In [10], Buchberger introduced the Grobner basis theory for commutative algebras and that study provides a solution to the reduction problem
for commutative algebras. Later, in [4] Bergman generalized the Grobner basis theory to associative algebras by proving the Diamond Lemma.
This theory was developed and advanced for Lie algebras by Shirshov in [22]. The importance of this theory is the so-called Composition
Lemma which characterizes the leading terms of elements in the given ideal. Then, in 1976, Bokut noticed that Shirshov’s method works for
associative algebras as well ([6]). Thus, for this reason, Shirshov’s theory for Lie algebras and their universal enveloping algebras is called
the Grobner-Shirshov basis theory in litarature. There are many valuable and important studies on this subject related to the groups (see, for
instance, [7, 11]). We may refer the papers [2, 3, 8, 9, 14, 15, 16, 17, 18] for some other recent studies over Grobner-Shirshov bases.

The method of Grobner-Shirshov bases which is the main theme of this paper gives a new algorithm to get normal forms of elements of
groups, monoids, semigroups and so a new algorithm for solving the word problem in studied algebraic structures. By considering this fact,
our aim in this paper is to find Grobner-Shirshov basis of the braid group associated with the complex reflection group G4 and thus solve the
word problem over it.

The word problem is one and the most popular of the algorithmic problems. These kinds of problems have played an important role in
group theory since the work of M. Dehn in early 1900’s. These problems are called decision problems which ask for a yes or no answer to a
specific question. It is well known that the word problem for finitely presented groups is not solvable in general; that is, given any two words
obtained by generators of the group, there may be no algorithm to decide whether these words represent the same element in this group ([1]).
Shephard and Todd (1954) classified all finite complex reflection groups in [19]. Later Cohen (1976) gave a more systematic description for
these groups in terms of root systems, vector graphs and root graphs [12]. Recently, in [13], Howlett and Shi defined a simple root system
(B,w) for such these groups which is analogous to the corresponding concept for a Coxeter group. In [20, 21], Shi obtained representatives
of all the equivalence classes of simple root systems for the complex reflection groups G2, Ga4, G5 and Gog. Then, again in the same
paper, the author defined representatives of all the congruence classes of presentations for these groups by generators and relations.
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Throughout this paper, by considering the lengths of any two words, we will use the deg-lex ordering if the lengths of these words are
different or lexicographically ordering if otherwise. Additionally the notations (i) A (j) and (i) V () will denote the intersection and inclusion
compositions of relations (i) and (), respectively.

2. Grobner-Shirshov Bases and Composition-Diamond Lemma

Let K be a field and K(X) be the free associative algebra over K generated by X. Denote X * the free monoid generated by X, where the
empty word is the identity denoted by 1. For a word w € X ’:, we denote the length of w by |wl|. Suppose that X * is a well ordered set. Then
every nonzero polynomial f € K (X) has the leading word f. If the coefficient of f in f is equal to 1, then f is called monic.

Let f and g be two monic polynomials in K(X). We then have two compositions as follows:

« If wis a word such that w = fb = ag for some a,b € X* with |f| + |g| > |w], then the polynomial (f,g),, = fb —ag is called the
intersection composition of f and g with respect to w. The word w is called an ambiguity of intersection.

o If w= f = agb for some a,b € X *, then the polynomial (f,g),, = f — agh is called the inclusion composition of f and g with respect
to w. The word w is called an ambiguity of inclusion.

If g is monic, f = agh and « is the coefficient of the leading term f, then transformation f — f — ataghb is called elimination (ELW) of the
leading word of g in f.

Let S C K (X) with each s € S is monic. Then the composition (f, g),, is called trivial modulo (S,w) if (f,g)w = X 0a;s;b;, where each
o; € K,a;,b; € X" ,s; € S and a;5;b; < w. If this is the case, then we write (f,g), = 0 mod(S,w).

We call the set S endowed with the well ordering < a Grébner-Shirshov basis for K (X | S) if any composition (f,g),, of polynomials in S is
trivial modulo $ and corresponding w.

The following lemma was proved by Shirshov [22] for free Lie algebras with deg-lex ordering.

Lemma 2.1 (Composition-Diamond Lemma). Let K be a field, A= K (X | S) = K(X)/1d(S) and < a monomial ordering on X*, where
1d(S) is the ideal of K(X) generated by S.Then the following statements are equivalent:

1. Sis a Grobner-Shirshov basis.
2. feld(S)= f =asb for some s € S and a,b € X".
3. Irr(S) ={u € X" | u+ash,s € S,a,b € X"} is a basis for the algebra A =K (X | S).
If a subset S of K(X) is not a Grobner-Shirshov basis, then we can add to S all nontrivial compositions of polynomials of S, and by continuing

this process many times (maybe infinitely), we eventually obtain a Grobner-Shirshov basis $°"7. We should note that such a process is
called the Shirshov algorithm.

3. The Main Result

In the study [5], the authors first defined the presentations for the braid groups associated with the complex reflection groups Go4 and G7
and they used VKCURVE that is a GAP package implementing Van Kampen’s method to obtain these presentations. Moreover, they added
some conjectures for the cases of Gyg, G31, G33 and G34.

Proposition 3.1. [5] The braid group associated with the complex reflection group G4 admits the presentation

(8,1, u;stst = tsts, susu = usus,tutu = utut, stustus = tustust = ustustu) . 3.1)

Actually, as noted in the same reference, one can obtain some other presentations that present the same group G4 as in the following. First
consider presentation (3.1), and then replace ¢ by usts—'u~!. Thus we get the presentation

(s,t,u;sts = tst,fut = utu,Susu = usus, Sustustus = ustusrust) .
Additionally, again in presentation (3.1), if we replace ¢ by susts~'u—!s~!, then we have the following presentation
(s,t,u;sts = tst,futu = utut,susu = usus, sutsuts = usutsut) 3.2)
as a new presentation of Gp4. We now give a monoid presentation of the group G4 given in (3.2) as follows:
1 -1

< S b, U;StS = tSt, tutu = utut, SUsu = USUs, Sursuts = usutsut,ssil =5 ls= l,n‘*1 == Luv " =u u=1>. 3.3)

Let us order the generators as u > s > t. We also note that the presentation of the group G4, given in (3.3), will be used in our result.
The main result of this paper is the following.
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Theorem 3.2. A Grobner-Shirshov basis of the braid group associated with the complex reflection group Goy consists of the following
relations:

(1) sts = tst,
(2) utut = tutu,
(3) usus = susu,
4) usutsut = sutsuts,
(5) stst = tst>s"
(6) ut"utu = tutuut” l
(7) us"usu = susuus"" !,
U !
(8) usut” st = susuts”
U !
9) usutst” utu = sutsutsut”
! !
(10) us"utsut™stt = susuutst"fzut(tsmfl)k ,
(11—a)  ur*ut(A|B1A3B,---ANBN)*susu = tutuur " (A B, AyB, - - AN By ) sus?,

