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Introduction

Proof is an essential aspect of mathematical activity given its roles in establishing the truth of
mathematical statements (Tall andMejia-Ramos, 2006), explaining why such statements are true and
convincing (e.g. Hersh, 1993; Hanna, 2000, 2018; Harel and Sowder, 1998), and promoting mathematical
communication and development (Schoenfeld, 1994; Dogan, 2017). Proof can also be seen as a way of
problem solving that removes doubt about the validity of mathematical statements (e.g. Selden and
Selden, 2003; Weber, 2005; Harel and Sowder, 1998) and as a tool for learning mathematics (Knuth,
2002a; Dogan, 2015). Hence, proof is a crucial activity for mathematicians and an essential element of
mathematical development because it both helps people establish mathematical truth and fosters
mathematical learning (Stylianides, Stylianides, and Weber, 2017). Yet despite proof being viewed as a
crucial mathematical activity, neither its various roles in mathematics nor its nature have permeated K-
12 education or have been well understood by students (or in many cases, even their teachers) at all
levels. Not surprisingly, policymakers (e.g., National Council of Teachers of Mathematics [NCTM], 2000;
Council of Chief State School Officers [CCSSO], 2010; Mathematical Association of America [MAA], 2004)
as well as mathematics education researchers (e.g., Ball, Hoyles, Jahnke, and Movshovitz-Hadar, 2002;
Harel and Sowder, 1998; Hanna, 1990, 1995, 2000; Knuth, 2002a, 2002b) advocate for the increased
prominence of proof and reasoning in the mathematics education of students at all levels. Thus, various
stakeholders have suggested that proof should be a core activity in the curriculum at all levels, and that
instructional practices should be developed to help students understand the nature of proof as well as
its various roles (e.g. Martin, McCrone, Bower, and Dindyal, 2005; Stylianides and Stylianides, 2009; G.
Stylianides, 2008; A. Stylianides, 2007; Dogan, 2015; Ozgur, Ellis, Vinsonhaler, Dogan, and Knuth, 2019).
Both of the influential mathematics education documents the Common Core State Standards for
Mathematics (CCSSO, 2010) and the Principles and Standards for School Mathematics (NCTM, 2000)
espouse similar messages about the importance of proof. CCSSO notes the abilities to justify and reason
about mathematical statements as critical aspects of mathematical proficiency. NCTM advocates for
proof as an essential part of mathematical reasoning, stating that instruction focused on reasoning and
proof from prekindergarten through grade 12 should enable all students to learn and understand
mathematical proof.

The foregoing roles of proof in mathematics education underscore the need to help students
develop their competencies and understanding of mathematical reasoning and justification. As the main
resource for their students, teachers need to be capable of integrating proof into their classrooms and
have to be well prepared to help their students with learning proof. However, one important concern in
teaching and learning reasoning and proof is whether teachers are well prepared to integrate proof
related practices in their daily instructional practices. Indeed, Knuth (2002b) proposed “the greatest
challenge facing secondary school mathematics teachers is changing both their conceptions about the
appropriateness of proof for all students and their engagement of corresponding proving practices in
their classroom instruction” (p. 83). The existing literature on not only students’ conceptions of proof
but also their teachers’ conceptions of proof indicates significant deficiencies in their understanding and
learning of proof at K-12 level. In order to make proof a meaningful practice for students in K-12
mathematics education, we need to first help teachers learn reasoning and proof, so that they can be
well equipped to provide their students with meaningful experiences with proving at K-12 level. Given
the importance of the role that teachers play in teaching and learning proof related practices, this study
aims to shed light upon the process of in-service middle school mathematics teachers’ learning of proof
in a graduate level professional development course. The results will directly contribute to the field’s
understanding of how teachers learn and enact proof, which will in turn change the way proof-related
professional development is conducted. These results will, at one step remove, improve students’
understanding of mathematical proof, through the teachers’ improved proof practices.
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Proof and In-service Teachers

Proof has received significant attention in mathematics at all grade levels, and is expected to be an
important part of every student’s education. However, the corpus of existing literature on learning and
teaching proof indicates that students at all grade levels (K-16) struggle to understand and construct
proofs (e.g. Chazan, 1993; Harel and Sowder, 1998, 2007; Moore, 1994; Porteous, 1990; Weber, 2005),
and that teachers often have difficulty effectively fostering students’ learning to justify and prove
(Knuth, 2002b; Bieda, 2010). A number of reasons students struggle with proof have been suggested,
including that students (a) do not understand the importance of proof (Chazan and Lueke, 2009; Herbst
and Brach, 2006), (b) are not able to articulate their mathematical knowledge (Moore, 1994; Tall and
Vinner, 1981; Schoenfeld, 1994), and (c) do not feel comfortable with mathematical activities (Alibert,
1988). The bottom line is that proof is not an easy concept for students to grasp.

In addition to students’ difficulties with learning proof, the research literature shows that many
teachers find the teaching of proof difficult, often due to their beliefs about teaching proof and their
perceptions that proof is not a mathematical practice that can be integrated into the curriculum at all
grade levels (e.g., Knuth, 2002b, 2002c). As Bieda (2010) notes that teachers need to deepen their own
knowledge of proof in order to foster students’ understanding of proof and justification. Thus, the
recent call to make reasoning and proof central to mathematics education at all levels introduces a new
challenge for teachers. Many in-service K-8 teachers (even K-12 teachers) often lack (a) the content
knowledge needed for teaching proof, (b) the ability to recognize and support proof practices, and (c) an
adequate understanding of the purposes (roles) of proof in learning mathematics.

Teachers' Conceptions of Proof

Most of the literature has investigated teachers’ conceptions of proof, (e.g., producing empirical vs
deductive arguments), their notions of proof, and their beliefs about proof. Knuth (2002a, 2002b) used
survey and interview data to investigate secondary school in-service mathematics teachers’ conceptions
of proof. He found that most teachers at the secondary level were more convinced by empirical
arguments than deductive ones. Additionally, many teachers were not able to distinguish between
proofs and non-proof arguments, as they frequently accepted invalid arguments as proof. Teachers
mostly focused on surface features (such as correctness of algebraic manipulations), rather than deep
features (such as nature of proof, logic, etc.) and found arguments convincing based on concrete
features, specific examples, and visual representations. Teachers did not see proof as a central
mathematical practice of school mathematics—except possibly for advanced students. And, they
believed only informal proof should be a part of the mathematics curriculum; they did not favor an
emphasis on formal (symbolic-algebraic) proof.

Martin and Harel (1989) investigated pre-service elementary school teachers’ abilities to assess the
validity of mathematical arguments by asking them to evaluate various arguments and rate each
argument. Like Knuth (2002a, 2002b), they found that many teachers accepted empirically-based
arguments as proof. The authors also found that the form of argument affected whether or not teachers
accepted a given proof. For example, teachers were likely to accept algebraic-symbolic proofs as valid
without focusing on the validity of the actual argument. These studies add to the evidence that many
teachers neither understand the role of proof nor the importance of proof for learning and teaching
mathematics because they do not have the adequate content knowledge of proof (e.g., Chazan, 1993;
Simon and Blume, 1996; Harel and Sowder, 2007). Clearly, this is problematic for teaching proof. Thus, it
is important that mathematics teachers have well-founded knowledge about proof in order to help their
students develop an adequate understanding of proof.

Instructional Proof Practices

Ball and colleagues (Ball, Hoyles, Jahnke, and Movshovitz-Hadar, 2002) suggest that instructional
practices that emphasize justification and proving as a means to develop mathematical understanding in
school mathematics should be promoted. They note that teaching proof just as formal proof based on
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deductive reasoning may reinforce the view of proof as a ritual without meaning, and may cause
students to misunderstand the meaning and purpose of learning proof. Ball and colleagues suggest that
proof-related instructional practices require a teacher to: (1) select mathematical tasks that both meet
students’ needs and provide opportunities for students to develop mathematical reasoning, (2) make
mathematical knowledge public and scaffold the use of mathematical knowledge and language, and (3)
establish a classroom culture with norms that help students share their mathematical ideas and respect
others. Enhancing these practices in the classroom requires substantial effort on the part of teachers,
since they are responsible both for ensuring their students have the opportunities to engage in proving
activities, and for fostering students’ development of an adequate understanding of proof. However,
there is a lack of research related to the instructional practices involved in teaching proof. Bieda (2010)
states that the field of mathematics education still knows very little about how proof is taught in school
mathematics and in supporting in-service teachers in their understanding of proof and proof practices.
In particular, little is known about the kinds of instructional practices involved in justification and
proving activities, and what students learn during their engagement in these various kinds of practices.

In summary, it is important to understand teachers’ knowledge about proof in order to move the
field forward in ways that will support teachers both in extending their own knowledge about teaching
proof and in strengthening their ability to develop students’ understanding of proof. To foster student
understanding of and facility with proof, teachers first need to increase their own knowledge and
understanding of proof. One way of increasing teachers’ understanding of proof is to have them attend
professional development courses that can help them develop adequate understanding and skills for
teaching proof. A goal of this article is to describe the results of a study that examined in-service middle
school teachers’ learning of proof in the context of a professional development course.

Definition of Proof

The mathematics educators Alibert and Thomas (1991) define proof “as a means of convincing
oneself whilst trying to convince others” (p. 215) and claim that the formulation of conjectures and
development of proofs are the basis of mathematics. Similarly, Bell (1976) defines proof as “an essential
public activity” (p. 24) in which a person convinces himself/herself or others, beyond doubt, about the
truth of propositions. Stylianides (2007) provides a definition of proof that aligns with mathematicians’
conception of proof and gives emphasis to the sociocultural aspects of students’ proving activities in
school mathematics.

Proof is a mathematical argument, a connected sequence of assertions for or against a mathematical
claim, with the following characteristics:

1. It uses statements accepted by the classroom community (set of accepted statements)
that are true and available without further justification;

2. It employs forms of reasoning (modes of argumentation) that are valid and known to,
or within the conceptual reach of, the classroom community; and

3. It is communicated with forms of expression (modes of argument representation) that
are appropriate and known to, or within the conceptual reach of, the classroom
community. (p. 291)

Proof is conceptualized here as a learning activity with social character (Alibert and Thomas, 1991) in
mathematics classroom communities where learners communicate their reasoning, represent their
arguments, and justify their arguments (Jones and Herbst, 2012). Thus, proof is seen as a mathematical
argument that consists of a connected sequence of assertions about a mathematical claim and a norm
for communicating mathematical arguments in ways that develop what counts as acceptable proof in a
classroom community.
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Research Purpose and Questions

Considering that a teacher’s conception of proof has the potential to be very important in the kinds
of argumentation that he or she might facilitate in their classroom, it is important that mathematics
teachers have well-founded knowledge about proof in order to communicate an adequate
understanding of mathematics to their students. However, to date very little, if any, focused how in-
service mathematics teachers learn the required knowledge to teach justification and proof.

The research reported in this paper aims to fill this crucial gap and involves an observational study of
a mathematics professional development course for in-service elementary and middle school teachers
with a focus on the teaching and learning of proof. Thus, one important purpose of this study is to
explore the nature of mathematical practices related to proof while in-service teachers engage with
proving activities. The primary question the study seeks to address follows:

What is the nature of the teachers’ engagement in proving-related activities?

In addressing the research question, the study considers various aspects related to the teaching and
learning of proof, including: how teachers explore a given task, develop conjectures, and produce
justifications.

Method

Case study methodology was used to investigate and document in detail the teachers’ engagement
in proving-related activities. Creswell (2007) describes case study as a methodology that involves “the
study of an issue explored through one or more cases within a bounded system (a case)” and explores a
case or cases over time through detailed, in-depth data collection that involves multiple sources of
information and reports a case description and case-based themes (p. 73). Case study methodology is
both useful and appropriate for addressing this research question as case study is both descriptive and
explanatory (Yin, 2006).

Context

The context for this study is a university-based professional development (PD) course, titled
“Mathematical Knowledge for Teaching: Reasoning, Justification and Proof,” designed to engage in-
service middle school teachers in proof-related activities as a means for developing the mathematical
knowledge and skills needed for effectively teaching proof in middle school classrooms. The 14-week
course was offered recently at a major research university in the Midwest, USA.

The course focused on in this study emphasized experimentation, conjecture, generalization,
reasoning and justification. Throughout the course, the teachers were expected to engage in a variety
of in-class and out-of-class activities to help them think through and make sense of the proof-based
activities in multiple ways. The teachers had to complete a weekly two-part homework assignment
outside of class that summarized and extended the content discussed during the previous class session,
and prepared them to engage in the topics that were the focus of the next class session. Examples of the
tasks used both in and outside of the class are given in the analysis section. Space constraints prevent
more detailed description of the course activities.

Participants

The primary course instructor, Jane®, was a mathematics teacher educator who was assisted by a
middle school mathematics teacher leader from the participating school district, as well as by an
instructor from the university’s mathematics department (who served as a mathematics consultant).
Prior to teaching this course, the primary course instructor, Jane had taught mathematics PD courses

*
All subject names are pseudonyms.
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focused on mathematical knowledge for teaching (MKT) for more than five years, including courses in
another middle school math specialist program.

The twelve teachers (11 female, 1 male) enrolled in the course had been teaching for an average of
nine years and had experience teaching mathematics at the secondary level.

Data Collection

The primary source of data was classroom observations, with additional sources of data consisting of
classroom artifacts and tasks. The artifacts included teacher work in the class, instructor pre- and post-
reflection of the class, and teachers’ reflections of readings and class. All classroom meetings were
observed for the entire 2014 Fall semester (a total number of 13 observations, each for three hours).
During the observations, notes were taken about what was written on the board and by whom, how the
instructor presented the content and the motivation offered for the content, what types of tasks were
presented and how those tasks were used, and how the discussion around the content and the tasks
happened. Observations consisted of taking field notes and video and audio-recordings of the classroom
activity.

