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ABSTRACT

In this paper, we obtain two general common coupled fixed point theorems for maps in fuzzy metric spaces.
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1. INTRODUCTION

The theory of fuzzy sets was introduced by L. Zadeh [13] in Definition 1.2 ([1]). 4 3-tuple (X,M,*) is called a
1965. George and Veeramani [1] modified the concept of fuzzy metric space if X is an orbitarary non-empty set,
fuzzy metric space introduced by Kramosil and Michalek %is a continuous t-norm and M is a fuzzy set on
[11]. Grabiec[15] proved the contraction principle in the
setting of fuzzy metric spaces introduced in [1]. For fixed
point theorems in fuzzy metric spaces some of the x,y,z€ X andeach t and s>0,
interesting references are [ 1,3-12,15-21, 25, 26]. In the
sequel, we need the following.

X% x(0,0) satisfying the following conditions for each

1. M(x,y,t)>0,

Definition 1.1 ([2]). 4 binary operation 2. M(x,y,t)=1 ifandonlyif x =y,
*:10,11%x[0,11—[0,1] is a continuous t-norm if it 3. M(x.y.t)= M(y.x.0)
satisfies the following conditions : ' P o0t

4. M(x,y,)*M(y,z,5) < M(x,z,t +5),

1. * is associative and commutative,
2. * is continuous . .
> 5. M(x,y,.):(0,00) > [0,1] is continuous.
3. a*l=aforalla€[0,1], (7. (0,00) > [0.1]
4. a*b<c*d whenever a<c and b<d, for each Let (X,M,*) be a fuzzy metric space. For ¢ >0, the
a,b,c,d €[0,1]. open ball B(x,r,t) with centre xe X and radius

) ) 0 <r <1 is defined by
Two typical examples of continuous t-norm are

a*b=ab and a*b:min{a,b}. B(x,r,t)={ye X :M(x,y,0) >1-r}.

*Corresponding author, e-mail: kprrao2004@yahoo.com



740 GU J Sci, 27(2):739-745 (2014)/ K. Pandu Ranga RAO, K. Rama Koteswara RAO, S. SEDGHI

A subset 4 — X is called open if for each x € 4, there
exist >0 and 0<r<1 suchthat B(x,r,t)c A.Let T
denote the family of all open subsets of X . Then 7 is
called the topology on X induced by the fuzzy metric
M . This topology is Hausdorff and first countable. A
subset 4 of X is said to be F-bounded if there exist
t>0 and 0<r<I1 such that M(x,y,t)>1—r for all

x,yeAd.

Lemma 1.3 ([15]). Let (X, M .*) be a fuzzy metric
space. Then M (x,y,t) is non-decreasing with respect to
t, forall x,y in X .

Definition 1.4 Let (X, M ,*) be a fuzzy metric space. M

is said to be continuous on X* x (0,0) if

lim M (x,,,y,.t,)=M(x,y,t) whenever a sequence
n—>0

{(x,,¥p5t,)} In X2 x (0,0) converges to a point

(x,y,t) € X2x (0,0), i.e., whenever

lim M(x,,%,0)= lim M(3,,3,0)=1 and Tim M(x,,t,)=M(x,3,2).
n—xo n—x0 n—»0

Lemma 1.5 ([12]). Let (X, M ,*) be a fuzzy metric

space. Then M is continuous function on X 2 x (0,0).

Let lim M(x,y,t)=1,Vx,y e X .......... (A).

t—0

Lemma 1.6 ([20]) . Let {y,} be a sequence in fuzzy
metric space ( X, M ,* )satisfying (A). If there exists a
positive number k <1 such that

My Va1, k) 2 MY, ,51), t>0, n=12,...,
then {y,} isa Cauchy sequence in X .

Now, we prove a lemma slight different from Lemma 1.6.

Lemma 1.7 Let {z,} and {p,} be sequences in fuzzy
metric space ( X, M ,*) satisfying (A4) . If there exists a
positive number k£ <1 such that
min{M (z,,,2,41,kt), M (P, Ppi1,kt)} 2

min{M (z,_1,2,,0),M (p,_1, Pp>1)}
for all +>0, n=1,2,.., then {z,} and {p,} are
Cauchy sequences in X .

Proof. We have
min{M(zn,an ’t)’M(pn’an ’t)}

. t t
2 mln{M(zn—lazn ’E)’M(pn—l’pn ’%)}

. t t
2 min {M(zn—Z’anl’P)DM(pn—Zﬂpn—l’P)}

. t t
2 mln{M(ZOaZl:ﬁ)aM(poaplﬂﬁ)}'

Hence

. t t
M(Zn7zn+]7t)2m”l{M(ZOVZHk_n)sM(p(Mp]7?)}'

Now, for any positive integer p ,
M(z,,z,.,.0)

n+p-12 z

t t
2M(z,,2,,,—)*M(z,,,,2,.,,—) % .. *M(z
p p

. t
Zmln{M(zu,zl )aM(pU’pl’_)}*

L
’pk}! pkﬂ

. t
min M(z[UZl’ ),M(pn,ppT)}
pk

_t
p k n+l

. t t
min {M (24,2, ,W),M (py,> P, pm)}.