)
(11=b)  ut*uts™ us(B1A\ByAs - -- ByAN ) 1%utu = tutuur* ' sus™ (B) A} BoAy - - By Ay ) tut?
) ur*ut(A\B1AyBy - ANBy ) sCutsut" st = tutuur®~ ](A BAzB2 ANBN) A sus?— ]tsut(tsh_])p7

(11—c)*  wut(A|B1AsBy - --An)* sCutsut” st? = tutuur*~ ](A B, A2B2 AN sus®  tsut (e 1P

(12—a) usutst” ut(A1B1A2By - - AnBy ) s%usu = sutsutsut” (A B, A232 A;VB;V)Asusd,

(12—10) usuts(t"/ ut)°(A\B1A2By - - AN 1%utu = sutsut (sut” ) (AlBlA2B2 A

(12—¢) usutst” ut(A1B1A2B, - - ANBy ) sl utsut st? = sutsutsut” (A/IB/lAlzB/z - ~A;VB}V)Asusd71tsm(tsh71)p,
(12—¢)* wsutst” ut(A1B1A2By - AN sCutsut stP = sutsutsut” (A,1 BllA,ZB/z oo Ay sus® Vesut (es" 1P

(13—a)  ushust” ut(A;B1AyB, - - ANBy ) s%usu = susuus®'tur" (AIIB/lA/zB/z - -A/NB/N))”susd,
(13—b)  us‘us(B1A|ByA; - ByAN ) t%utu = susuus®" (B A} B>A, - - By Ay ) tut?,
(13—¢)  us*ust™ ut(A;B1AyBy - ANBN ) s utsut"st? = susuus® ' tur" (A\B1AYBy - Ay By ) sus? esut (15" )P
(13—¢)*  us*ust™ ut(A\B1A2B, -- AN) sutsut"st? = susuus* = tur" (A,IB/IA/ZB/z-~-A;\,)}”susd_]tsut(tsh_])p7
(14) ssTh=1, (15)s 's =1,
(16) ' =1, A7)t =1,
(18) un =1, (19)utu=1,

where k,m,n>2; m'.n',d,h>1; k/,p,c: {0,1}; A; = s%us; A; = sus%; B; = tbiut; B;- =tut’ (1 <i<N)and A ={0,1}.

Proof. We need to prove that all compositions among relations (1) — (19) are trivial. We classified the relations (No-a, No-b, No-c) in
theorem by regarding the following cases.

e For the cases No-a: Since the left hand side of relations ended by the sub word s%usu (d > 1), the sub word By must be placed before
it.

e For the cases No-b: Since the left hand side of relations ended by the sub word tutu (d > 1), the sub word Ay must be placed before
it.

e For the cases No-c: Since the left hand side of relations ended by the sub word shutsuth seP (d,h>1, p=0,1), there are two
possibilities either Ay or By must be placed before it.

Let k,m,n > 2; m/,n/,d7h >1; k,,p,c ={0,1}; A; = s%us; A; = sus%; B; = tbiur, B;- =tur’ (1<i<N)and A = {0,1}. Let us, firstly,
consider the intersection compositions of the relation (1) with relations (1) — (19) and start with listing all intersections compositions.
Actually we have the following ambiguities w:

(DA(L) : w=ststs, (DA(S) : w=stst"st,

(B)A(1) : w=st"sts, (B)A(1) : w=usut" sts,

()A(14) : w=stss™ !, (I0) A (1) : w = us"utsut™sts,
11—c)A (1) : w = ut*ut(A;B1A3B; - - - AnBy)* s@utsut"sts,

( 1014202

(11—=¢)* A1) : w = ut*ut(A\B1A2By - - - An)* s utsut” sts,

(12—¢)A(1) : w = usutst”" ut(A|BA3By - --AnBy ) s?utsutsts,

(12—=¢)* A (1) : w = usutst™ ut(AB1A2By - - - An)* sutsutsts,

(13—¢)A(1) : w=usFust” ut(A|BA2Bs - --AyBy ) s?utsut"sts,

(13 —c)* A(1) : w=usFust" ut(A;B1AsB, -- ~AN)lsdutsuthsts,

(I5)A (1) : w=slsts.
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It is seen that these compositions are trivial. Let us check one of them as an example:

(5)A(1):w
(fr8)w = (st"st—tstes"')s —st"(sts —tst)

st"sts,

= st"sts—tstts" L5 — st"sts + st"tst

= " st —tsts" s (by (5))
tstts —tstts" = 0.

Let us proceed with intersection compositions of (2) with the relations (2) — (19). The ambiguities are the following:

(2)A(2) : w = ututut, (4) A(2) : w = usutsutut,
N Cw = utut"utu, A W= ut"utut,
2)n(6) " 6)A(2) "
(6) A (2) : w= ut"ututut, (9)A(2) : w = usutst" utut,
(9)A(2) : w = usutst" ututut, (2)A(16) : w= ututtil,
(2)A(11—a) : w=utut*ur(A;B1A2B -- ANBN) s4usu,
(2)A(11=b) : w= utut*uts™ us(B1A\BrAs - - ByAy)* t4utu,
(2)A(11—c¢) : w = utut*ut (A1B1A2Bs - - - ANBy)* s utsutstP
(2)A(11=¢)* : w=utur*ut(A|B1A3Bs - - - Ay)* s%utsut" st
(11—a) A (2) : w = utkut (A1 B1A2B, - - - ANBy)* susutut,
(11 - b) A (2) cw = urkurs™ uS(BlAleAQ . vBNAN)ltdutut,
(I1=b)A(2):w= utfuts™ us(BiA1ByAs - BNAN)tdututut,
(12—a) A (2) : w = usutst™ ut(A1B1A2B, - - - AnBy)* susutut,
(12=b) A (2) - w = usuts(t" ut)° (A1 B1AB, - -- Ay ) t%utut,
(12=b) A (2) : w = usuts(t" ut) (A1 B1A2B; - --An ) t%ututut,
(13—a) A (2) : w = uskust™ ut(A1B1A2B, - - - ANBy)* sPusutut,
(13—=b) A (2) : w = us*us(B1A1 BrA - - - ByAN ) t¢utut,
(13=b) A (2) : w = uskus(B1A1 ByA; - - - ByAy ) t4ututut,
(A9)AQ2) :w=u"utut.
These intersection compositions are trivial. Let us check two of them
ANQR):w = usutst" utut,
(f,8)w = (usutst” utu — sutsutsut™ )t — usutst” (utur — tutu)