Data Analysis

An initial stage of analysis consisted of writing a reflection about the classroom observation after
each session; these reflections highlighted interesting aspects of the session and linked practices
occurring across multiple sessions. The bulk of the analysis process involved looking for themes in the
classroom observations, field notes, and artifacts, including teachers’ work, and reflections written by
instructor and teachers. Glaser and Strauss’s (1967) constant comparison method was used to analyze
the classroom practices in terms of making sense of what happened in the classroom. The goal was to
identify regularities or patterns in the PD instructors’ and teachers’ interactions.

This analytical process consisted of three main stages. During the first stage, the transcripts were
enhanced, that is, all relevant activities including the participants’ gestures during the discussions and
written work on the board were incorporated into the video transcripts. In the second stage, the
analytical process distinguished episodes based on the nature of teachers’ engagement in the proving-
related activities. This phase included classifying the classroom discussions into exploration phase and
justification phase. During the final stage, utterances within classroom discussions were coded by using
a constant comparative method (Glaser and Strauss, 1967), focusing on aspects of the teachers’ and
instructor’s involvement in the discussion such as questioning designed to push teachers for justification
and proof (e.g., asking teachers to give an example of their arguments during the proving activity). In
addition to open coding, the definition of proof presented by Stylianides (2007) provided an analytical
framework to decide what counts as valid justification and proof by applying the three characteristics of
a valid mathematical proof (set of accepted statements, modes of argumentation, and modes of
argument representation). After completing these analytic stages, main themes or patterns were
identified in the data and created broad categories and/or combinations of categories which illustrated
how the teachers learned to prove in the course by focusing on various aspects related to the teaching
and learning of proof.

To check the reliability of the coding scheme, a second mathematics educator read and coded a 25%
sample of the classroom observation data. The inter-rater reliability for the coding scheme was
approximately 90%. The disagreements were discussed and resolved by comparing the codes, and data
were re-coded as appropriate.

Results

Classroom observations of the PD course revealed how in-service teachers engaged in proving
activities. This section presents the results of the study and is organized by the main guiding research
question. Included in this section is a general representation of the teachers’ engagement in proving
activities, including frequency counts for the relevant themes as well as representative excerpts from
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the classroom discussions. In the reporting of these results, the themes are identified based on whole
classroom discussions rather than individual teachers’ contributions.

Nature of Teachers’ Engagement in Proving Activities

In the following sub-sections, the two phases of proving-related activity (exploration, and
justification and proof) are described and discussed. Although the analysis of each phase is written
separately for clarity, it is important to note that in most cases, these phases of proving-related activity
are interrelated and often did not occur as separate and linear activities.

Exploration of problem or conjecture. Teachers were given 11 different proving tasks to explore
during the first seven weeks of the class: nine problems for which they were expected to develop
conjectures and two conjectures that were provided by the instructor. After explaining the task, Jane
typically asked teachers to work in their groups and come up with an argument to present to the whole
class justifying their conjectures. As will be discussed in detail below, teachers often searched for
patterns, identified patterns, developed conjectures, made generalizations, and provided explanations
and justifications about their claims. They also often used examples to make sense of the tasks or
conjectures, and used different types of representations while exploring the tasks.

To discuss the proving-related activity codes and nature of their engagement in exploration phase, a
classroom excerpt is presented below. The task is chosen as representative of a typical example of the
teachers’ engagement in proving-related activities because it highlights not only the ways in which they
explored the task and generated conjectures, but also exemplifies the general themes in their
engagement. The teachers spent around 2 hours working on the task during the first week of class.
Teachers were presented with the ‘Weights Problem’ task, used to motivate the binary number system,
in their groups and were asked to develop conjectures about the task.

Day 1 — Problerm 1 N

Weights Problem

1-10 oz
(Whole ounces only)

2727
J

AN

What is the fewest numMmiber of weaeights yvou
Nneaed to weigh any possible widget<?

What if the widgets could be up to 20 oz=<F
100 ©o=z2 Extra credit: n o=z<2

Figure 1. Weight Problem Tasks

In engaging with the task, each group identified potential combinations of weights that would work,
and all of the groups used a trial and error approach in the case of weights up to 10 ounces. However,
the groups did not focus on finding the least number of weights required (the question posed in the
task). They quickly moved on to the cases of 20 ounces and 100 ounces, coming up with different
combinations of 1, 2, 3, 5, 10, 20, 30, and 50 with every group using 1, 2, 3, and at least one multiple of
10. None of the groups, however, were close to uncovering the most efficient binary method (1, 2, 4, 8,
16, 32, 64) or to generalizing the patterns they noticed, so Jane asked them to investigate whether they
could use just 7 weights in order to determine the weight of any widget between 1-100 ounces. After
working in their groups for a while, none of the groups arrived at the desired binary solution method
and the teachers started asking clarification questions about the task.

In one group, Jane’s pressing to use 7 weights did help Lora come up with a new combination for 1-
100 ounce widgets (1, 2, 3, 7, 14, 28, 56). Jane then asked the class to discuss Lora’s solution. The
teachers noticed the doubling aspect of her method for weights after 7, but they could not explain the
doubling pattern starting at 7 or how that combination worked; rather they tested her method for a
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number of examples to see if they could weigh all possible widgets for 1-100 oz. At this point, Jane
asked Lora to explain her reasoning:

Lora: Well | thought you know, are there any numbers in between those, are you wasting any
numbers by going over | guess, so | started thinking, what can | make with what I’'ve got so far,
so with the 1, 2 and the 3, | started there, | can make 6, so | need a 7 so then | said...and with
the 7 | can make a recombination adding all those together, so 7, 10, 12. | can add up to 13, so
now | need a 14, so from 14 | can add all those combinations all together and get to 27, now |
need a 28, and then 28 adding all those together | get to 55, now I’'m close to that 100 right?, so
I’m going to need one more number and that's going to be 56.

She had just provided an explanation about what she did, but did not provide a justification about
how or why her method worked. Without asking for further justification, Jane asked the class to start
from 1 by using the same reasoning and then led them to see that the method actually builds up the
powers of 2.

Kim: it'd be 2 then and then you can make a 3,

Anne: We have 3, so we need a 4...now we can make 5...we can make 6, we can make 7
Jane: so what we need next?

Kim: so we need an 8

Lora: 16, now we're doubling, we're almost doubling... 32

Lora recognized doubling aspect quickly here, which suggests she had developed an understanding
of the importance of doubling in prior reasoning which served for class as a foundation for making this
leap here. As a result of whole classroom discussion, the class came up with 1, 2, 4, 8, 16, 32, and 64
weights to get any widgets from 1-100 oz and they quickly recognized a doubling pattern and said “it is
the same thing [meaning same as Lora’s reasoning]; you are always doubling, except you don’t need 3.”
Thus, by noticing the doubling aspect (identifying a pattern) of her method, they made a quick
generalization (make generalization) for the binary method. During the seven weeks, teachers searched
for patterns eight times (note that searching for pattern is only coded when the teachers specifically
mentioned that they searched for pattern during the whole classroom discussion) and then identified
patterns (20 times) while exploring the task and identified a structure (20 times) during the conjecture
exploration. After identifying a pattern or structure, the teachers tried to make generalizations (29
times) during the exploration phase.

Although teachers made generalizations numerous times, justifications or proofs of these
generalizations were infrequently developed. For example, Kim explained her generalization for the
pattern, but did not provide any justification about why the generalization works or whether it will
always work:

Kim: | can see the pattern in what we did kind of right behind your head [pointing to
1,2,4,8,16,32,64], where we get into the exponential like notation of all of it, so that you start
to see that it's like if n is the stage that you're looking for, that would be 2 to the n minus 1, to
figure out all of those, so that would work to get you to 1000...

Generalizations such as Kim’s were frequently accepted by the classroom community as justifications
or proofs, despite the inability of the teachers to appropriately justify why such generalizations were
mathematically legitimate. Jane would often follow up by asking the teachers questions whether such
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generalizations were sufficient as justifications or proofs. For example, Jane asked Kim to explain why
the generalization works for 1000 by asking, “how would that work for, walk us through what that looks
like for a thousand.” Kim claimed that for the 1000 oz widget “it would be 2 to the 1000 minus 1 power
so it would be 2 to the 999.” Although the discussion of this generalization, and Jane's continued
attempts to push for justifications and proofs, the teachers were only able identify various patterns and
develop several conjectures, and they continued to not develop justifications or proofs.

Teachers focused on explaining how their conjecture worked in general with examples, however,
their explanations were more sophisticated than previous explanations as seen in the excerpt below:

Jane: so what's the maximum weight we can measure with those?

Clara: ...it's the number that everything prior to it, plus it, adds up to, and the next number, and
the next number is the next power up, right? so if 2 to the 5th, if everything up to 2 to the 5th
equals 63, including 2 to the 5th, then 2 to the 6th has to be 64, right? and so when you need
to get to say 325, you need to get to the point where that power plus everything above it has to
be equal or greater than 325, right?

As seen from the example above, teachers used examples as mean of explaining their ideas
excessively (in total 58 times use of examples coded) during the exploration phase of proving activity.

During the exploration phase of proving activity, teachers developed conjectures (26 times) and
further explored those conjectures. For example, while explaining why Anne’s answer would work, Carol
identified a new pattern by stating: “2 to the third is where you get 10, 2 to the 6th is where you get a
hundred, so | can see a pattern with the 3 6 and 9”. By extending Carol’s reasoning, Kim developed an
explicit conjecture and provided a justification for it:

Kim: and 2 to the 9th gives you a thousand...you need 3 additional weights to get to the next
power of 10, so to get to a 1000, you need 3 additional weights to get to 10, so
whatever the next well, after a thousand, 10,000 then you would need 3 additional weights

Kim’s justification relied on example-based reasoning from recognizing a pattern. The class did not
further explore why the conjecture always works as the majority of the subsequent discussion revolved
around obtaining powers of 10 and the corresponding patterns. Although this later discussion led to
teachers making additional generalizations, it also drew the class away from the central idea that any
positive integer can be represented as a sum of the patterns of 2. Moreover, the teachers did not
produce justifications about why their generalizations should always work. Thus, as seen above,
teachers quite often identified a pattern or structure, developed conjectures, and made generalizations,
but less often produced justifications and proofs.

In summary, the excerpts presented above illustrate the nature of the teachers’ engagement in a
task for which they were expected to produce justifications and proofs. The results show that teachers
were often able to successfully engage in the exploration phase, and that the tasks used in the PD
provided rich opportunities for them to identify patterns and the underlying structures, develop
conjectures, make generalization and rarely produce justifications. Teachers also used examples to
explore the tasks and to explain their reasoning. Frequently missing in their work, however, was the
production of justifications or proofs for their claims. Specifically, after identifying a pattern or
underlying structure and making a generalization, teachers did not seem to see a need to produce a
justification and proof for their claims (except in cases in which the instructor pushed for it). The main
reason why they did not see the need to produce a justification might be that they did not have the
conceptual tools, such as lack of understanding the function of proofs and lack of understanding the
mathematical content that may enable them to make deductive arguments.
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Categorization of justification and proofs. The second phase of proving activity focuses on the
justifications and proofs that teachers developed. Overall, teachers produced a variety of justifications,
and they could be categorized into main three types. If a teacher’s justification satisfied Stylianides’
(2007) three aforementioned characteristics of a proof, it was coded as a complete deductive argument;
if a justification had characteristics of a deductive argument, but was not complete in terms of the mode
of argumentation or failed to account for all possibilities in the domain it was coded as an incomplete-
deductive argument; or if the justification relied on empirical evidence to support the claim, it was
coded as an example-based argument. In this last case, although teachers were aware of the limitation
of examples (further discussed later), they still produced such justifications.

In the excerpts presented below, the three different types of justifications are illustrated as teachers
worked on one particular task in which they explored the following conjecture:

Julie notices that n® +n is even when nis 1, 2, and 5.

She wonders if this is true for all natural numbers, n, or if the pattern will break down. Is it true for all n? If
so, why? If not when does it not work?

After exploring Julie’s conjecture, teachers presented their arguments to the whole class, arguments
that were mostly example-based. The following arguments are representative of the example-based
arguments teachers produced.

“Bess: Well just plugging the numbers in the formula, and noticing that every time, um. No
matter if you add odds or even numbers you always end up with an even number...And we
kinda just threw in some other random numbers, like 11, just try to, you know, just to see if it's
still true or not...”

“Jack: ... I...kind of had the same idea [pointing Beth’s argument]. Like, on my paper | also made
a table of values and plugged in values for n and then noticed that n squared plus n was also
always an even number...”

Here, Bess and Jack seemed to be convinced by testing a few examples and seemed to believe it will
always work for any number, and neither explicitly acknowledged the limitation of their arguments.

The following excerpt is representative of an incomplete-deductive argument, but in this case the
teacher relies on a generic example (a particular example that reveals the general structure of reasoning
without relying on the properties of the particular example) in making her generalization.

Kim: ...Um, so what we did is we looked at all of, kind of like the groups of two that exist
within, uh, the factored—that—or, with the number that we’re squaring, so like with 5, that
could be broken into 2+2+1 and like if you distribute that you’d get 10+10+5. So you have, you
know, these groups of 2, with their—I don’t—um, that. And then you have these two odd
numbers and we know that when you take an odd number and add it to another odd number,
you get an even number. So you’re adding—

Mandy: that five...

Kim: That five to what you get—25—here. But, like, this is where those couples are. Is right
there. And that works—I don’t—it was—it took a long time.
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Figure 2. Kim's poster

Jane asked her to use nine as an example to explain her justification, and Kim provided a similar
explanation to that used in her explanation of her initial example. Here, she used definition of odd
numbers as “groups of two plus one more”.

Kim: Nine times, and then it would be 2 plus 2 plus 2 plus 2 plus 1. Plus a 9 [at the bottom of
her poster]. So that’s 2, 4, 6, 8, yeah, | think that’d be 18 plus 18 plus 18 plus 18 which are all
divisible by 2, plus that 9, plus that 9.