! ! ! ’
= usutst” utut — sutsutsut” t — usutst” utut + usutst” tutu

U U
= usutst” tutu — sutsutsut”" ¢ (by (9))

= sutsutsut”" 7' — sutsutsut” 71 = 0.
(13—=b)A(2) :  w=us*us(BiA|BrA,---ByAy)  tututut,
forA=1
8w = uskusBlAleAz BNANt utu — susuus® B A BoAy -+ ByAytut?)tut
8 2442 NN

—  usfusB1A1ByA; - - ByAntut (utut — tutu)

= uskusBlAleAz---BNANl ututut — susuus® B A B2A2 B;VA;Vluldlut

— uskusBlAleAz - ~BNANI ututut + us' usBlAleAg - -BNANtduttutu

= usfusB1A|ByA; - -- ByAnt uttutu fsusuusklellA/lB/zA/z - -B;\,A;\,tutdtut (by (6))
uskusB A ByAy - - ByAnt“tutuut — susuus’=' B, A\ ByAs - - - ByAytur®™  ut (by(13 — b))

= susuus’ B A B2A2 B;\,A/Ntut‘H] ut — susuus® BA BzAz B;VA;VtuthutEO.

Our next compositions will be (3) with (3) — (19). The ambiguties of these intersection composition are the following:

(3) A (3) : w = ususus, (3) A (4) : w = ususutsut,

BIA(T) :w= usus”usu7 B)ANB):w= = ususur” st,

B)YA(9) :w=us susutst” utu, (3)A(10) : w = usus"utsut™stP,
(3)A(14) : w = ususs™,

B)A(12—a):w= ususutst” ut(AlBlAsz ANBN) sTusu,
B)AN(12=Db):w= ususuts(t” ut)*(A1B1AsBy - - An) tutu,
B)A(12—¢c):w= ususutst" ut(AlBlAng ANBN) 4ytsut"stP,
B)A(12—c) :w= ususutst” ut(A1B1A2B, ---Ay) dutsuthst”,
B)A(13—a):w= ususkust”/ ut(A1B1A3B; - - ANBN) slusu,

(3) A (13 =b) : w = usus*us(B1A1 B2 A, - -- ByAy ) 1%utu,
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(3) /\( 3— ) = usus ust" ul‘(AlBlAsz ANBN)Asdutsuthstp,
B)A(13—c)" :w= ususkust” ut(A1B1AB; - - AN)lsdutsuthstp,
6)A(3):w= ut”utusus T)N(3) : w=us"usus

( :

(7) A(3) : w = us"ususus, HAB):w= usutst" utusus,

(11 —a)A(3) : w = ut*ut (A1B1A2B; -- ANBN) s usus,

(11 —a)A(3) : w=ut*ur(A1B|A2B; -- ANBN) sTususus,
(11=b) A (3) : w = utfuts™ us(B1A1ByAs - -- ByAy)*t dutusus,
(12—a) A (3) : w = usutst™ ut(A|B1AyB; - ANBN) susus,
(12—a) A (3) : w = usutst™ ut (A1 B1A2B; - -- Ay By )™ s%ususus,
(12=b) A (3) : w = usuts(t" ut)° (A1 B1AyB; - --An)*1? utusus,
(13—a) A (3) : w = uskust™ ut(A1B1A2B; - - - ANBy)* susus,
(13—a) A (3) : w = us*ust™ ut(A|B1A2B; - ANBN) sususus,
(13=b) A (3) : w = us*us(B1 A1 BrAs - - - ByAN )  t¢ utusus,

(19 A3) : w=u"lusus.

These composition are trivial. Let us check one of them as follows.
(MAB):w = us"usus,
(fo)w = (us"usu— susuus""")s — us" (usus — susu)
= us"usus — susuus”™'s — us"usus + us" susu
= us"susu— susuus"" s
= us"usu— susuus™  (by (7))

= susuus" — susuus" = 0.

Now we proceed with intersection composition of (4) with (4) — (19). The ambiguities are as follows.

(4)A(6) : w = usutsut"utu,
@HA(1l1=a):w= usutsutkut(AlBlAng ANBN) sTusu,
(4) A (11 =b) : w = usutsut*uts™ us(B]AlB2A2 - ByAN )M t%utu,
(4)A(11 —¢) : w = usutsut*ut (A|B{A2B, - - - AyBy ) * s ut sut"st?,
(4) A (11 —¢)* : w = usutsut*ut(A\B1A3By - - - Ay ) s?ut sut"st?,
(4)A(16) : w = usursurt ™, (6) A (4) : w = ut"utusutsut,
(T)N(4) : w= us"usutsut, (T)N(4) : w = us"ususutsut,
(9) A (4) : w = usutst” utusutsut,
(11—a) A (4) : w = ut*ut (A1 B1A2B, - - - ANBy)* s usutsut,
(Il—a)A@):w= utkut(AlBlAng -AnBy)s?ususutsut,
(I1=b)AN(4):w= ut*uts™ us(BlAleAz BNAN)7L dutusutsut,
(I2—a)AN(4):w= usutst" ut(A1B1AyBy - --AnBy)* s usutsut,
(12—a) A (4) : w = usutst™ ut(A|B1AB; - ANBN) sQususutsut,
(12=b) A (4) - w = usurs(t" ut)* (A1 B1A2B; - -- Ay ) 1? utusutsut,
(13—a) A (4) : w = uskust™ ut(A1B1AyB, - - - ANBy)* susutsut,
(13—a) A (4) : w = us*ust" ut(A1B1AyB, - --AnBy)* s ususutsut,
(13—=b) A (4) : w = uskus(B1A| ByA; - - - ByAN )t utusutsut,
(19) A (4) : w = u" ' usutsut.
These intersection compositions are trivial. Let us check one of them as an example:
(12—a)A(4):w = usutst” ut(A\B1AyB, ---AyBy)*s?ususutsut,
fordA=1
w o= usutst” uts® ust” utsust®ut - - s ust® urs? ususut sut
(f,8)w = (usutst™ uts™ ust® urs@ust®ut - - s ust® urs?usu — sutsutsur™ sus® tur® sus®tut® - - sus™ tur® sus?) sut sut

U
— usutst” uts® ust® uts@ust®ut - - - s ust® urs@us (usutsut — sutsuts)

! ’
= usutst” uts®ust® utsust®ut - - - s ust®™ uts@ususutsut — sutsutsut™ sus® tut® suseur® - - sus®™ tut”™ sus? sut sut

by by by, od 0 oar b by by, d

!
—  usutst” uts“ ust” utsust??ut - - - s ust”N uts® ususutsut + usutst” uts“ ust” utsust® ut - - - s ust”N uts* ussutsuts

! ’
= usutst” uts“ust® utsust®2ut - - - s ust® uts@ussutsuts — sutsutsut” sus® tut® sus2eut’ - - sus®™ tut” sus? sut sut

by s yustP2ut - s stV yrs? b by . d+1

by

< sus tut™ sus® Lyt sut

d+1

sus®tut
by

’
susuut sut — sutsutsut” sus™ tut
d+1

U
usutst” uts* ust uts

by bz..

! !
= sutsutsut” sus™ tut? sus@tut® - - sus™ tut®™ sus® utsut — sutsutsut™ sus® tut® sus@tut® - - sus™ tur® sus® ursut

= 0.

Now we consider composition of intersection of (5) with (5) — (19). We have the ambiguties as follows.
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(B)A(5) :w=st"st™st, B)A(5):w= usut” st™st,
(5)A(16) :w = st"stt ™1 (10) A (5) : w = us"utsut™st*st,
(11 —¢)A(5) :w = utut(A{B{A2B, - ANBN) Autsut"st"st,
(11 —=¢)* A(5) : w=ut*ut(A|B1A2B; - AN) m‘sm‘hst”sz‘7
(12—=¢)A(5) : w = usutst” ut(A;B1A2Bs ---AyBy ) s?utsut" st™st,
(12=¢)*A(5) : w = usutst" ut(A1B1A2B; -+ -AN))'sdutsuthst'”st,
(13—=¢)A(5) : w=usFust™ ut(A\B1A2By - -- Ay By ) s?ut sut” st™st,
(13 —¢)* A(5) : w=usFust" ut(A;B1A2B, -- -AN)7Lsdul‘suthst"ﬂvz‘7
(I5)A(5):w= 1" st
These composition are trivial. Let us check one of them as examples

BYAB):w = usut" st"st,

(fr8)w = (usut™ st — susuts™ )" Vst — usur™ (st™st — s> ")

’

!
— usut” st™st + usut™ tst2s" !

’ ’
= usut™ stt™ Vst — susuts” " st

m—1

! ’
= usut™ tstts™ " — susurs” " st (by (8))

2 +1, m—1

!
ts — susuts™ " st

susuts

m—2

’ !
susuts” stss™ 2 — susuts” " 'st (by (1))

’ U
susuts” tstss™ 3 — susuts” " 'st - (by (1))
1

!
susuts™ ttstss™

—susuts" " Vst (by (1))

! !
= susuts” " Lsts™ " — susuts™ " st = 0.

Let us consider the intersection compositions of (6) with (6) — (19). We have the following ambiguities.

(6) A(6) : w = ut"utut™ utui (6) A(7) : w = ut"utus™ usu,

(6) A (8) : w = ut"urusut™ st, 6)A(9):w= wt"utusutst™ utu,
(6) A (10) : w = ur"utus™ utsur*st?, (6)A(18) : w = ut"urtuu™",
6)A(11—a):w= ut”utuzkut(AlBlAng ANBN)Asdusu,

(6) A (11 =b) : w = ut"utur*uts™ us(BlAleAz BNAN) Lutu,

(6) A (11 —=c¢) : w = ut"utut*ut (A; B1A2B; -- ANBN) sutsut"stP,

(6) A (11 —c)* : w = ur"utut*ut (A1 B1A2By - - - Ay ) s@utsut"st?
6)AN(12—a):w= ur utusutst™ ut(A\B1AyB, - --AyBy)susu,
6)A(12=Db):w= ut”utusuts(t’"/ ut)(A|B1A3By - - Ay ) tdutu,
6)AN(12—c):w= ur"utusutst™ ut(A|B1A3B, - -- AyBy ) sdutsut"st?,
O)A(12—c)*:w= " utusutst™ ut(A1B1A2By - -- Ay slutsut"st?
(6)A(13—a):w= urutustust™ ut(A|B1AB, - ANBN) s%usu,

(6) A (13 =b) : w = ut"utus*us(B1A1BrA -- ~BNAN) dytu,
(6)A(13—c):w= ur"utusFust™ ut(A\B1AyBy - -- AyBy ) s utsut" st?
6)A(13—c)*:w= ut" utusust™ ut(A1B1A2By - - Ay) sl utsutst?,
(7)) A(6) : w = us"usut™ utu, 9)A(6):w= usutst” utut™utu,
(IT=a)A(6):w= utkut(AlBlAsz . ~ANBN)}‘sdusut”utu,
(IT=Db)A(6) :w= ururs" us(B1A1ByAs - - ByAN) 1% utut™ utu,
(I2—a)A(6) :w= usutst"/ ut(A1B1AB; - -ANBN)JLsdusut"utu7
(I2=Db)A(6) :w= usuts(t”/ ut)°(A1B1A2By - - An)* 14 utut" utu,
(13—a)A(6):w= uskust” ut(A1B1AyB, - --ANBy)* susut" utu,
(13—=b) A (6) : w = us*us(B1 A1 BrA - - - ByAN ) t¢ utut" utu,

(19) A (6) : w = u~ur"utu.

It is seen that these compositions are trivial. Our next composition will be (7) with (7) — (19). The ambiguties of these intersection
compositions are the following:

()N (T) : w = us"usus™ ust, (T)N(8) : w=us" usut’”/st

(7)AN(8) :w=us Mususut™ t, (TYAN(9) :w=us "ysutst™ utu,
(T)N(9):w=us ususutstm utu, (7)AN(10) : w=us Mususutsut™stP
(HA(18) : w = us"usuu™",