Yet, both Jane and the class were not fully convinced with the argument. As a follow up, Jane asked
Kim if her representation was general for all odd numbers. Kim said that “l worked this back and forth to
get n squared plus n a couple of times and every number | checked, which has not been many—I
checked just 5 and 7, just to make sure, um, it got me there.” One important aspect of a generic
example as a valid justification is that it must contain language that demonstrates that it applies to more
than just the particular example. Kim generalized her example to all numbers by using algebraic-
symbolic representation, but did not provide a valid justification about how and why her argument
should work for all numbers. Instead, she relied on example-based reasoning in testing her
representations for 2 numbers. Therefore, even though she had a general representation for all
numbers, this argument did not involve a successful mode of argumentation because she did not
produce a justification that was accepted by the classroom and sufficiently covered all cases. Thus, it is
an incomplete-deductive argument. During the seven week period, teachers produced incomplete-
deductive arguments nineteen times which was the most commonly produced argument type.

Finally, teachers produced complete deductive arguments six times during the seven weeks
observed. Some of these arguments were proofs based on generic examples and some were algebraic
proofs (based on symbolic representations). All deductive arguments involved some level of algebraic-
symbolic representation. For example, teachers tried to use algebra, even if they had a valid generic
example argument. The following excerpt is a representative of a complete-deductive argument.

Lora: Okay. So...I—I guess I'm thinking of it as two equal pieces. Dividing it up into two. Um, so |
took the n squared plus n and | let 2n represent my n, um, so will be an even number. So, n
squared plus n—2n squared plus 2n—takes you down to, um, this, which can be factored out
with another 2n. So, again, we’re always going back to that two equal pieces. You’re multiplying
by 2, you can divide it into two parts, pair them up. Um, so an even times an odd will give you
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an even. So here’s an even, here’s an odd, multiply those together you get an even. That make
sense? ...Okay. Um, so then if it was an—n was an odd number, which is 2n plus 1, then n
squared plus n takes you all the way into something that you can factor into two again. So that
would be—also be an even number because, um, 2 is a factor of this.

¥ 3 RN ot Mo o e

Figure 3. Lora’s poster

Here, Lora first defines the terms (set of accepted statements), she then uses algebraic-symbolic
representations to present her argument (set of argument representations), and finally explains her
argument (mode of argumentation). Even though she had a flaw in her representations (i.e., she defined
even numbers as 2n, and then said 2n=n), her argument was coded as a complete-deductive proof since
it met the criteria for being a valid proof.

Discussion

To date, a number of researchers have provided insight about pre-service and in-service teachers’
conceptions of proof, such as their inability to identify valid mathematical arguments, their lack of skills
in producing valid justifications and proof, and their lack of content knowledge to teach proof at the K-
12 level (e.g, Knuth, 2002b, 2002c; Bieda, 2010). This study contributes to this literature by providing
insight into how in-service middle school teachers engaged in proving activities during a professional
development course specially designed to improve their content knowledge of learning and teaching
proof. The primary findings highlighted that teachers were meaningfully engaged in various aspects of
proving-related activities (exploration, justification and proof)—a finding that suggests the kind of tasks
used in this class may be productive for engaging teachers in proving-related activities and may
potentially help them to engage their own students in such activities. All in all, although not provided in
the presentation of the results, there was a modest improvement in teachers’ proving competencies
occurred during the course by engaging in all phases of proving activity. Considering the literature that
shows teachers’ difficulties in justification and proof, these improvements are important and promising
because they show that a professional development course might actually help teachers and show that
they are capable of overcoming these difficulties. The results also suggest, however, that there is plenty
of room for improvement, especially in terms of teachers’ understanding of what counts as a valid
mathematical argument, how to construct a deductive argument, and how to evaluate arguments. The
fact that teachers had difficulties engaging in the proving-related activities was not surprising
considering the literature on teachers’ conceptions of proof. It is also noteworthy that this latter result is
reflective of teachers’ own classroom practices related to proving—teachers provide students with the
time and opportunity to engage in the exploration phase of proving-related activity, but tend not to
push their students to produce deductive arguments or to evaluate arguments (Bieda, 2010).

The results of this study revealed several factors regarding teachers’ engagement with proving-
related activities that constrained their development of more mathematically sophisticated discussions
of justifications and proof. As illustrated previously, these factors include lack of a perceived need for
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justification and proof (from exploration phase) and lack of seeing algebraic symbolization as a viable
means of expressing mathematical ideas (from justification and proof phase).

Need for Justification and Proof

The final production of a justification or proof may involve a progression through several phases,
including exploration of the task, identifying patterns and making generalizations (developing
conjectures), and producing mathematical arguments to support one’s claims. Polya (1954) identified
the exploration phase as plausible reasoning, reasoning which is based on guessing and trying by gaining
insight ‘in the making’ process. Although this process is not a proof in and of itself, it is a crucial part of
producing a proof. Polya described proof as a result of this exploration phase and defined proof as
“demonstrative reasoning.” The whole process of exploration and proof making, ‘proving activity,” is
seen as a tool for learning mathematics. The nature of teachers’ engagement in proving activity revealed
a similar process; they explored tasks by identifying patterns, making generalizations, and developing
conjectures. Interestingly, teachers sometimes believed that a pattern was enough of a justification and
proof and did not see the need for producing further justification and proof. Thus, teachers were often
successfully engaged in the exploration phase, but rarely finished the whole proving activity. Identifying
patterns and making generalizations is certainly a starting place for proving activity, but teachers should
also be expected to reason about why a generalization is true.

It is important to note that all of the middle school teachers attending the PD course were using the
Connected Mathematics Project (CMP) curriculum with their own students. Stylianides (2005) found
that 25% of tasks in CMP that are designed to engage students in proving activities involved pattern
identification. Thus, pattern identification tasks are an important part of the teachers’ curriculum and
can be a way of learning to reason structurally. The point is that some researchers feel that CMP really
over-emphasizes pattern identification in proof activities (e.g. Stylianides, 2008; Stylianides and Silver,
2009; Bieda, 2010), thus it’s no surprise that these teachers are mainly focused on finding patterns and
making generalizations and not progressing further into justification and proof. Moreover, it’s also not
surprising that their own students often develop the similar conceptions. In order to foster their
students’ abilities to reason structurally and explain why a pattern or generalization holds, teachers first
need to experience such learning and develop this understanding for themselves. Another potential
problem with pattern recognition and generalization without providing justification and proof is that
students might solve problems correctly but not able to explain why their strategies work. In other
words, they might be able to successfully engage with the exploration phase (plausible reasoning) of
proving activity, but might not be able to produce justification and proof (demonstrative reasoning).

Since pattern recognition could be based on a few examples, this might cause students to rely on
examples and to believe example-based arguments are proofs. For example, Jane often did not push
teachers if their answers were correct, which may cause learners—students and in-service teachers— to
think ‘being right means you don’t have to justify’ your answers. In order to prevent this kind of
situation, teachers should ask students to explain why they think their patterns and generalizations
work regardless of whether their answers are right or wrong. Also, teachers should provide some tasks,
such as false conjectures, where students can identify patterns that break down after a point.

Use of Algebra

Algebraic or symbolic representation is an important tool to express mathematical ideas and to
present justifications and proofs. However, the literature shows that K-12 students do not use algebra to
develop and present their arguments, even for valid mathematical arguments (e.g., Bell, 1976; Healy
and Hoyles, 2000; Porteous, 1990; and Knuth, Choppin, and Beida, 2009). Porteous (1990) stated that it
is “disappointing to find an almost total absence of algebra” in students’ arguments (p. 595). Similarly,
Knuth at al. (2009) found that just a few students attempted to use symbolic algebra as justification and
proof. Healy and Hoyles (2000) found that students prefer to express their arguments informally (in a
narrative style) rather than formally (in symbolic style) and rarely used algebra in their arguments. Some
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potential reasons behind not favoring algebraic symbols might be that the symbols offer students very
little information about why something is true and they may find it difficult to follow the formal
(algebraic) arguments (Healy and Hoyles, 2000), or they may not see algebra as a viable means of
expressing their general arguments (Knuth et al. 2009). Similarly, the teachers in this study also did not
find algebra very useful when engaging in proving activities. Even though they used algebra to represent
their patterns and generalizations, they found arguments that included symbolic representations
abstract and meaningless, especially if the same argument could be presented using visual
representations.

Teachers’ preferences to use more visual representations and less algebraic symbols while engaging
in proving activity again reflect students’ uses of visual and algebraic representations. The literature has
suggested that students’ lack of using algebra in their arguments is related to their limited
understanding of algebra and not having the cognitive resources to use symbolic representations. In the
case of the teachers in this study, they also preferred not to use algebra, which could be a contributing
factor regarding students’ limited use of algebra while engaging in proving activities.

Because of the abstract nature of algebraic representations, teachers might use visual
representations to make proof more accessible to their students, but this does not imply that students
develop an understanding of proof. Rather, it might cause a misconception in students’ notion of proof.
Therefore, teachers should emphasize the importance of using algebraic symbols in mathematical
activities and need to reinforce that algebraic symbolizing is useful for developing justification and
proof. One other suggestion would be that both teachers and researchers should work on figuring out
ways to more carefully connect visuals and algebraic symbols. If teachers and students prefer visual
representations in their proving activities, then telling them to do more algebra is probably insufficient,
but mapping out how to shift from explanatory visuals to complete algebraic proofs would be more
helpful in the classroom.

Conclusion

The research literature clearly shows that in-service teachers’ conceptions of proof are not well
aligned with both researchers’ and policy documents’ expectations that proof ought to be central to
mathematics education and a learning tool at all grade levels, and that teachers must possess a sound
understanding of justifications and proof. If teachers have a robust understanding of justification and
proof, they might be able to help their students develop a better understanding of proof. However, one
of the biggest challenges in learning and teaching of proof is how to help teachers develop their
knowledge of proof so that their instruction supports their students to develop a better understanding
of proof. Indeed, as Stylianides and Silver (2009) suggest, the existing literature does not support
teachers to develop proficiency in proof-related activities and provides little guidance about “how to
organize effective professional development for teachers” (p. 249). The success of the calls for proof to
be one of the central practices of K-12 mathematics education may lie in teachers’ hands. Specifically,
teachers’ views about reasoning and proof may greatly influence what they do with their student in the
classroom while teaching proof, how they enact curricular tasks that might have potential to involve
opportunities for their students to engage in proof related practices, and more importantly how they
identify their students’ difficulties in learning proof and help their students overcome those difficulties.
The results of this study may assist mathematics educators and curriculum developers in developing a
clearer sense of teachers’ perceptions of proof and providing the kind of support teachers need to
implement proof as a one of the crucial mathematical practices in their instruction.

At the very least, this study contributes to our understanding of middle school in-service teachers’
competencies in justifying and proving, and the nature of their engagement in proving activities. The
results of this study shows that in-service middle school mathematics teachers were engaged in the
phases of proving activities, where they could successfully explore their task, but they struggled to
produce deductive arguments. One of the new findings of this study was that the teachers believed that
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symbolic (algebraic) representations are too abstract to understand, yet, believed proofs always need to
involve symbolic representations.

There is still great deal more to learn about how teachers learn proof-related content and how they
engage their students in justification and proof in their classroom. An important next step for the field
would be to examine the nature of teachers’ engagement in their classroom and how they enact proving
activities in their instructional practices. Examining both teachers and students conceptions of proof and
conducting classroom observations of proof-related practices in their classroom would provide another
important window into the nature of students’ engagement in learning proof. Therefore, further
research is needed to make justification and proof a meaningful mathematical practice for both teachers
and their students by investigating both teachers’ and students’ conceptions of proof and how they
engage in proving activity at K-12 level.

In conclusion, this study emphasizes the importance of the role that teachers play in teaching and
learning proof related practices, and sheds light upon the process of in-service middle school
mathematics teachers’ learning of proof in a graduate level professional development course. The
results directly contribute to the field’s understanding of how teachers learn and enact proof, and how
proof-related professional development should conducted.
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Tiirkge Siirimui

Girig

ispat, matematiksel ifadelerin dogrulugunu arastirarak bu ifadelerin neden dogru ve inandirici
oldugunu aciklamaya tesvik etmesi ve ayni zamanda matematiksel iletisim ve gelismeyi
desteklemesinden dolayr matematiksel ¢alismalarin temel bilesenlerinden biridir(Tall ve Mejia-Ramos,
2006; Hersh, 1993; Hanna, 2000, 2018; Harel ve Sowder, 1998) ve matematiksel iletisim ve gelismeyi
tesvik etmesinden (Schoenfeld, 1994; Dogan, 2017) dolayl matematiksel aktivitenin temel bir bilesenidir.
Ayrica ispat, matematiksel ifadelerin gecerliligi ile ilgili sipheleri gideren bir problem ¢6zme yolu (6rn.,
Selden ve Selden, 2003; Weber, 2005; Harel ve Sowder, 1998) ve matematik 6grenmeye yonelik bir arag
olarak da gorulebilir (Knuth, 2002a; Dogan, 2015). Bu nedenle, ispat matematikgiler i¢in cok 6nemli bir
faaliyettir ve matematiksel gelisimin temel bir unsurudur. Clinkii hem insanlarin matematiksel gergegi
ortaya ¢ikarmasina yardimci olur hem de matematiksel 6grenmeyi tesvik eder (Stylianides, Stylianides,
ve Weber, 2017). ispatin ¢ok 6nemli bir matematiksel aktivite olarak goriilmesine ragmen, ne
matematikteki rolli ne de dogasindaki rolii K-12 egitiminde yer bulamamakta ya da ne diizeyde olurlarsa
olsunlar 6grenciler (cogu durumda 6gretmenleri tarafindan) tarafindan yeterince anlasilamamaktadir.
Sasirtict olmayan bir sekilde, politika yapicilar (6rn., National Council of Teachers of Mathematics
[NCTM], 2000; Council of Chief State School Officers [CCSSO], 2010; Mathematical Association of
America [MAA], 2004) ve matematik egitimi arastirmacilari (6rn., Ball, Hoyles, Jahnke ve Movshovitz-
Hadar, 2002; Harel ve Sowder, 1998; Hanna, 1990, 1995, 2000; Knuth, 2002a, 2002b), tiim seviyedeki
ogrencilerin matematik egitiminde ispat ve matematiksel akil yiritme becerilerinin artmasi gerektigini
savunmaktadir. Bu nedenle, gesitli paydaslar ispatin mifredatta her dizeyde temel bir etkinlik olmasi
gerektigini ve 6grencilerin ispatin niteligini ve cesitli rollerini anlamalarina yardimci olmak icin 6gretim
uygulamalarinin gelistirilmesini 6nermistir (6rn., Martin, McCrone, Bower, ve Dindyal, 2005; Stylianides
ve Stylianides, 2009; G. Stylianides, 2008; A. Stylianides, 2007; Dogan, 2015; Ozgur, Ellis, Vinsonhaler,
Dogan, ve Knuth, 2019). Matematik egitimi tzerinde etkili olan Common Core State Standards for
Mathematics (CCSSO, 2010), Principles and Standards for School Mathematics (NCTM, 2000) gibi
kurumlar ispatin 6nemi hakkinda benzer mesajlar ortaya koymaktadir. CCSSO, matematiksel ifadeler
hakkinda gerekcelendirme ve akil ylritme becerilerinin matematiksel yeterliligin kritik yonleri olarak
gormektedir. NCTM, matematiksel akil yritmenin temel bir pargasi olarak ispati 6n plana ¢ikarmakta ve
birinci siniftan 12. sinifa kadar muhakkeme ve ispata odaklanan Ogretimin tim 6&grencilerin
matematiksel ispat 6grenmelerini ve anlamalarini saglamasi gerektigini belirtmektedir.

Yukarida belirtildigi gibi ispatin 6grencilerin yeterliklerini gelistirmelerine, matematiksel akil yiriitme
ve gerekcelendirme anlayislarinin olusmasina yardimci olmasindan dolayr matematik egitimindeki
ihtiyaci vurgulanmaktadir. Ogrenciler icin temel bilgi kaynag olan 6gretmenler, ispat kavramini
siniflarina entegre edebilmeli ve 6grencilerinin ispati 6grenebilmelerine yardimci olabilmek igin iyi
hazirlanmalidirlar. Bununla birlikte, 6gretmenlerin ispatla ilgili uygulamalari glnlik 0Ogretim
uygulamalarina entegre etmeye hazir olup olmamalari akil ylriitme ve ispat 6gretiminde 6nemli bir
endise olarak gériilmektedir. Oyle ki, Knuth (2002b) bu durumu “ortaokul matematik égretmenlerinin
karsilastigi en bilyilik zorluk, ispatin tim 6grenciler icin uygun bir aktivite oldugu hakkindaki fikirlerini
degistirmek ve o6grencilerin sinif igi ispat etkinliklerine katihmini sagliyacak sinif ici uygulamalari
saglamaktir” (s. 83) sozleriyle belirtmistir. Sadece 6grencilerin ispat kavramlarina degil ayni zamanda
o6gretmenlerinin ispat kavramlarina iliskin literatur, K-12 dlizeyinde ispati anlamada ve 6grenmede
onemli eksikliklere isaret etmektedir. ispat kavramini K-12 matematik egitimindeki 6grenciler igin
anlamh kilmak igin, 6ncelikle 6gretmenlerin akil ylritme ve ispati 6grenmeleri saglanmalidir. Boylece
ogretmenler 6grencilerine K-12 diizeyinde ispat ile anlamli deneyimler yasamalarini saglayacak diizeyde
donaniml olabilirler. Ogretmenlerin ispatla ilgili uygulamalari, 6gretme ve 6grenmede oynadiklari roliin
6nemi goz 6niine alindiginda, bu ¢alisma, ortaokul matematik 6gretmenlerinin lisansistli dizeyde bir

114



Muhammed Fatih DOGAN- Cukurova Universitesi Egitim Fakultesi Dergisi, 48(1), 2019, 100-130

mesleki gelisim kursunda ispati 6grenme siirecini incelemeyi amacglamaktadir. Bu galismanin sonuglari,
O0gretmenlerin ispati nasil 6grendigi konusundaki anlayisina dogrudan katkida bulunacak ve bu da ispatla
ilgili mesleki gelisimin yiritilme bigimini etkileyebilecektir. Bu sonuglar, 6gretmenlerin ispat kavramiyla
ilgili gelisimlerinin 6grencilerin matematiksel ispati anlamalarini gelistirecektir.

ispat ve Ogretmenler

ispat, tim sinif seviyelerinde arastirmacilar tarafindan ilgi gdsterilen bir konu olmustur ve her
6grencinin egitiminin dnemli bir pargasi olmasi beklenir. Bununla birlikte, ispati 6grenme ve 6gretme ile
ilgili literatiir, her sinif diizeyinde, 6grencilerin (K-16) ispati anlama ve olusturmakta zorlandiklarini (6rn.,
Chazan, 1993; Harel ve Sowder, 1998, 2007; Moore, 1994; Porteous, 1990; Weber, 2005); 6gretmenlerin
ise Ogrencilerinin gerekgelendirme ve ispat yapmayi 6grenmelerini tesvik etmede sikhkla zorluk
yasadiklarini géstermektedir (Knuth, 2002b; Bieda, 2010). Ogrencilerin ispati anlamakta giigliik
cekmeleriyle ilgili bir takim nedenler gosterilmektedir. Bunlardan bazilari 6grencilerin (a) ispatin 6nemini
anlamadiklarini (Chazan ve Lueke, 2009; Herbst ve Brach, 2006), (b) matematiksel bilgilerini ifade
edemediklerini (Moore, 1994; Tall ve Vinner, 1981; Schoenfeld, 1994) ve (c) matematiksel etkinliklerde
kendilerini rahat hissetmedikleridir (Alibert, 1988). Sonug¢ olarak, ispatin Ogrencilerin rahat
kavrayabilecekleri kadar kolay bir kavram olmadigi asikardir.

Ogrencilerin ispati 6grenme ile ilgili zorluklarina ek olarak, ilgili literatiir, cogu dgretmenin ispat
o6gretimi hakkindaki inanglari ve ispati mifredata entegre edilebilecek matematiksel bir uygulama
olmadigl yonindeki algilari nedeniyle ispatin 6gretilmesini tim sinif seviyelerinde zor bulduklarini
gostermektedir (6rn., Knuth, 2002b, 2002c). Bieda'nin (2010) belirtigi gibi Ogrencilerin ispat ve
gerekgelendirme anlayisini gelistirmek icin 6gretmenler 6ncelikle kendi ispat bilgilerini derinlestirmek
zorundadirlar. Bu nedenle, son zamanlarda matematik egitiminde her seviyede akil ylritme ve ispati
merkezi bir konuma vyerlestirmek igin yapilan c¢agrilar, 6gretmenler igin yeni zorluklar ortaya
¢ikarmaktadir. K-8 6gretmenlerinin ¢ogu (hatta K-12 6gretmenleri) (a) ispat 6gretimi icin gereken igerik
bilgisine, (b) ispat uygulamalarini tanima ve destekleme becerisine ve (c) ispatin amaglarini (rollerini)
yeterli bir sekilde anlama konusunda yetersiz kalmaktadirlar.

Ogretmenlerin ispat Kavramlari

ilgili literatiirde dgretmenlerin ispat anlayislar (6rnegin, ampirik ve timdengelimsel argiimanlar
Ureterek), ispat kavramlari ve ispat hakkindaki inanglari ayrintili olarak arastirilmistir. Knuth (20023,
2002b), ortaokul 6gretmenlerinin ispat kavramlarini arastirmak icin anket ve gorlisme verilerini
kullanmistir. Ortaokuldaki 6gretmenlerin ¢ogunun, tiimdengelimsel argiimanlardan ziyade ampirik
argiimanlarla ikna olduklarini bulmustur. Ek olarak, ¢ogu 6gretmen ispat olarak gegersiz arglimanlar
kabul ettikleri icin ispatlar ile ispat olmayan argiimanlar arasinda ayrim yapamamistir. Ogretmenler daha
cok derin ozelliklerden (ispat, mantik vb.) ziyade yuzeysel 6zelliklere (cebirsel manipilasyonlarin
dogrulugu gibi) odaklanmis ve somut o6zelliklere, 6zel Orneklere ve gorsel sunumlara dayanan
argiimanlari daha cok ikna edici bulmuslardir. Ogretmenler, ispat kavramini okul matematiginin merkezi
bir aktivitesi olarak degil; yanlizca matematik basarisi yliksek 6grenciler icin muhtemel bir uygulama
olarak gormdislerdir. Ayrica, 6gretmenler sadece informal ispatin matematik mifredatinin bir pargasi
olmasi gerektigini belirtmis ve bigimsel (sembolik-cebirsel) ispat Uzerine vurgu yapacak herhangi bir
degerlendirme yapmamiglardir.

Martin ve Harel (1989) 6gretmenlerinden gesitli argimanlari degerlendirmelerini ve her bir argiimani
derecelendirmelerini isteyerek onlarin matematiksel arglimanlari dogrulugunu belirleme yeterliliklerini
arastirmistir. Knuth gibi (2002a, 2002b), bircok 6gretmenin ampirik temelli argimanlar ispat olarak
kabul ettigini bulmuslardir. Yazarlar ayrica 6gretmenlerin bir ispati kabul edip etmemelerinde arglimanin
yapisinin etkili oldugunu bulmuslardir. Ornegin, 6gretmenler asil argiimanin gecerligine odaklanmadan
cebirsel-sembolik ispatlari gecerli kabul etmeyi mantikli (yeterli) bulmuslardir. Bu arastirmalar, birgok
o6gretmenin ispatin ne oldugunu ve matematigin 6grenilmesi ve 6gretilmesi icin ne ifade ettigini
anlamadigina dair veriler ortaya koymaktadir. Bunun nedeni olarak 6gretmenlerin yeterli ispat bilgisine
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sahip olmamalari goésterilebilir (6rn., Chazan, 1993; Simon ve Blume, 1996; Harel ve Sowder, 2007).
Acikgasl bu, ispat 6gretmek igin sorunlu bir durumdur. Bu nedenle, matematik 6gretmenlerinin
ogrencilerinin yeterli bir ispat anlayisi gelistirmelerine yardimci olabilmeleri icin kendilerinin de ispat ile
ilgili koklu bilgilere sahip olmalari dnemlidir.

ispat Ogretim Uygulamalan

Ball ve meslektaslari (Ball, Hoyles, Jahnke ve Movshovitz-Hadar, 2002), okul matematiginde
matematiksel anlayisi gelistirmenin bir araci olarak gerekgelendirme ve ispati vurgulayan Ogretim
uygulamalarinin desteklenmesi gerektigini dnermektedir. ispatin sadece tiimdengelimsel muhakemeye
dayanan formal bir sekilde Ogretilmesinin, 6grencilerin ispati anlamsiz bir ritiiel olarak gérmesini
glclendirebilecegini; ispat 6gretiminin ise anlamini ve amacini yanlis anlamalarina neden olabilecegini
ifade etmektedirler. Ball ve meslektaslari, ispatla ilgili 6gretim uygulamalarinda bir 6gretmenin sunlari
yapmasi gerektigini vurgulamaktadirlar: (1) hem 6grencilerin ihtiyaglarini karsilayan hem de 6grencilerin
matematiksel akil ylratmeleri icin firsatlar saglayan matematiksel goérevleri segmek, (2) matematiksel
bilgiyi herkese acik hale getirmeleri ve matematiksel bilgi ve dili kullanimlarini arttirmak ve (3)
ogrencilerin matematiksel fikirlerini paylasmalarina ve baskalarina saygi duymalarina yardimci olan
normlarla bir sinif kiiltird olusturmak. Sinifta bu uygulamalari olusturmak, 6gretmenler igin blyiik ¢aba
sarf etmeyi gerektirir. Clinkii 6gretmenler 6grencilerin ispat etkinliklerine katilmalari i¢cin onlara firsat
sunmaktan ve ayni zamanda 6grencilerin yeterli (dogru) ispat anlayislarinin gelismesini saglamaktan
sorumlulardir. Ancak, alan yazinda ispat 6gretimi konusunda 6gretim uygulamari ile ilgili yeterli diizeyde
arastirma bulunmamaktadir. Bieda (2010), hala okul matematiginde ispatin nasil 6gretildigi ve
ogretmenlere ispat ve ispat uygulamalarini anlamalarinda nasil yardimci olundugu konusunda
matematik egitimi alaninda cok az sey bilindigini belirtmektedir. Ozellikle, gerekcelendirme ve ispatlama
faaliyetlerinde yer alan 6gretim uygulamalarinin tirleri ve 6grencilerin bu tiir uygulamalara katilimi
sirasinda ne 6grendikleri hakkinda ¢ok az sey bilinmektedir.