(1) A (11 —a) : w = us"usut*ut (A ByA2By - - - Ay By )* s@usu,

(A (11 =b) : w = us"usut*uts™ us(BiA{ByAs - BNAN) Qutu,
(MHA(Al1=c):w= us"usutkut(A]B1A2B2 ANBN) stutsut"st?,
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(A (11 =¢)* : w=us"usut*ut (A| B1A>B, -- -A;\/)’lsdm‘sul‘hstp7
(HA(12—a):w= us"usutst"™ ut(A\B1A3B, - --AyBy)* s usu,
(MHA(12=a):w= us"ususutst™ ut(A1B1AyB, - --ANBy)* s usu,
(HAN(12=Db):w= us”usuts(tm’ ut)(A1B1AsBy - - An) tlutu,
(7Y A(12=b) : w = us"ususuts(t" ut)°(A|B1A2By ---An)*t9utu,
(MHAN(12—c):w= us"usutst™ ut(A\B1A3By - --AyBy ) st utsut" st?
(MHA(12=c)* :w= us”usutst’"/ ut(A1B1A3B; - -A;\/)’lsdm‘suthstp7
(MHAN(12—c):w= us" ususutst™ ut(A\B1AyB, - -- AnBy ) s utsut"st?
(MHA(12=c) :w= us”ususutst’"/ ut(A1B1AB; - -A1\1)7Ls‘114tSLtt}'st1’7
(HA(13—a):w= us"usus ust™ ut(A\B1A3By - --AyBy )} s@usu,
(1) A(13 = b) : w = us"usus*us(B1 A B2A, - - - ByAN ) tutu,
(TY)AN(13—=¢):w= us"ususust™ ut(A\B1AyBy - -- AyBy ) s utsut" st?
(MHAA3—c)*:w= us" usus ust™ ut(AB1AyBy - - An)* sCutsut"st?,
A7) w= usutst” utus™usu,
(11 —a)A(7) : w = ut*ut (A1 B1A2Bs - - - ANBy ) s usus" usu,
(I1=b)A(7):w= uttuts™ us(B1A|ByAs - - ByAN )Mt utus usu,
(12—a)A(7):w= usutst” ut(AB1A2B, - - - AyBy )t s usus™ usu,
(12=b)A(7):w= usuts(t”/ ut)°(A|B1A2By - - An)* 19 utus™ usu,
(13—a)A(7):w= uskust” ut(AB1A3By - - - AyBy ) s usus™ usu,
(13=b) A(7) : w = uskus(B1A1 ByA; - - - ByAN ) t4utus usu,
(A A (7) : w = u~ ' us"usu.
These composition are trivial. We proceed with intersection compositions of (8) with (8) — (19). The ambiguities are the following:
9AB):w= wsutst” utusut™ st, 8)A(16):w= usut” st
(11 —a) A (8) : w=ut*ut(A1B1A2B; -- ~ANBN)}“sdusm‘”/sz‘7
(11 —a) A (8) : w = ut*ur(A1B1A2B; -- -ANBN)}”sdususut”Ist,
(I1=b)A(8):w= utkuts’”/ us(B1A1BA; - -BNAN)Atdutusut"/ st,
(I2—a)A(8):w= usutst” ut(A;B1AyB; - ~ANBN)lsdusut’”l st,
(12—a)A(8):w= usutst"/ ut(A|B1AB; - -ANBN)lsdususutm/ st,
(12— ) A (8) : w = usurs(t" ut)*(A1B1A2Bs ---An) tutusur™ st,
(13—a)A(8):w= uskust”/ ut(A1B1A2B; - ~ANBN)’lsdusul”’/st7
(I3—a)A(8):w= ustust” ut(A|B1AB, - -ANBN)’lsdususutm/ st,
(13 —=b) A (8) : w = us*us(B1A|B2A; -- ~BNAN)Atdutusul'"/ st,
(19N (8):w= w usut st.
These compositions are trivial. Let us check two of them.

(I9HAE®) = w= l,flust,ttnlst7

(f,e)w = (u_] u— l)sut"’ st—u! (usut”l st — susuts"’)

! ! ! !
= u Vusut™ st — sut™ st —u" \usut™ st +u” Lsusuts”

’ ’
= u Vsusuts™ — sut” st

1

’

susuts” — usut” st (by (8))

= uu
= 0.
U U
OANB®) : w=usutst" utusut™ st,
’ ’ ! ! U ’
(f,9)w = (usurst” utu — sutsutsut™ )sut™ st — usutst”" ut(usut™ st — susuts™ )

! ! ! ! !
= usutst" utusut™ st — sutsutsut” sut™ st — usutst” utusut™ st + usutst” utsusuts™
!

’ ’ /

! ! U
= usutst” utsusuts™ — sutsutsut” sut™ st (by (12—a))
!/

1 sutsutsut™ sut™ st (by (1))

m =2

!
= sutsutsut” sustss™

U U ’
= sutsutsut" sutstss — sutsutsut” sut™ st (by (1))

’
m

! ! ! ! !
= sutsutsut" sut™ sts™ 7" — sutsutsut” sut™ st = 0.

Now we consider composition of intersection of (9) with (9) — (19). We have the ambiguties as follows.
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AN 9):w= usutst” utusutse”™ utu, 9)A(10) :w= usutst" utuskutsut™stP
9HA(18):w= usutst”™ m‘uufl,

O)A(1l1—a):w= usutst" ututkut(A1B1A282 -AnBy)* sCusu,
)A(11=b):w= usutst" “utututs™ us(BlAleAz -ByAN)Mtutu,
(9)A (11— ¢) 1 w = usutst” utur*ut(A1B1A2Bs ---AyBy ) stutsut"st?
A1 =c)* :w= usutst” utut*ut(A\B1AyBy - -- Ay )* sdutsutst?,
O)A(12—a):w= usutst” utusutse”™ ut(A\B1A3B, - --AnBy )} s?usu,
AN(12=b):w= usutst" utusuts(t’”/ ut)(A|B1A2Bs - - Ay)*tdutu,
OAN(12—c):w= usutst” utusutst™ ut (A|B1AyB; - - - AyBy)* sTutsut"st?
A(12=c)* :w= usutst” utusutse”™ ut(A1B1AyB, - --Ay) s dutsuthstp,
O)AN(13—a):w= usutst” utustust™ ut(A1B1A3B; - ANBN) susu,
A(13=b):w= usutst”/ utusfus(BiA1ByAs - -BNAN) dytu,
9)AN(13—c):w= usutst” utus‘ust™ ut(A\B1AyB, - -- AnBy ) s utsut"st?
YA(13=c) :w= usutst"/ utuskustm/ ut(A1B1AB; -- -AN)7Lsdul‘suthsﬂ’7
(11 —a)A(9) : w = utkut (A1B1A2B, -- ANBN)Asdusutst”’ utu,
(IT=a)A(9):w= utkut(AlBlAsz ANBN)Asdususutst”/ utu,

(11 =b)A(9) : w = utkuts™ us(BlA]BzAg BNAN)ltdutusutst”, utu,
(I2—a)A(9):w= usutst" ut(A1B1AB; -- -ANBN)7L dusutst’”/ utu,
(I2—a)A9):w= usutst" ut(A1B1A2B; - --ANBy)*s ususutstm/ utu,
(12—=b)A(9):w= usuts(t", ut)*(A1B1A2By - - Ay) e utusmst’" utu,
(I3—a)A(9):w= ushust” ut(A1B1A3B, - --ANBy)*s dysutse™ utu,
(13—a)A(9):w= uskust” ut(A1B1A3B; - - ~ANBN)}“sdususutsl’”, utu,
(13=Db)A(9) : w = usFus(B1A1BrA, -- ~BNAN)’1tdutusutstml utu,
(19Y)A(9):w= w Vusutst” utu.