Ozetle, 6gretmenlerin ispat &gretme bilgilerini gelistirmelerini desteklemek ve dgrencilerinin ispat
anlayisini gelistirmek igin yeterlikliklerini gliclendirmek amaciyla ispat konusunda matematik egitimi
alanini ileriye tasimak icin 6gretmenlerin ispat hakkindaki bilgilerini anlamak dnemlidir. Ogrencilerin
ispat anlayislarini ve yeterliliklerini desteklemek icin, 6gretmenlerin oncelikle kendi bilgilerini ve ispat
anlayislarini arttirmalari gerekir. Ogretmenlerin ispat anlayisini arttirmanin bir yolu, ispat égretimi icin
yeterli anlayis ve becerileri gelistirmelerine yardimci olacak mesleki gelisim kurslarina katilmalarini
saglamaktir. Bu makalenin amaci, ortaokul 6gretmenlerinin mesleki gelisim kursu kapsaminda ispat
o6grenmelerini inceleyen bir arastirmanin sonuglarini ortaya koymaktir.

ispatin Tanimi

Matematik egitimcileri Alibert ve Thomas (1991) ispati “baskalarini ikna etmeye calisirken kendini
ikna etme araci olarak” (s. 215) tanimlayarak, tahmin olusturma ve ispat gelistirmenin matematigin
temeli oldugunu iddia etmektedirler. Benzer sekilde Bell (1976), ispati, bir kisinin kendisini veya
baskalarini, siiphe birakmaksizin, 6nermelerin dogrulugu hakkinda ikna ettigi “temel bir toplum etkinligi”
olarak tanimlamaktadir. Stylianides (2007), matematikgilerin ispat anlayisina uygun ve 6grencilerin okul
matematiginde yaptiklar ispat etkinliklerinin sosyo-kiltiirel yonlerine vurgu yapan bir ispat tanimi

sunmaktadir.

ispat matematiksel bir savin dogrulugu veya aleyhine olan iddialar dizisi olan matematiksel bir
argiimandir ve asagidaki 6zellikleri tasir:

1. Sinif toplulugu tarafindan kabul edilen (kabul edilen ifadeler kiimesi) daha fazla gerekgeye ihtiyag
duyulmayan dogru ve uygun ifadeleri kullanir;

2. Gegerli ve bilinen veya sinif toplulugunun kavramsal erisimi icinde olan gerekcelendirme
bicimlerini (argimantasyon bicimleri) kullanir; ve
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3. Uygun ve bilinen veya sinif toplulugunun kavramsal erisimi dahilinde olan ifade bigimleriyle
(argiman temsil bigimleri) iletilir. (s. 291)

ispat burada, 6grenenlerin akil yiritmelerini paylastiklari, argiimanlarini gésterdikleri ve
savunduklari (Jones ve Herbst, 2012) bir matematik sinif toplulugunda sosyal karakterli (Alibert ve
Thomas, 1991) bir 6grenme aktivitesi olarak kavramsallastirilmistir. Bu nedenle, ispat, matematiksel bir
sav ile baglantili bir iddialar dizisinden olusan ve sinif toplulugunda kabul edilebilir bir ispat olusturacak
bir normu barindiran matematiksel bir argiman olarak gértlmektedir.

Arastirmanin Amaci ve Arastirma Sorulari

Bir 6gretmenin ispat anlayisinin, siniflarindaki tartisma tirleri tGzerinde ¢ok 6nemli bir etkiye sahip
oldugunu goz 6niinde bulundurdugumuzda, 6grencilerin ispat konusunu yeterli bir sekilde anlamalarini
saglamak icin matematik Ogretmenlerinin ispat konusunda saglam temelli bilgiye sahip olmalari
o6nemlidir. Bununla birlikte, cok az sayida g¢alisma, matematik 6gretmenlerinin gerekcelendirme ve ispat
kavramlarini 6gretmek icin gerekli bilgiyi nasil 6greneceklerine odaklanmistir. Bu arastirma ile bu 6nemli
boslugun doldurmasina katki saglanacagi distiniilmektedir. Arastirma, ilkokul ve ortaokul 6gretmenleri
icin hazirlanan ispat 6gretme ve 6grenme odakl bir mesleki gelisim kursunun gozlemsel bir ¢alismasini
icermektedir. Bu nedenle, bu ¢alismanin dnemli bir amaci, 6gretmenler ispat etkinlikleriyle ugrasirken
ispatla ilgili matematiksel uygulamalarin dogasini arastirmaktir. Calismanin ele almak istedigi temel soru
asagidaki gibidir:

Ogretmenlerin ispatlama ile ilgili aktivitelerle etkilesimlerinin niteligi nedir?

Arastirma sorusunu ele alirken, calismada ispatin 6gretilmesi ve 6grenilmesiyle ilgili cesitli hususlari
gdz onlinde  bulundurulmaktadir, bunlar:  6gretmenlerin  verilen  bir  etkinligi  nasil
arastirdiklari/kesfettikleri, varsayimlari nasil gelistirdikleri ve nasil gerekcelendirdikleridir.

Yontem

Ogretmenlerin ispat etkinliklerine katiimini ayrintili bir sekilde arastirmak ve belgelemek igin 6rnek
olay galismasi metodolojisi kullaniimistir. Creswell (2007), 6rnek olay ¢alismasini “sinirli bir sistem iginde
bir veya daha fazla olay araciligiyla arastirilan bir konunun galisiimasini” iceren ve bir olay veya olaylari
zaman icinde detayli, birden fazla bilgi kaynagini iceren derinlemesine veri toplama yoluyla ele alan bir
yontem olarak tanimlamaktadir (s. 73). Ornek olay calismasi metodolojisi, bu arastirma sorusunu ele
almak icin hem faydali hem de uygundur ¢linkii 6rnek olay ¢alismasi hem tanimlayict hem de aciklayicidir
(Yin, 2006).

Baglam

Bu g¢alismanin baglami, 6gretmenlerin ortaokul siniflarinda etkili bir sekilde ispat 6gretmek igin
gereken matematiksel bilgi ve beceriler kazanmak igin ispata yonelik aktivitelerle etkilesimlerini
saglamak Uzere tasarlanan “Ogretim icin Matematiksel Bilgi: Matematiksel Akil Yiriitme,
Gerekcelendirme ve ispat” baslkli iniversite temelli bir mesleki gelisim kursudur. Yakin zamanda
Midwest, ABD'de bulunan biylk bir arastirma liniversitesinde 14 haftalik ders gézlenmistir.

Bu calismada odaklanilan ders, deney, varsayim, genelleme, akil yiritme ve gerekcelendirmeyi
vurgulamaktadir. Kurs boyunca 6gretmenlerin, ispat temelli etkinlikleri gesitli sekillerde disinmelerine
ve anlamalarina yardimci olmak igin gesitli sinif i¢i ve sinif disi etkinliklerde bulunmalar beklenmistir.
Ogretmenlerin, dnceki sinif oturumunda tartisilan icerigi 6zetleyen ve genisleten, sinif disinda haftada iki
kisimdan olusan bir ev 6devini tamamlamalari ve bir sonraki sinif oturumunun odaklandigl konulara
katilmalari i¢in hazirlanmalari beklenmistir. Analiz boliiminde, sinif icinde ve disinda kullanilan gérevlere
ornek verilmistir.
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Katilimcilar

Ders egitmeni Jane', katiimc okul bélgesinden bir ortaokul matematik dgretmeni lideri ve
Universitenin matematik boliiminden (matematik danismani olarak gérev yapan) bir egitmen tarafindan
desteklenen bir matematik 6gretmen egitimcisidir. Bu dersi vermeden once, Jane bagka bir ortaokul
matematik uzmanhgi programindaki dersler de dahil olmak Uzere bes yildan fazla bir siire boyunca
ogretmenlik icin matematiksel bilgiye odaklanan matematik dersleri vermistir.

Derse kayith 12 6gretmen (11 kadin, 1 erkek) ortalama dokuz yillik ortaokul diizeyinde matematik
ogretmenlik tecribesine sahiptiler.

Veri Toplama

Birincil veri kaynag, sinif igi katiimci 6gretmenlerin ¢alismalari ve etkinliklere verdigi yazili cevaplari
ile birlikte sinif gdzlemleridir. Bunlar, siniftaki 6gretmen g¢alismalarini, ders egitmeninin ders dncesi ve
sonrasl sinifin yansimasini ve 6gretmenlerin okuma ve sinif yansimalarini icermektedir. Tim sinif
toplantilari 2014 Gz dénemi boyunca gézlemlenmistir (her biri (i¢c saat olmak lizere toplam 13 gozlem).
Gozlemler sirasinda, tahtaya yazilanlar ve kim tarafindan yazildigi, egitmenin icerigin ve icerik igin
sunulan motivasyonun nasil sunuldugu, ne tir gorevlerin sunuldugu ve bu gorevlerin nasil kullanildig ve
tartismalarin nasil yapildigi hakkinda notlar alinmistir. Genel anlamda, gézlemler, alan notlarinin alinmasi
ve sinif etkinliklerinin video ve ses kayitlarindan olugmaktadir.

Veri Analizi

Analizin ilk asamasi, her oturumdan sonra sinif goézlemine iliskin bir yansima yazmakla baslamistir. Bu
yansimalarda, oturumun ilging yonleri ve ¢oklu oturumlarda meydana gelen baglantili uygulamalar
vurgulanmistir. Analiz sirecinin baylk bir kismi, sinif ¢alismalari gézlemlerinde, alan notlarinda ve
o6gretmenlerin galismalari dahil olmak Uzere calismalarindaki temalari ve ders egitmeni ve 6gretmenler
tarafindan yazilan yansimalari icermektedir. Glaser ve Strauss’un (1967) surekli karsilastirma yontemi,
sinif uygulamalarini, sinifta neler oldugunu anlama agisindan analiz etmek igin kullaniimistir. Amag, ders
egitmenin ve 6gretmenlerin ispat ile ilgili etkilesimlerindeki diizenlilikleri veya temalari belirlemektir.

Bu analitik slire¢ i ana asamadan olusmustur. ilk asamada transkriptler olusturulmus, yani
katiimcilarin tartisma sirasindaki jestleri ve tahtadaki yazili ¢calismalari da dahil olmak lzere tim ilgili
faaliyetler video transkriptlerine dahil edilmistir. ikinci asamada, analitik siirec, 6gretmenlerin ispat ile
ilgili etkinliklere katilimlarinin niteligine goére bolimlere ayrilmistir. Bu asama, sinif tartismalarinin
arastirma ile gerekcelendirme asamalarina gore siniflandiriimasini icermektedir. Son asamada, sinif
tartismalarindaki ifadeler strekli karsilastirmali bir yontem kullanarak kodlanmistir (Glaser ve Strauss,
1967).Burada, Ogretmenlerin ve egitmenlerin tartismalara katilimi yonlerine, yani 6gretmenlerin
gerekgelendirme ve ispat etkinlikleri icerisindeki sorgulamalara (6rnegin, 6gretmenlerden ispat etkinligi
sirasinda tartismalarina bir 6rnek vermelerini istemek gibi) odaklaniimistir. Agik kodlamaya ek olarak,
Stylianides (2007) tarafindan sunulan ispat tanimi, gecerli bir matematiksel ispatin ¢ o6zelligi (kabul
edilen ifadeler kiimesi, tartisma bicimleri ve argiiman temsili modlari) bu calisma icin analitik cerceve
olusturmustur. Bu analitik asamalari tamamladiktan sonra, verilerde ana temalar veya kaliplar
tanimlanmis ve ispatin 6gretilmesi ve 6grenilmesiyle ilgili gesitli yonlere odaklanarak 6gretmenlerin
derste nasll ispat etkinlikleriyle etkilesimde bulunduklarini gésteren genel kategoriler ve / veya kategori
kombinasyonlari olusturmustur.

Kodlama diizeninin givenilirligini kontrol etmek igin, ikinci bir matematik egitimcisi sinif gdzlem
verisinin % 25'ini okuyup kodlamistir. Kodlama semasi igin puanlayicilar arasi giivenilirlik orani yaklasik %
90 olarak bulunmustur. Uyusmazliklar kodlar karsilastirilarak tartisilmis ve ¢ozilmistir. Son olarak
veriler bu diizenlemelere uygun sekilde yeniden kodlanmistir.

+

Tim katilimci adlari takmadir.
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Bulgular

Mesleki gelisim kursunun sinif ici gozlemleri, 6gretmenlerin ispat etkinlikleriyle nasil mesgul
olduklarini ortaya g¢ikarmistir. Bu bolim, ¢alismanin sonuglarini sunmayr amacglamakta ve temel
arastirma sorusuna cevap verecek sekilde diizenlenmistir. Bu bolimde, 6gretmenlerin, ilgili temalar igin
sikhik sayimlarinin yani sira sinif tartismalarindan temsili alintilar da dahil olmak Gzere, ispat ekinliklerine
katimlarinin genel bir temsili bulunmaktadir. Bu sonuglarin raporlanmasinda temalar, bireysel
ogretmenlerin katkilarindan ziyade bitin sinif tartismalarina dayanarak belirlenmistir.

ispat Aktiviteleriyle Ekilesimlerinin Niteligi

Asagidaki alt bélumlerde, ispat aktivitelerinin iki asamasi (arastirma ve gerekgelendirme ve ispat)
actklanmis ve tartisilmistir. Her bir asamanin analizi netlik icin ayri ayri yazilsa da, cogu durumda, ispat
aktivitelerinin bu asamalarinin birbiriyle iliskili oldugunu ve ¢ogu zaman ayri ve dogrusal aktiviteler
olarak ortaya ¢ikmadigini not etmek énemlidir.

Problem veya varsayimi arastirma. Ogretmenlere, dersin ilk yedi haftasinda 11 farkl ispat etkinligi
verilmistir. Bu etkinliklerin dokuz tanesi 6gretmenlerin matematiksel varsayimlar gelistirmelerini
gerektirirken, iki tanesi 6gretmenlere varsayim olarak verilmis ve bu varsayimi ispatlamalari istenmistir.
Dersi veren egitmen Jane, genellikle, 6nce katilimci 6gretmenlere verilen etkinlikleri agiklamistir ve
O0gretmenlerden 3-4 kisilik gruplar halinde galismalarini istemis ve daha sonra bu etkinliklerle ilgili
o6gretmenlerin olusturdugu argiimanlari tim sinif iginde tartisarak sunmalarini istemistir. Asagida
ayrintili olarak tartisilacagl gibi, 6gretmenler siklikla orlinti arama, 6rintl tanimlama, varsayimlar
gelistirme, genellemeler yapma ve argimanlariyla ilgili aciklamalar ve gerekgeler sunma gibi
matematiksel aktivitelerde bulunmuslardir. Ayrica, 6gretmenler genellikle ispat etkinliklerini veya
varsayimlari anlamlandirmak igin drnekler ve farkh temsil turleri kullanmiglardir.

Ogretmenlerin ispat ile ilgili etkinlik kodlarini ve arastirma asamasina katilimlarinin niteligini
tartismak igin asagida bir sinif igi tartisma alintisi sunulmustur. Bu etkinlik yalnizca verilen soruyu
kesfetme ve Urettikleri varsayimlari degil, ayni zamanda katihmlarindaki genel temalari da
orneklendirdigi icin 68retmenlerin ispatlama ile ilgili aktivitelere katiliminin tipik bir 6rnegini temsil
etmek lizere secilmistir. Ogretmenler, sinifin ilk haftasinda bu aktivite {zerinde yaklasik 2 saat
ugrasmislardir. Ogretmenlere, ikili sayi sistemini olusturmak icin kullanilan 'Weights Problem-Agirlik
Problemi' sunulmus olup grup olarak soruyu ¢ézmeleri ve problemle ilgili varsayimlar gelistirmeleri
istenmistir.

Weights Problem

1-10 oz
(Whole ounces only)

2?7
| I
N

Herhangi bir pargacigi tartmak igin ihtiyaciniz olan en az agirhik nedir?

Parcacik 20 oz kadar olsaydi ne olabilir? 100 oz olsaydi? Ekstra kredi: n oz olsaydi?

Figure 1. Agirlik Problemi
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Problemle ugrasirken, her grup ise yarayacak agirliklar icin olasi kombinasyonlar belirlemis ve tim
gruplar 10 onsa kadar olan agirliklar durumunda deneme yanilma yontemini kullanmistir. Ancak, gruplar
gereken en az sayidaki agirhgi bulmaya odaklanmamistir (Etkinligin problem durumunda istenen en az
sayidaki agirhgi bulmaktir). Her grup 1, 2, 3 ve 10'nun katlarindan en az bir agirhgi kullanarak 20 ons ve
100 ons durumlarina hizlica ge¢mis ve 1, 2, 3, 5, 10, 20, 30 ve 50'nin farkli kombinasyonlari
kullanmiglardir. Ancak, gruplarin hicbiri, en verimli ikili yontemi (1, 2, 4, 8, 16, 32, 64) ortaya ¢ikarmaya
veya fark ettikleri orlintileri genellestirmeye yakin degildi, bu ylizden Jane onlardan 1-100 ons arasinda
herhangi bir parcacignn agirligini belirlemek icin sadece 7 agirlik kullanabilip bilemeyeceklerini
arastirmalarini istemistir. Bir siire kendi gruplarinda calistiktan sonra, gruplardan higbiri istenen ikili
¢6zlim yoéntemine ulagmadi ve 6gretmenler problemi daha iyi anlamak igin problem durumuyla ilgili
aciklayici sorular sormaya bagladilar.

Jane’in 7 agirlik kullanmalarini istemesi, 6gretmenlerden Lora’nin 1-100 ons arasindaki bir parcacigl
hesaplamak i¢in yeni bir kombinasyon (1, 2, 3, 7, 14, 28, 56) ortaya ¢ikarmasina yardimci oldu. Jane daha
sonra siniftan Lora’nin ¢6ziimini tartismasini istedi. Ogretmenler, 7'den sonraki agirliklar icin
yonteminin iki katina dikkat cekti, ancak 7'de baslayan orintiiniin veya bu kombinasyonun nasil
¢alistigini agiklayamadilar; bunun yerine, Lora'nin yontemini 1-100 oz igin tiim olasi agirhk pargaciklarini
tartip tartamiyacaklarini gérmek igin birkag 6rnek test ettiler. Bu noktada Jane, Lora'dan akil ylritmesini
actklamasini istedi:

Lora: Sey bildigini saniyordum, aralarinda sayi var mi, sanirim gegerek herhangi bir saylyl bosa
harciyor musun, sanirim, bu yiizden disinmeye basladim, su ana kadar ne elde ettigimle ne
yapabilirim, 2 ve 3, orada basladim, 6 yapabilirim, bu ylizden bir 7'ye ihtiyacim var, o zaman
dedim ki... ve 7 ile hepsini bir araya getiren bir rekombinasyon yapabilirim, bdylece 7, 10, 12
ekleyebilirim. 13, simdi 14'e ihtiyacim var, 14'ten itibaren bitin bu kombinasyonlari bir araya
getirip 27'ye ulasabiliyorum, simdi 28'e ihtiyacim var ve sonra 28'e hepsini eklemeliyim 55'e
¢ikiyorum, simdi buna yakinim 100 dogru?, bir numaraya daha ihtiyacim olacak ve bu 56 olacak.

Lora ne yaptigl hakkinda bir agiklama yapmistir, ama yénteminin nasil veya nigin ise yaradigina dair
bir gerekgce sunmamistir. Daha fazla gerek¢eye gerek duymadan, Jane, siniftan ayni mantigi kullanarak
1'den baslamasini istedi ve daha sonra, yontemin aslinda 2'nin katlarini olusturdugunu gérmelerini
sagladi.

Kim: O zaman 2 olur ve sonra 3 yapabilirsin,

Anne: 3'Umuz var, bu ylizden 4'e ihtiyacimiz var... simdi 5 yapabiliriz... 6 yapabiliriz, 7 yapabiliriz
Jane: peki sonra neye ihtiyacimiz var?

Kim: 8'e ihtiyacimiz var

Lora: 16, simdi ikiye katliyoruz, neredeyse ikiye katliyoruz... 32

Lora, ikiye katlama 6zelligini burada hizli bir sekilde tanidi; bu da, onun 6nceki akil yiratmelerinde
ikiye katlamanin 6nemini kavradigini gostermekte ve bu akil yiritme sinifin hizli bir sekilde ikinin
katlarini gérmesine temel hazirlamis oldugunu goéstermektedir. Butlin sinif tartismasinin bir sonucu
olarak, sinif 1, 2, 4, 8, 16, 32 ve 64 agirliklari ile 1-100 oz arasinda herhangi bir agirlik pargasini
tartilabilecegini ifade edip, hizli bir sekilde ikinin katlari orlintlisini tanidilar ve Lora'nin akil
ylriatmesiyle karsilastirdilar: "ayni sey [Lora'nin mantigi ile ayni]; 3'e gerek duymamaniz disinda [Lora'nin
akil yiriitmesinde 3 agirligida mevcuttu] her zaman iki katina ¢ikiyorsunuz. ” Bu nedenle, oriintiiniin her
zaman iki kat olarak devam ettigini belirleyerek (6riinti tanimlama), ikili yontem igin hizli bir genelleme
(genelleme yapma) yaptilar. Yedi hafta boyunca, 6gretmenler etkinlikleri kesfettikleri durumda sekiz kez
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ortntl aradi (6rantl arama kodu sadece 6gretmenler tiim sinif tartismasi sirasinda orintd aradiklarini
ozellikle soylediklerinde kodlanmistir) ve problemle ilgili 6rinti tanimlayip (20 kez), varsayimlari
dogrultusunda matematiksel bir yapi (20 kez) belirlediler. Bir o6riinti veya matematiksel yapiyi
tanimladiktan sonra, 6gretmenler problemi arastirma asamasinda genellemeler (29 kez) yapmaya
cahstilar.

Her ne kadar ogretmenler bircok kez genelleme yapmis olsalar da, nadiren bu genellemelerin
gerekeelerini veya ispatlarini gelistirilmistir. Ornegin, asagidaki alintida Kim ériintii icin genellemesini
actklamis ancak genellemenin neden ise yarayip ya da her zaman ise yarayip yaramayacagina dair
herhangi bir gerekge sunmamisitir:

Kim: [1,2,4,8,16,32,64 isaret ederek], yaptigimiz seydeki Orlintliyi goérebiliyorum, hepsinin
gosteriminin Ussel oldugu yere geldigimizde, bdylece n'nin aradigimiz evre olup olmadigini
gormeye basliyorsunuz, buda 2 Gzeri n eksi 1 olacaktir, hepsini bulmak icin, bdylece sizi 1000'e
goturecektir...

Kim'in genellemesinde oldugu gibi, 6gretmenlerin bu tir genellemelerin neden dogru oldugu ve
matematiksel olarak nasil gegerli oldugunu agiklayamamalarina ragmen, genellemeler sinif toplulugu igin
matematiksel olarak dogru gerekgelendirme veya ispat olarak kabul gérmistir. Jane, 6gretmenlere bu
tir genellemelerin dogru gerekgelendirildigi ya da ispat olarak yeterli olup olmadigi hakkinda sorular
sorarak onlarin genellemelerini sik sik sorgulamaya calismistir. Ornegin, Jane, Kim'e genellemesinin
neden 1000 igin ¢alistigini, “bu nasil ¢alisacak, bize bin icin nasil olacagini goster” diyerek aciklamasini
istedi. Kim, 1000 oz agirlik i¢cin “2'nin 1000 eksi 1 kuvveti olacaktir, buda 2'nin 999. kuvveti olacaktir.” Bu
genellemenin tartismasina ve Jane'in gerekcelendirme ve ispat icin zorlama girisimlerine devam
etmesine ragmen, 6gretmenler yalnizca gesitli orlintller tespit edip birkag varsayim gelistirebildiler ve
matematiksel gerekgelendirme veya ispat gelistirmediler.

Ogretmenler, varsayimlarinin genel olarak érneklerle nasil calistigini aciklamaya odaklanmiglardi
ancak agiklamalari, asagidaki alintida gorildigi gibi dnceki agiklamalardan matematiksel olarak daha Ust
seviyedeydi:

Jane: Oyleyse bunlarla dlgebilecegimiz maksimum agirlik nedir?

Clara: ... ondan 6nceki her seyin numarasi, arti, topladigi ve bir sonraki sayi, ve bir sonraki sayi
bir sonraki kuvveti, degil mi? dyleyse 2'den 5'e kadar, 2'den 5'e kadar her sey 2'ye 5'e dahil
olmak Uzere 63'e esitse, 0 zaman 2'den 6'ya kadar 64 olmak zorunda degil mi? ve boylece 325'i
soylemeye ihtiyaciniz oldugunda, o kuvvetin arti Gstlindeki her seyin 325'e esit veya daha biylk
olmasi gerektigi noktasina gelmelisiniz, degil mi?

Yukaridaki 6rnekte goraldiigu gibi, 6gretmenler, ispat etkinliklerinin arastirma asamasinda fikirlerini
actklamak igin 6rnekleri (toplamda 6rnek kullanimi 58 kez kodlanmistir) kullanmislardir.

ispat etkinlinklerini kesif asamasinda, 6gretmenler varsayimlar gelistirdiler (26 kez) ve bu varsayimlar
tzerinde akil yurittiler. Ornegin, Anne'nin cevabinin neden ise yarayip yaramadigini agiklarken, Carol
sunu belirterek yeni bir 6rintu belirledi: “2'nin Gglinci kuvvetinde 10'u elde ediyorsunuz, 2’nin altinci
kuvvetinde 100'U elde ediyorsunuz, boylece ben 3, 6 ve 9 da bir 6riintli gérliyorum”. Carol’in gerekgesini
genisleterek, Kim agik bir varsayim gelistirdi ve bunun icin bir gerek¢elendirme yapti:

Kim: ve 2'nin 9.kuvveti size 1000'i veriyor... 10'un bir sonraki kuvvetine ulasmak icin 3 ek agirliga
ihtiyaciniz var, yani 1000'e ulasmak icin, 10'a ¢tkmak icin 3 ek agirliga ihtiyaciniz var, yani bir
sonraki asamada ne olursa olsun, 1000'den sonra, 10.000 ve sonra 3 ek agirliga ihtiyaciniz
olacak
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Kim’in gerekgelendirmesi, bir orlintl Gzerinden Ornek tabanh bir akil yiritmeye dayanmaktadir.
Sinif, bu varsayimin neden her zaman dogru oldugu Uzerinde durmayip, tartismalarini 10'nun kuvvetleri
ve bunlara karsilik gelen éruntiiler elde edilmek lizere devam ettirdiler. Bu son tartisma 6gretmenlere
yeni genelleme firsati vermesine ragmen, sinifi, herhangi bir pozitif tamsayinin 2’nin katlarinin toplami
olarak temsil edilebilecegi temel fikrinden uzaklastirdi. Ustelik, 6gretmenler yaptiklari genellemelerinin
neden herzaman dogru olmasi gerektigine dair matematiksel gerekgeler Uretmediler. Bu nedenle,
yukarida gorildugi gibi, 6gretmenler siklikla bir 6rlintli veya matematiksel yapi tanimlamis, varsayimlar
gelistirmis ve genellemeler yapmistir, ancak daha az siklikla matematiksel gerekgelendirme ve ispat
dretmistir.

Ozetle, yukarida sunulan alintilar, dgretmenlerin matematiksel gerekcelendirme ve ispat iiretmeleri
beklenen bir etkinlige katilimlarinin niteligini goéstermektedir. Sonuglar 6gretmenlerin arastirma
asamasina basarili bir sekilde yaptiklarini ve mesleki gelisim kursunda kullanilan etkinliklerin
ogretmenlere orlintlleri ve matematiksel yapilari tanimlamak, varsayimlar gelistirmek, genelleme
yapmak ve nadiren de olsa matematiksel gerekcelendirme yapmak icin zengin firsatlar sagladigini
gostermektedir. Ogretmenler ayrica problemleri arastirmak ve diisiincelerini agiklamak igin &rnekleri
kullanmiglardir. Ancak 6gretmenlerin bu tur etkinliklerle etkilesimlerinin niteliginde sik sik eksik olan,
iddialari icin matematiksel gerekgelendirmeleri veya ispatlari Gretememeleri olmustur. Spesifik olarak,
bir orliinti ya da altta yatan bir yapi belirledikten ve bir genelleme yaptiktan sonra, 6gretmenler
varsayimlari igin bir gerekcelendirme ve ispat Gretme ihtiyaci gérmediler (Dersi veren egitmenin buna
zorladigi durumlar harig). Matematiksel bir gerekgelendirme lretme geregi gormemelerinin ana nedeni,
ispatlarin islevini anlama eksikligi ve tiimdengelimsel arglimanlar olusturmalarini saglayacak
matematiksel icerigi anlama eksikligi gibi kavramsal araglara sahip olmamalari gosterilebilir.