It is seen that these composition are trivial. Our next compositions will be (10) with (10) — (19). The ambiguties of these intersection

composition are the following:

A W =us utsut’”'ss A W =us" utsut" stt—
(10) A (14) Mutsut™ss~!, (10) A (16) Mutsut™sit !,
(19)A(10) : w = u™ Lus"utsur™st* |
—a)N W =ut"ut\A|b1Axby - -ANDN )" ST usus utsut” st
11 10 ut(A1B1AsBy - - - ANBy ) s?usus™ ut sut" st?
—D)N W =ut"uts” us(b1A1brAp - -BNAN )7 utus” utsut™ stt’,
(11=b) A (10) Kuts™ us(B1A1ByAy - - - BNAN ) 14 utus" utsut™ st?
—a)A cw = usutst” ut(A1B1A2B; - - - ANBN )" s usus™ utsut"stP
12 10 " ut(A|B1AyB; - - ANBy)* s usus™ ut sut” stP
(12=b) A(10) : w = usuts(t" ut)°(A;B1A2B, - -AN)}“tdutus’”utsut"stp7
—a)A cw = us*ust” ut(A1B1A2B; - --ANBy)" s usus™ utsut"stP
13 10 Kust™ ut(AB1AyB, - - - AyBy )* st usus™ ut sut" st?
(13— b) A (10) : uskus(B1 A BrAs - - - ByAN ) tdutus™ ut sut" st? .

It is seen that these compositions are trivial. To finish with the case of compositions of intersection, we need to consider (11) — (19) with

(11) — (19). The ambiguities are as follows:

= ut*ut(A1B1A3B, ---AyBy

k l‘(A]B]Asz'-'ANBN Agd

—

—_

—_

\

2
2 22
> > >
-~ =~ ~

—

—

\

S
NN

II

w=u k ut(A1B1A2By - - -ANBy
A1B1A3By ---ANBy A s ysutst” ut(A1B1A;B; - -
A1B1AyBy ---ANBy

A|B1A3B; ---AyBy
(11—a)A(12—¢)* : w=ur*ut(A|BjA3B,---AyBy
(11—a)A(12—¢) : w=ut‘ur(A|B1A2B,---ANBy
(M—a)A(12—¢)" : w=utur Asd

(11—a)AN(13—a)

A\B1A>B, - AnBy

Ml‘(A]B]Asz ---ANBy Agd

sCusut™uts™ us(B1A1BrA - -
A.S‘dl/l_s‘l,tlmlzll(A]B]Asz“‘ANBN))L
A1B1A3By---ANBy Asdbtks‘l/tl‘mbtt(AlBlAsz = -AN)A

!
A sl ususutst™ ut (A1B1A2B; -+

(
ut (
(
(
(

w = ur*ut(A|BjA3B, - --AyBy Asdususuts(t"’ ut)(A1B1A3B; -
( Asdusutst"/ ut(A|B1A2B; - -
( }“sdusutst"/ ut(A1B1AB; - - -
( A ysusutst” ut (A1B1A2B; -
(

2’ U
-AN)*S™ utsut

)
)
)
)
)
)
A\B1AsBy - AyBy )* sTusuts(i" ut)(A1BA2By -
)
)
)
)
Vs ususutst"l ut(A1B1AB; -
)

!
s®usus™ust" ut(A;B1A2B; - -

!
ASdl,t_S‘l,ttml,tl(A13114232 = ~ANBN)7LS" usu,
!

'BNAN)AIH utu,

' h
s"™ utsut” st?

' h
s™ utsut” st?

A

-ANBN)" s usu,

~ANBN))LS'” usu,

!
t"™ utu,

l !
AN utu,
!
A utsut"st?,
!
A gm utsut"st?,

!
~ANBN)lsm utsut"st?,

hgep ,

-ANBN)AS’" usu,
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(I1—a)A(13—b)
(I1—=a)A(13=¢)
(Il=a)A(13—0)*

(IT—a)A(18)
(I1=b)A(11—a)
(I1=b)A(11—b)
(I1=b)A(11—¢)
(11=b)A(11=¢)"
(I1=b)A(12—a)
(I1=b)A(12—b)
(I1=b)A(12—¢)
(I1=b)A(12—0)*
(I1=b)A(13—a)
(11=b)A(13—-0b)
(I1=b)A(13—¢)
(11—=b)A(13—¢)*

(11—b) A (18)

(11—c) N (14)

(11—c)*A(14)

(I1—c) A (16)

(11—c)*A(16)
(12—a)A(11—a)
(1I2—a)A(11—0)
(12—a)A(11—¢)
(12—a)A(11—=c)*
(1I2—a)A(12—a)
(12—a)A(12—a)
(12—a)A(12—D)
(12—a)A(12—-b)
(1I2—a)A(12—c¢)
(12—a)A(12—¢)*

= ut*ut(A\B1A2B, - --ANBy
= ut*ut(A|B1A2B, - --AyBy
w = ut*ut(A\B1A2B; - --ANBy
w = ut*ut(A\B1A2B; - --AyBy
= utkuts’"/ us(B1A1BA; - -
= ut*uts™ us B1A1ByA; -
w = utfuts™ us B1A1ByA; - -
= ut*uts™ us B1A|BA; -
= utkuts™ us B1A|BA; -

w = urtfuts™ us Bi1A1ByAy - --

w= ut uts™ us B1A1ByA; - -
= utFuts™ us B1A1BA; -
= ut*uts™ us B1A|BA; -
w = utfuts™ us Bi1A1ByAy - --
= ut*uts™ us B1A1ByA; - -
w= utkutsm uS(BlAleAz .
w= ul‘kut(AlBlAzB2 i ~ANBN) N utmth ss -,
w= ul‘kut(AlBlAzB2 .. ~AN)
w:utkut(AlBlAngn-ANBN) sCutsut"ser ™1,
w= ul‘kut(AlBlAzB2 .. ~AN)
w = usutst" ut(A1B1AyB; -
w = usutst" ur(A;B1A2B; - -
w = usutst" ut(AlBlAsz .
w = usutst" ut(AlBlAsz .
w= usutst” ut(A1B1AB; --
w = usutst" ul(AlBlAng =
w = usutst" ut(A;B1A2B; - -
w = usutst" ut(A|B1AB; -
w = usutst” ut(A1B1A;B; --
w = usutst" ut(A{B1AyB; -
w = usutst" ul(AlBlAng .
w = usutst" ut(A;B1A2B; - -
w = usutst" ut(A;B1A2B; - -
w = usutst” ut(A1B1A;B; --
w = usutst" ut(A{B1AyB; --
w = usutst" ul(AlBlAsz ..
w = usutst" ut(A1B1A2B2 .
w= usuts(t" ut)(A1B1A2By - -+

w = usuts(t" ut)°(A1B1A2By - A

(
(
(
(
(
= ut*uts™ us(B1A132A2"
(
(
(
(
(

-ANBN
-ANBy

-ANBy
-AnBy
-ANBy

-ANBn
-ANBy

-ANBy
-ANBy
-ANBn

>
)
)
)
)
)
)
)
)
-ANBN)lsdususutstm ut(A1B1AB; - ANBN)lsqutsuthstp,
)
)
)
)
-ANBy)
)
)
N)