Matematiksel gerekgelendirmelerin ve ispatlarin siniflandiriimasi. ispat etkinliklerinin ikinci
asamasi, 6gretmenlerin gelistirdigi matematiksel gerekcelendirmelere ve ispatlara odaklanmaktadir.
Genel olarak, ogretmenler cesitli gerekcelendirmeler (rettiler ve bu gerekcelendirmeler lg¢ ana
kategoride siniflandirilabilir. Eger 6gretmenin gerekgelendirmesi, Stylianides’in (2007) 6nceden verilmis
Uc ispat karakteristigini sagliyorsa, timdengelimsel bir argiiman olarak kodlandi; eger bir
gerekcelendirmede tiimdengelimsel argiman ozellikleri varsa, ancak argiman modu agisindan tam
degilse veya alandaki tim olasiliklari hesaba katmadigl takdirde, tamamlanmamis argiiman olarak
kodlandi; eger bir gerekcelendirme, bir iddiay! desteklemek icin ampirik kanitlara dayaniyorsa, bu 6rnek
temelli bir argiiman olarak kodlanmistir. Bu son durumda, 6gretmenler 6rnek temelli bir argiimanin
sinirliklarinin  farkinda olsalar da (daha sonraki kisimda ayrintili tartisilacak), yine de bu tlr
gerekgelendirmeler Urettiler.

Asagida sunulan alintilarda, lg¢ farkh gerekgelendirme kategorisine 6rnek sunmak amaciyla,
o6gretmenlerin su matematiksel varsayimi arastirdiklari arglimanlar verilmistir:

Julie, n? + n ifadesinin n 1, 2 ve 5 iken cift sayi oldugunu fark eder. Bunun tim n dogal sayilar
icin gecerli olup olmadigini, ya da buldugu 6rintiinin ileride bozulup bozulmayacagini merak
etmektedir. Bu ifade tim n sayilar icin dogru mudur? Oyleyse neden? Dogru degilse, ne
zaman dogru olmaz?

Julie’nin varsayimini inceledikten sonra, 6gretmenler argiimanlarini tim sinifa sundu ve bunlar
cogunlukla 6rneklere dayanan argiimanlardi. Asagidaki argimanlar 6gretmenlerin Urettigi 6rnek temelli
arglimanlara érnek olarak verilebilir:

“Bess: Sadece formildeki sayilari yerine yerlestirerek her seferinde bunu fark ettim. Ne olursa
olsun, ¢ift ya da tek sayilar ekleseniz bile sonug daima bir ¢ift sayidir... Ve biz sadece dogru olup
olmadigini gérmek igin 11 gibi, baska bir rastgele sayi denedik... ”

“Jack:... Ben de... ayni fikirdeyim [Beth’in arglimanini isaret ederek]. Mesela, bir degerler
tablosu hazirladim ve n igin degerleri denedim ve sonra n kare arti n'nin her zaman ¢ift bir sayi
oldugunu farkettim... ”
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Burada, Bess ve Jack birkag ornegi test ederek ikna olmus ve her zaman herhangi bir sayi igin ise
yarayacagina inaniyor gibi gorinmektedirler, ancak ikisi de argiimanlarinin sinirhliklarinin farkinda
olduklarini gostermemektedir.

Asagidaki alinti, tamamlanmamis bir argiimani temsil etmektedir, ancak bu durumda 6gretmen,
genellemesini yaparken genel bir 6rnege (belirli bir 6rnegin 6zelliklerine dayanmadan genel muhakeme
yapisini ortaya cikaran belirli bir 6rnek) dayanmaktadir.

Kim: ... Hmm, oyleyse yaptigimiz sey, faktori icinde olan iki gruba benziyor, yani - karesini
aldigimiz sayi ile, 5 gibi, bunu 2 + 2 + 1 seklinde pargalayabilirsiniz ve bunu dagitirsaniz 10 + 10 +
5 elde edersiniz. Oyleyse, bilirsin ki, bu 2 li gruplar, onlarin, bilmiyorum. Ve sonra bu iki tek
saylya sahipsiniz ve bir tek sayiyl alip baska bir tek sayiya eklediginizde, bir ¢ift sayi elde
edeceginizi biliyoruz. Yani ekliyorsunuz -

Mandy: bu bes...

Kim: Burada aldigin bes, 25 i elde etmek igin. Fakat, burasi, o ¢iftlerin oldugu yer. Orasi dogru
mu? Ve bu ise yariyor mu -bilmiyorum - dyleydi - uzun zaman aldi yapmam.

Figure 2. Kim'in posteri

Jane ondan gerekgesini agiklamak icin 9 6rnegini kullanmasini istedi ve Kim, ilk 6rnegini agiklamada
kullanilana benzer bir agiklama yapti. Burada, tek sayilarin tanimini “iki gruplarinin bir fazlasi” olarak
kullandi.

Kim: Dokuz kez, ve sonra 2 art1 2 arti 2 arti 2 art1 1 olacak. Art1 9 [Kim'in posterinin altinda]. Yani,
2,4, 6, 8, evet, sanirim hepsi 2, art1 9, art1 9’a bolunebilen 18 arti 18 art1 18 arti 18 olur.

Yine de, hem Jane hem de sinif bu arglimanla tam olarak ikna olmadi. Jane, Kim'den temsilinin tim
tek sayilar icin genellenebilir olup olmadigini sordu. Kim, “n kare arti bir kag kez n kare almak icin ileri
geri calistim ve kontrol ettigim her sayi, bu pek fazla olmadi - sadece 5 ve 7'yi kontrol ettim, sadece beni
oraya gotirdidginden emin olmak igin." Genelleyici bir 6rnegin matematiksel olarak dogru bir
gerekgelendirme olarak 6nemli bir yoni, belirli bir 6rnekten daha fazlasi igin gegerli oldugunu gosteren
bir dil icermesi gerektigidir. Kim, cebir-sembolik temsili kullanarak 6rnegini tiim sayilara genelledi, ancak
arglimaninin tim sayilar icin nasil ve neden calismasi gerektigine dair gegerli bir gerek¢e sunmadi. Bunun
verine, temsillerini 2 sayi icin sinayarak érnek-temelli akil ylritmede bulundu. Bu nedenle, tiim sayilar
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icin genel bir temsili olmasina ragmen, bu argiiman basarili bir argliman modu icermemektedir. Clinki
sinif tarafindan kabul edilen ve tim durumlari yeterince ele alan bir gerekge liretememistir. Bu nedenle,
tamamlanmamis (eksik) bir argiimandir. Yedi hafta boyunca, 6gretmenler tarafindan en sik Uretilen
argliman tird tamamlanmamis (eksik) arglimanlar olmus ve on dokuz kez Uretilmistir.

Son olarak, 6gretmenler gozlemlenen yedi hafta boyunca alti kez timdengelimsel argiimanlar
Urettiler. Bu argiimanlarin bazilari genelleyici 6rneklere dayanan ispatlardi ve bazilari cebirsel ispatlardi
(sembolik temsillere dayaniyordu). Tim timdengelimsel arglimanlar cebirsel-sembolik temsil icermistir.
Ornegin, dgretmenler gecerli bir genelleyici érnek argiimanina ragmen cebiri kullanmaya calistilar.
Asagidaki alinti, timdengelimsel bir argimanin temsilcisidir.

Lora: Tamam. Yani ... Sanirim, bunu iki esit parga olarak diigliniyorum. Onu ikiye bolerek. n kare
arti n'yi aldim ve 2n, n'mi temsil etsin, yani cift sayi olacak. Boylece, n kare arti n - 2n kare arti
2n - sizi suna goturdr, bu da 2n ile ¢carpanlara ayrilabilir. Bu yizden, yine, her zaman iki esit
parcaya geri donlyoruz. 2 ile garpiyorsunuz, iki parcaya bélebilirsiniz, eslestirebilirsiniz. Um, bu
ylizden bir cift ile bir tek sayi size bir ift verecek. iste bir cift, iste burda bir tek, birlikte
aldiklarinizi carparsaniz bir gift sayi elde edersiniz. Bu size mantikli geldimi? ...Tamam. Oyleyse,
eger dyleyse, n, 2n arti 1 olan bir tek sayiysa, n kare arti n sizi tekrar ikiye katlayabileceginiz bir
seye gotirir. Oyleyse, ayni zamanda bir ¢ift sayi olur, ¢iinkii 2 bunun bir ¢arpanidir.

H An 71 =1

Figure 3. Lora’nin posteri

Burada, Lora ilk 6nce terimleri tanimlamis (kabul edilen ifadeler kiimesi), daha sonra arglimanini
sunmak icin cebirsel-sembolik gosterimleri kullanmis (argliman gosterimleri kiimesi) ve sonunda
argimanini (argiman modu) aciklamistir. Temsillerinde bir kusur olmasina ragmen (yani, sayilari 2n
olarak tanimladi ve daha sonra 2n = n dedi), argiimani, gegerli bir ispat olma kriterlerini karsiladigi igin
tiimdengelimsel bir argiman (ispat) olarak kodlandi.

Tartisma

Bugline kadar, bazi arastirmacilar, 6gretmen adaylarinin ve 6gretmenlerin ispat anlayislari, gegerli
matematiksel arglimanlari belirleyememeleri, gecerli gerekcelendirmeler ve ispat (iretme becerilerindeki
eksiklikler ve K-12 dizeyinde ispati 6gretmek icin gerekli alan bilgisi eksiklikleri hakkinda fikir vermistir.
(6rn., Knuth, 2002b, 2002c; Bieda, 2010). Bu calisma, ortaokul 6gretmenlerinin, 6zel olarak ispat
o6grenimi ve Ogretimi icin gerekli olan alan bilgisini gelistirmek igin tasarlanmis bir mesleki gelisim
kursundaki ispat etkinlikleriyle etkilesimlerini ortaya koyarak literatiire katkida bulunmaktadir. Bulgular,
O6gretmenlerin ispat ile ilgili etkinliklerle gesitli yonleriyle (arastirma/kesif, gerekce ve ispat) anlamh bir
sekilde ugrastiklarini géstermektedir - bu bulgular derste kullanilan ispat etkinliklerinin 6gretmenlere
ispat 6grenimi icin zengin imkanlar sundugunu gostermekte ve potansiyel olarak kendi 6grencilerini bu
tlr aktivitelere katilmalarina yardimci olabilecek gerekli icerik bilgisini de gelistirdiklerini gostermektedir.
Genel olarak, bulgularin sunumunda yer almamasina ragmen, 6gretmenlerin ders sirasinda ortaya ¢ikan
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yeterliliklerini ispat etkinliklerinin tim asamalarina katilarak fark edilebilir bir iyilesme gosterdikleri
sdylenilebilir. Ogretmenlerin matematiksel gerekcelendirme ve ispat ile ilgili zorluklari gdsteren
literatlri goz 6nunde bulundurdugumuzda, bu gelismeler 6nemli ve Umit vericidir, ¢linkii mesleki
gelisim kursunun o&gretmenlere gergekten yardimci olabilecegini ve bu zorluklarin Ustesinden
gelebileceklerini gostermektedir. Bununla birlikte, bulgular 6gretmenlerin gosterdikleri bu gelisimin
yaninda birgok yonde ispat ile ilgili anlayislarini -6zellikle neyin gegerli bir matematiksel argiiman olarak
sayllacagl, tiimdengelimsel argiimanlarin nasil olusturulacagl ve argiimanlarin nasil degerlendirilecegi-
konularinda gelistirmeleri gerektigini de ortaya koymaktadir. Ogretmenlerin ispatlama ile ilgili
etkinliklerde zorluk c¢ekmesi, 6gretmenlerin ispat kavramlarina iligskin literatir dikkate alindiginda
sasirtict bir sonug degildir. Ayrica, bu sonucu, 6gretmenlerin ispat kavrami anlayiglarini kendi sinif
uygulamalarini yansittigi da dikkate degerdir; 6gretmenler, genellikle 6grencilere ispat ile ilgili
etkinliklerde arastirma asamasi icin gerekli zamani ve firsati vermekte, ancak 6&grencilerini
timdengelimsel argiimanlar lretmeye veya argiimanlari degerlendirmeye tesvik etme egiliminde
degillerdir (Bieda, 2010).

Bu calismanin sonuglari, 6gretmenlerin, matematiksel olarak daha sofistike gerekcelendirmeler ve
ispatlar gelistirmelerini kisitlayan, ispat ile ilgili etkinliklere katilimiyla ilgili ¢esitli faktorleri ortaya
koymustur. Daha once belirtildigi gibi, bu faktorler matematiksel gerekgelendirmeye ve ispat sunmaya
ihtiyag duyulmamasi (kesif asamasindan itibaren) ve cebirsel sembolizasyonun matematiksel fikirleri
ifade etmenin uygulanabilir bir araci olarak gérmemesi (gerekgelendirmeden ve kanit asamasindan)
olarak ifade edilebilir.

Gerekgelendirme ve ispat ihtiyac

Matematiksel bir gerekgelendirmenin veya ispatin nihai olarak olusturulabilmesi icin, problemin
arastirilmasi, 6rintiilerin tanimlanmasi ve genellemelerin yapilmasi (varsayimlarin gelistiriimesi) ve
ortaya atilan iddialarini desteklemek icin matematiksel arglimanlar Uretilmesi de dahil olmak Uzere
birkag asamal bir siireg izlenebilir. Polya (1954), arastirma/kesif asamasini makul bir mantik ytritme,
“yapim sirecinde” ongorerek tahmin etmeye ve denemeye dayanan bir akil ylritme olarak
tanimlamistir. Bu slire¢ bash basina bir ispat olmasa da, bir ispatin olusturulmasinin ¢ok 6énemli bir
parcasidir. Polya, ispati bu kesif asamasinin bir sonucu olarak gérmekte ve ispati “gosterici akil yiriitme”
olarak tanimlamaktadir. Bir bitiin olarak, arastirma ve kanit yapma sireci, yani “ispatlama etkinligi”,
matematik ©Ogrenimi icin bir arac olarak gorilmektedir. Ogretmenlerin ispat etkinliklerindeki
girisimlerinin niteligi de benzer bir siire¢ ortaya koydu; Ogretmenler oriintiler tanimlayarak,
genellemeler yaparak ve varsayimlar gelistirerek arastirma asamasini gerceklestirdiler. ilging bir sekilde,
O0gretmenler bazen bir oriintiiniin matematiksel gerekgelendirme ve ispat icin yeterli olduguna ve
oruntliyt bulduktan sonra daha fazla gerekgelendirme geregi duymamislardir. Bu nedenle, 6gretmenler
arastirma asamasinda siklikla basarili bir sekilde ugrasmis olmalarina ragmen bir bitiin olarak ispat
siirecini nadiren tamamladilar. Oriintiileri belirlemek ve genellemeler yapmak kesinlikle etkinligi
ispatlamak icin bir baslangi¢c noktasidir, ancak 6gretmenlerden ayrica genellemenin neden dogru oldugu
konusunda bir gerekgelendirme yapmalari beklenmektedir.

Bu mesleki gelisim kursuna katilan bitin ortaokul 6gretmenlerinin, Connected Mathematics Project
(CMP) miifredatini kendi galistiklari okulda kullandiklarini vurgulamak gereklidir. Stylianides (2005),
CMP’deki etkinliklerin % 25’inin, 6grencileri ispatlama aktivitelerine dahil etmek icin tasarlanan oriinti
tanimlama islemlerini icerdigini tespit etmistir. Bu nedenle, 6riintl tanima islemi 6gretmen mifredatinin
onemli bir parcasidir ve vyapisal olarak disiinme 6grenmenin bir yolu olabilir. Ornegin, baz
arastirmacilar, CMP'nin ispat etkinliklerinde orinti tanimlamayi gercekten cok fazla vurguladigini
disinmektedir (6rn., Stylianides, 2008; Stylianides ve Silver, 2009; Bieda, 2010), bu nedenle bu
ogretmenlerin  temel olarak o6rintid bulma ve genellemeler yapmaya odaklanmalari ancak
gerekgelendirme ve ispatl goz ardi etmeleri sasirtici degildir. Ayrica, kendi 6grencilerinin de benzer
kavramlari gelistirmeleri sasirtici degildir. Ogrencilerinin yapisal olarak akil yiiriitme yeteneklerini
arttirmak ve oriintl veya genellemenin neden yapildigini agiklamak i¢in, 6gretmenlerin 6ncelikle bu tir
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bir 6grenmeyi deneyimlemeleri ve bu anlayisi kendileri icin gelistirmeleri gerekir. Gerekgelendirme ve
kanitlama saglamadan 6riinti tanima ve genelleme ile ilgili bir bagka potansiyel problem, 6grencilerin
problemleri dogru ¢ozebilecegi, ancak stratejilerinin neden ise yaradigini agiklayamamasi olabilir. Bagka
bir deyisle, ispat etkinliklerinin arastirma asamasina (makul akil yiriitme/dusiinme) basarili bir sekilde
dahil olabilir, ancak gerekgelendirme ve ispat (gosterici akil yiritme/disinme) Gretemeyebilirler.

Oriintyi tanimlama birkag 6rnege dayanabileceginden, bu, dgrencilerin drneklere giivenmesine ve
drnek temelli argiimanlarin ispat olduguna inanmalarina neden olabilir. Ornegin, Jane, 6gretmenlerin
verdigi cevaplari dogruysa onlari zorlamadi; bu, ispat 6grenenlerin - 6grencilerin ve 6gretmenlerin -
“eger cevaplariniz dogruysa, cevaplarinizi gerekgelendirmek zorunda kalmayacaginiz anlamina gelir”
yanilgisina yol agmasina neden olabilir. Bu tir bir durumu 6nlemek icin 6gretmenler, 6grencilerden,
cevaplarinin dogru ya da yanhs olup olmadiklarina bakilmaksizin, érintilerinin ve genellemelerinin
neden ise yaradigini dastindiklerini agiklamalarini istemelidir. Ayrica 6gretmenler, 6grencilerin bir
noktadan sonra 6rintiiniin bozulacagi, yanlis varsayimlar iceren bazi etkinlikler de saglamalidir.

Cebir Kullanimi

Cebirsel veya sembolik temsil, matematiksel diistinceleri ifade etmek ve gerekcelendirmeleri ve
ispatlari sunmak icin ©6nemli bir aragtir. Bununla birlikte, literatir, K-12 6grencilerinin, gegerli
matematiksel argimanlar igin bile, argimanlarini gelistirmek ve sunmak icin cebir kullanmadiklarini
gostermektedir (6rn., Bell, 1976; Healy ve Hoyles, 2000; Porteous, 1990; Knuth, Choppin ve Beida, 2009).
Porteous (1990), 6grencilerin arglimanlarinda “neredeyse cebirsel ifadelerin hi¢ olmamasini hayal
kirikhigr yarattigin1” belirtmektedir (s. 595). Benzer sekilde, Knuth al. (2009) sadece birkag 6grencinin
sembolik cebiri gerekcelendirme ve ispatlama siirecinde kullanmaya galistigini tespit etmistir. Healy ve
Hoyles (2000), 6grencilerin bicimsel olarak (sembolik tarzda) degil, informal olarak (s6zli tarzinda)
argimanlarini ifade ettiklerini ve arglimanlarinda nadiren cebir kullandiklarini bulmuslardir. Cebirsel
sembollerin tercih edilmemesinin ardindaki bazi olasi nedenleri, sembollerin 6grencilere bir seyin neden
dogru oldugu hakkinda ¢ok az bilgi sunmasi ve formal (cebirsel) arglimanlari takip etmekte zorlanmalari
(Healy ve Hoyles, 2000) veya genel argiimanlarini ifade etmenin uygun bir yolu olarak cebirsel ifadeleri
gormemeleri olarak gosterilebilir (Knuth vd. 2009). Benzer sekilde, bu ¢alismadaki 6gretmenler de ispat
etkinlikleriyle ugrasirken cebiri ¢ok yararli bulmamuslardir. Oriintiileri ve genellemelerini temsil etmek
icin cebir kullansalar da, ozellikle ayni argliman gorsel sunumlar kullanilarak sunulabiliyorsa, sembolik
gosterimleri iceren arglimalari soyut ve anlamsiz bulmuslardir.

Ogretmenlerin ispat etkinliklerinde daha fazla gdrsel sunum ve daha az cebirsel sembol kullanma
tercihleri, 6grencilerin gorsel ve cebirsel sunumlarini kullanmalarini yansitmaktadir. Literatir,
Ogrencilerin arglimanlarinda cebir kullanmamasinin nedeni olarak 6grencilerin sinirli cebir anlayislariyla
ilgili oldugunu ve sembolik go6sterimleri kullanmak igin bilissel kaynaklara sahip olmadiklarini
gostermistir. Bu calismada 6gretmenler genellikle cebir kullanmamayi tercih etmislerdir, ki buda
ogrencilerin ispat etkinlikleriyle ugrasirken sinirli cebir kullanmalari konusunda katkida bulunan bir
faktor olarak gorulebilir.

Cebirsel temsillerin soyut dogasi nedeniyle, 6gretmenler 6grencilerine ispat kavramini daha
erisilebilir hale getirmek igin gorsel sunumlari kullanabilir, ancak bu 6grencilerin ispati tam olarak
anladigi anlamina gelmez. Aksine, 6grencilerin ispat kavramini yanhs algilamalarina neden olabilir. Bu
nedenle, 6gretmenler matematiksel aktivitelerde cebirsel semboller kullanmanin 6nemini vurgulamali
ve cebirsel sembolizasyonun gerekcelendirme ve ispat icin faydali oldugunu 6grencilerine
kavratmalilardir. Diger bir dneri, hem Ogretmenlerin hem de arastirmacilarin gorselleri ve cebirsel
sembolleri daha dikkatli iliskilendirmenin yollarini bulmak icin calismalar yapmalilardir. Ogretmenler ve
ogrenciler ispat etkinliklerinde gérsel sunumlari tercih ediyorlarsa, onlara daha fazla cebirsel ifadeler
kullanmalarini séylemek muhtemelen yetersizdir, ancak sinifta agiklayici gorsellerden cebirsel ispatlara
nasil kaydirilacagini belirlemek yararl olacaktir.
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Sonug¢

ilgili literatiir, ispat anlayiglarinin hem arastirmacilarin hem de politika yapicilarin beklentisi olan ispat
kavraminin tiim sinif seviyelerinde matematik egitiminin merkezinde olmasi gereken bir 6grenme araci
olmasi fikri 6gretmenlerin ispat anlayiglariyla ¢ok &rtismedigini gdstermektedir. Ogretmenler eger
saglam bir gerekcelendirme ve ispat anlayisina sahipse, 6grencilerinin daha iyi bir ispat anlayis
gelistirmelerine yardimci olabilirler. Bununla birlikte, ispatin 6grenilmesi ve 6gretilmesindeki en biylk
zorluklardan biri, 6gretmenlerin ispat bilgilerini ispati sinif icindeki uygulamalarina tasiyabilecek sekilde
gelistirmelerine nasil yardimci olacaginin tam olarak ortaya konulamamasidir. Nitekim, Stylianides ve
Silver'in  (2009) belirttigi gibi, mevcut literatlir 6gretmenlere ispatla ilgili etkinliklerde uzmanlik
kazanmalarini desteklememektedir ve “6gretmenler igin etkili mesleki gelisimin nasil organize edilecegi”
konusunda ¢ok az rehberlik saglamaktadir (s. 249). ispatin K-12 matematik egitiminin merkezi
uygulamalarindan biri olmasi gerektigi cagrisinin basarisi, Ogretmenlerin ellerindedir. Ozellikle
ogretmenlerin akil ylritme ve ispatla ilgili gorusleri, sinifta ispat Ogretirken o6grencilerle sinif ici
uygulamalarda ne yaptiklarini etkilemekte, ders kitaplarindaki ispat etkinliklerini belirleme ve bunlarin
ogrencilere nasil uygulanmasi gerektigini bilmede ve en 6nemlisi 6grencilerinin ispatla ilgili yasadiklari
zorluklari belirlemede ve o6grencilerin bu zorluklari asmalarina yardimci olmalarini  dogrudan
etkileyecektir. Bu g¢alismanin sonuglari, matematik egitimcilerine ve mifredat gelistiricilere,
o6gretmenlerin ispat algilarini daha net bir sekilde anlamalarinda ve 6gretmenlerin derslerinde 6nemli
matematiksel uygulamalardan biri olarak ispati uygulamak igin ihtiya¢ duyduklari destek tirini
saglamada yardimci olabilir.

En azindan, bu calisma, ortaokul 6gretmenlerinin gerekgelendirme ve ispat yeterliliklerini ve
ispatlama etkinliklerine katilimlarinin niteligini anlamamiza katkida bulunmaktadir. Bu g¢alismanin
sonuglari, ortaokul matematik 6gretmenlerinin ispat etkinliklerinin asamalarinda yer aldiklarini, problemi
basarili bir sekilde arastirabildikleri, ancak tiimdengelimsel argiimanlar iretmekte zorluklar yasadiklarini
gostermektedir. Bu galismanin yeni bulgularindan biri, 6gretmenlerin sembolik (cebirsel) temsillerin
anlamayacak kadar soyut olduguna inanmalarina ragmen, ispatlarin her zaman sembolik gosterimleri
icermesi gerektigine inanmalari olmustur.

Ogretmenlerin ispatla ilgili igerigi nasil 8grendiklerini ve &grencilerini siniflarinda gerekcelendirme ve
ispat ile nasil iliskilendirdiklerini anlamak igin daha ¢ok calisma yapilmasi gerekmektedir. Bu alan igin
6nemli adimlardan biri 6gretmenlerin siniflarina  katihmlarinin  niteligini ve onlarin  6gretim
uygulamalarinda ispatlama etkinliklerini nasil yurittiklerini incelemektir. Hem 6gretmenlerin hem de
Ogrencilerin ispat kavramlarini incelemek ve sinifta ispatla ilgili uygulamalarin sinif goézlemlerini
ylratmek, 6grencilerin ispatina basarili bir sekilde nasil 6grenebilecekleri hakkinda dnemli bir bilgi
saglayacaktir. Bu nedenle, hem 06gretmenlerin hem de 0grencilerin ispat kavramlarini ve K-12
seviyesindeki aktiviteyi nasil ispatladiklarini arastirarak 6gretmenler ve 6grenciler igin gerekcelendirme
ve ispatin nasil anlaml bir matematiksel uygulama oldugunu anlamak icin daha fazla arastirmaya ihtiyag
vardir.

Sonug olarak, bu galisma 6gretmenlerin ispat ilgili uygulamalarin 6gretilmesinde ve 6grenilmesinde
oynadigl roliin 6nemini vurgulamakta ve ortaokul matematik 6gretmenlerinin lisans diizeyinde mesleki
gelisim kursunda ispat 6grenme sireclerine 1sik tutmaktadir. Sonuglar, alanin 6gretmenlerin ispatlari
nasil 6grendigini ve olusturdugunun yani sira ispat ile ilgili mesleki gelisimin nasil yapilmasi gerektigini
anlamasina dogrudan katkida bulunmaktadir.
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