!
))”sdususmus(BlAleAz . ~BNAN)AI" utu,
Ad m o Ao hp
)V s%usus™ ust" ut(A\B1AyBy - -AnBy )" s™ utsut"st?
)/l d m i Ao hp
sCusus™ ust" ut(A1B1AyBy -+ -An)" " utsut” st?,
P susuu™",

!
ltdututmut(AlBlAsz . 'ANBN)ASH usu,

Ad

-BNAN) t utut™ uts" I,tS(BlAleAQ'-'B]\]A]\])}“l‘hllttl,t7

-BNAN ltdututmut(AlBlAsz- ~-ANBN)xSn utsuthstp,

-BnAN ltdututmut(AlBlAsz . -AN)}”S" utsut"st?,

Ad

-BNAN) t® utusutst” ut(A1B1A2B; - ANBN) s"usu,

ByAN ltdutusuts(t” ut)C(AlBlAsz~-~AN) t"utu,

!
Yt utusutst™ ut(A1B1A2By - - Ay ) slutsut”

Ayt us™ st ut(A1B1AsB; - - ANBN) s"usu,

-BNyAN Sl‘p7

-BNAN

-BNAN) tutus" us(B1A | BoA, - - - ByAN ) " utu,

Ad

)
)
)
)
)
)
-BNAN)ltdutusutst”, ut(A1B1A2By - -ANBN)}”squtsuthstp7
)
)
)
)
Ve utus'"ust"/ ut(A1B1A3B; - - ~A1\/)}'squtsuthstp7

‘BNAN

BNAN) Cutuu",

—1

sPutsut"ss!,

1

sCutsut"see ™1,

-ANBN) S usut MZ(A]B]A232 ANBN)lSm usu,

slusutfurs™ us(BlAlBgAz BNAN)Athutu

!
A s ysutk ut(A|B1A2B, - ANBN)AS'” utsut"st?,

!
-AnBy A s usutk ut(AlBlAsz AN)AS’" utsut"st?,

A s usutst™ ut(AlBlAng ANBN) stusu,
lsdususutstm ut(A1B1AB; - ANBN) stusu,

lsdusuts(t’" ut) (A1B1A2B; - AN) thutu,

-ANBy lsdususm‘s( ut)(A1B1AsB; - AN) " utu,

lsdusutst ut(A1B1A;B; - -ANBN)Asqmsuthstp,

A s usutst™ ut(AlBlAng AN)lsqutsuthslp,

A s ysusutst™ ut(AlB]Ang AN)lsqmsuthst”,
A s ysusFuse™ ut(AlBlAsz ANBN) s"usu,

A s usus* us(B1A1ByA; - BNAN) t’" utu,

AnBM)* s ususFust™ ut(A1B1A232~-~ANBN)}“squtsuthstp7

A s usus ust™ ut(AlBlAsz . ~AN)}“s‘futsm‘hstp7

-ANBy A ysuu™! ,

A gk ut(AlBlAng ANBN) s" usu,

A ytut* uts™ us(BlAleAz BNAN) tutu,

AN

’
ByAN A ytus™ ust" ut(A|B1AB, - -ANBN)llsanfst,tthst”7
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(12— b)A (11 —c)
(12— b) A (11 —c)*

(13—a) A (12— ¢)*
(13—a)A(12—c)
(I3—a)n(12—¢)*
(13—a)A(13—a)
(13-a)A (13- b)
(13—a)A (13 —c)
(13—a)A(13—¢)"

(13—a) A (18

(13— b)A(13—a)

= MSM[S([” ut)‘(AlBlAng .. ~AN)Atdututkut(AlBlAng e -ANBN)ASqMZSul‘hSl‘p,

= usuts(t” ur)“(A|B1AyB; - ~AN)’1tdututkut(AlBlAsz . -AN)lsqutsuthst”

= usuts(t” ur)°(A|B1AsB; - ~AN)’1tdutusutstm ut(AlBlAsz . ~ANBN)’1shusu

= usuts(t" ut)(A1B1A2B, -AN)Atdutusuts( ut)(A1B1A2B; - AN) t"utu,

= usuts(t" ur)“(A1B1A3B; - - ~AN))'tdutusutslm ut(A1B1A2By - -ANBN)}”squlsul‘hstp7
= usuzs(z" ut)°(A\B1A2By - - An) t%utusutst™ ut(A\B1A2By - - An)* stutsut"st?,

= usuts(t" ut)‘(AlBlAsz~~~AN)’1tdutuskustm ut(A|B1A2B; - ANBN) stusu,
*usuts(t” ur)(A1B1A2B, ~AN)Atdutuskus(BlAleA2~-~BNAN) tutu,

= usuts(t" ut)°(A|B1A2B; - -AN)Atdutuskustm ut(A1B1A;B; - -ANBN)Asqm‘suthstp,
= usuls(l" ut)¢(A1B1A;B, )}“tdutuskust'" ut(A1B1A;B; - - -AN)Asqutsuthslp,

= MSMZS(Z ) (AlBlAsz ”AN) l‘ utuu 1,

w= usutst” A|B1A2B, -+

(
w = usutst” (A1B1A2B; -
W = usutst” (A1B1A2B; -
w= usulst”/ (A1B1A2B; -
w= uskustnl ut(A1B1AB; -

w = uskust” ut(AlBlAsz“
w = usFust" ut(AlBlAzBZ“
W = us ust" ut(A1B1AB; --
w= uskusl"/ ut(A1B1AB; --
w = uskust" ut(AlBlAsz~~
w = uskust” ut(AlBlAsz"
w = usFust" ut(AlBlAsz“
w = uskust" ut(AlBlAsz“
W= us ust" ut(A1B1AB; -
w= uskustnl ut(A;B1AB; -
w = uskust” ut(AlBlAsz-~
w = usFust" ut(AlBlAsz“
w = us*ust" ut(AlBlAsz“
W= us ust" ut(A1B1AB; --
w= uskust"l ut(A1B1AB; --

w=us ust ul(AlBlAng =

w=us us(BlA]BzAz .

w = usFus B1A1BA,
w = uskus B1A1BA,
w = uskus B1A1BA,

W=us us BlAlBQAQ
w = usFus B1A1BA,
w = uskus B1A1BA,

'BNAN) t ututmut(AlBlAsz ..

--BNAN A ytusutst

)
)
)
)
. ~BNAN)lldutusuts(tm, ut)(A1B1A2B; -
)
)
)

~ANBN) stutsut"ss!,

AN sCutsurss ™

-ANBN) sutsut"str ™! ,

~AN)lsdulsuthstt71,

ANBN) S usut ut(AlBlA232~~~ANBN)lSm usu,

-ANBy A s ysut™uts™ us(B1A1BrA; - BNAN) Mutu,

-AnByn lsdusutmut(AlBlAzBr~ANBN) sTutsut"st?,

-AnBy A s yusut™ut (A1B1A2B; - ~AN)}“sqm‘sm‘hst”7

-AnBy A s ysutst™ ut(A1B1A;B; - - ANBN) s"usu,

-ANBy lsdususutstm ut(A1B1AB; - - ANBN) stusu,

-ANBy lsdusuts( ) (A[B]AQBZ AN) l‘ utu,

-ANBy lsdususuts( ut)(A1B1A3B; -

ut(A1B1AsB; -

AN utu,

-ANBN) sTutsut"st?,
’

A s ysutst™ ut (A1B1A2B; -+ -AN)Asqutsuthstp,

lsdususutst’" ut(A1B1AB; -

-ANBn

~ANBN)7LSqMISMIhSlp,
h

-ANBy

-ANBy lsdususutstm ut(A1B1A2B2~-~AN)lsqutsut stP,

AnBy)* s usus™ ust™ ut (A1B1A2B; - ~ANBN)7Lshusu

-AnBy lsdususmus(BlAlBgAz .. BNAN)’Xtthtu7

!
-AnBy A s usus™ust™ ut (A1B1A2B; -+ -ANBN)lsqutsuthstp,

)
)
)
)
)
)
)
~ANBN)lsdusutstm
)
)
)
)
)
)
)

AnBN)* s usus™ ust™ ut (A1B1A2B; -+ -AN))Lsql,ttsulhslp7

-ANBN) stusuu™",

-ANBN)AS'” usiu,

!
BNAN) 9 utut™ uts™ us(B1A1ByAy - ‘BNAN)Athutm
BnAN ltdututmut(AlBlAng - ~ANBN)Jquutsuthst”7
-BNANn ltdututmut(AlBlAng - ~AN)lsqmsuthst”

" ut(A|B1A2B; - ANBN) s"usu,

-AN) Mutu,
A d m Ag hp
BNAN )"t  utusut st ut(AlBlA232~-~ANBN) stutsut”st",
--ByANn A ytusutst™ ut (A1B1A2By -+ ~AN)ls"utsuthstp,

!
Ayt us™ ust™ ut(A|B1A2B; - ANBN) s"usu,
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(13— b)A(13—b) = usfus(B1A1BrAs - -- BNAN) 10 utus™ us(BlAleAz -ByAN) M utu,
(13—b)A(13—¢) usk us(B1A1BA; - - -BNAN)lldulus ust™ ul(AlBlAng ANBN))LSqMISMZhSlp,

(13=b)A(13—¢)* W= uskus(BlAleAz - BNAN) Y utus ustm ut(A{B1AsBy - AN stutsut” st
(13—-Db)A(18) w = us us(BlAleA2~~~BNAN) Yytuu™"
(13—c)A(14) w = uskust" ut(AlBlAng - ANBN) sCutsut”ss 71,
(13—¢)* A (14) w = usFust" ut(AlBlAsz- AN sTutsurss ™!
(13=c)A(16) W = us usl” ut(A1B1A2B; - ~ANBN) sutsut"stt ™",
(13—c)* A (16) w = ustust” ut(A1B1A2B; - ~AN)lsdutsuthslfl,
(19)A (11 —a) w=u""ur*ut(A|B1A2B, - --AxBy ) slusu,
(I9)A(11—-b) w=uutkuts™ us(B1A1ByA, - - ByAN ) tlutu,
(19)A (11 —c¢) w= uilutkut(AlBlAng - ~ANBN) utsut"st?,
(1AL —c)* : w=u"u*ur(A|B1A2B; - AN) s utsut" st
(19)A(12—a) w= uilusutst"’ ut(A1B1A3B; - ANBN) sTusu,
(1I9)A(12—b) w=u"" usuts(t”/ ut)°(A\B1A2By - - An)* 1%utu,
(199N (12—¢) w= uilusutst”/ ut(A|B1A2B, - ~ANBN) sutsutst?,
(19N (12—0)" w= Lflusutst”/ ut(A|B1AB, - -AN) sCutsut"st?
(19)A (13 —a) w = ushust” ut(A1B1A2B, ---AnBy ) slusu,
(19)A(13—0) w=u"'us*us(B1A1BrA; -- -BNAN) utu,
(9 A(13—¢) = w=u"uskus’” u(A;B1AsBs - AyBy)*seutsutst?,
(19)A(13-¢)" w:u_luskust”/ut(AlB]Ang AN sTutsurst? |
(14)A(15) = w=ss"ls, (15)A(14) :w=s"Tss71,
(16) A (17) w=n"tt,  (ATA16):w=1"1u"",
(18) A (19) w=uu"u, (A9)A(18) :w=utuu".
These composition are trivial. Let us check one of them as follows.
(19N (12—a) w= uilusutst"/ ut(A1B1A;B; - ANBN) s%usu,
(f.8)w = (W lu— l)sutst”, ut(A1B1A2B; - AnBy ) s%usu
— uNusutst” ut(A\B1AsBy - AyBy )* s%usu — sutsutsut” (A, BiA2By - AyBuy)" sus?)
= y! usutst", ut(A1B1AyB; - ANBN) s%usu — sutst" ut(A1B1A232 ANBN) susu
— y! usutst”/ ut(A1B1A2B; - ANBN) shusu+u~ sutsutsut" (A1B1A2B; - ~ANBN)’1susd
= uilsutsutsut"/ (A1B1A2B; -+ -ANBy) A sus? — sutst"/ ut(A1B1AB; - ANBN) shusu
= uuilsutsulsul”, (A1B1A2B; -+ -ANBN)}“susd — usutst”, ut(A1B1A2By - ANBN) sPusu
= 0.
It remains to check including compositions of relations (1) — (19). But it is seen that there are no any compositions of this type.
Hence the result follows. O

Now let R be the set of relations (1) — (19) and C(u) be a normal form of a word u € Gy4. By using the Composition-Diamond Lemma 2.1
and Theorem 3.2 , the normal form for the braid group associated with the complex reflection group G4 can be given as follows:

Corollary 3.3. C(u) has a form
Wi 1B W s uesEW

where W, W/,WU are R- irreducible words and 0 < o, & <n, 1 <i<3.
By considering Corollary 3.3, we have the following other consequence of our main result.

Corollary 3.4. The word problem for the braid group associated with the complex reflection group Goy is solvable.
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