Letting n — o and using (A4) , we have

limM(z,,z,,,,0) 21* 1% *1=1

n—w

Hence limM(z,,z,,,,0) =1.

n—ow

Thus {z,} is a Cauchy sequence in X . Similalrly, we

can show that {p,} is also a Cauchy sequence in X .

Lemma 1.8 ([20]) . Let (X, M ,*) be a fuzzy metric
space satisfying (A) . If there exists k € (0,1) such that
M(x,y,kt)> M(x,y,t) forall x,ye X and t >0, then
x=y.

Now, we give the following lemma.

Lemma 1.9 Let (X, M ,*) be a fuzzy metric space

satisfying (A). Let f: X — X be a mapping such that

min{M ( fx,x,kt), M (fy,y,kt)} > min{M ( fx,x,t),M (fy,y,t)}

forall x,y e X,>0 and k € (0,1). Then fx=x and
=y

n+p?

L
P
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Proof. We have
min{M (fie,x,0), M (fy,y.0)} > min{M(fx,x,%),M(fj/,y,é)}
. t t
> mzn{M(fx,x,?),M(sz,y,k—z)}

> min{M(ﬁc,x,%),M(jj},y,%)}

— 1 as n - o from the condition (A).

Hence M (fx,x,t)=M(fy,y,t)=1 for all +>0. Thus
fr=xand fy=y.
In 2010, Sedghi, Altun and Shobe [22] introduced 71 -

property in fuzzy metric spaces as follows:

Definition 1.10 ([22]) . Let (X, M ,*) be a fuzzy metric
space. M is said to satisfy the N -property on

P

X2 x (0,0) if 1jm[M(x,y,k”t)} =1 whenever
n—o0

x,yeX,k>1and p>0.

Based on this they [22] obtained the Lemma 1.6 without
the condition (A4) .

Recently Xin-Qi Hu [24] observed that if M satisfies the
N -property then the condition (4) is satisfied. He also
given an example ( Ex.2, [24] ) to show that the condition
(A) need not imply the 71 -property .

In 2006, Bhaskar and Lakshmikantham [23] introduced
the notion of a coupled fixed point in partially ordered
metric spaces, also discussed some problems of the
uniqueness of a coupled fixed point and applied their
results to the problems of the existence and uniqueness of
a solution for the periodic boundary value problems.

In this paper, we prove coupled fixed point theorems for
two and four mappings in fuzzy metric spaces.

Definition 1.11 ([23]). Let X be a nonempty set. An
element (x,y) e X x X is called a coupled fixed point of
the mapping F: X xX - X if x=F(x,y) and
y=F(y,x).

Definition 1.12 ([14]). Let X be a nonempty set. An
element (x,y) e X x X is called

(i) acoupled coincidence pointof F: X xX — X and
g: X—>X if ge=F(x,y) and gv=F(y,x) .

(ii) a common coupled fixed pointof F: X x X — X
and g: X > X if x=gx=F(x,y) and
y=gr=F,x).

(iii) apoint x € X is called a common fixed point of

F:XxX—>Xand g: X > X if
x=gx=F(x,x).

Definition 1.13 ([9]). Let X be a nonempty set. The

mappings F:XxX —> X and g: X — X are called
W-compatible if g(F(x,y)) = F(gx,gy) and
g(F(y,x)) = F(gy,gx) whenever gx = F(x,y) and
gy =F(y,x) forsome (x,y)e X xX .

2. MAIN RESULTS

Theorem 2.1. Let (X, M *) be a fuzzy metric space
satisfying (A) and f,g:X — X and

F,G: XxX — X be mappings satisfying

(2.1.1) M(F(x,),G(u,v),kt)

mjn{M (fc, gu, 1), M (f,gv,0), }
M (fx, F(x,y),), M (gu,G(u,v),t)
forall x,y,u,ve X,V t>0 and £ €(0,1),

2.12) FXxX)cg(X) and G(X xX) < f(X),
(2.1.3) oneof f(X) and g(X) is complete and
(2.1.4) the pairs (f,F) and (g,G) are W-compatible.

Then f,g,F and G have a unique common coupled

fixed point in X xX and also they have a unique
common fixed point in X .

Proof. Let xy and y, bein X .

Since F(X xX)c g(X), we can choose x; , y; € X
such that gx; = F(xq,yq) and gy, = F(9,xg) -

Since G(X xX)c f(X), we can choose x, , y, €X
such that fx, = G(x1,y1) and fi, = G(yy,x)).

Continuing this process we can construct two sequences
{xn} and { n} in X such that

&0 = F(x,,,0,,) = 2,,,  say;
ot =F (V5. %0,) = Pays s2Y;

.fx2n+2 = G(x2n+l ’y2n+l ) = ZZrz+l H Say and

Sania = G(Xgy 5 X001) = Py » 2y for n=0,1,2,......
M(zy,,25,0,k0) = M(F(Xy,,1,,),G(X5015 Vo )s k)

2 min{M(szazznat)>M(P2n4’pzwt))aM(Zznfl’Zzwt)aM(Zszz;mJ)}
=min {M(Zzy,flvzz,1=t)7M(p2n—l’p2n7t)}

M(Pays Doyt s k) = M(F (32,5 %5,)s G(V 205 X500 )5 K1)

> min {M(pZn]7p2n’t)7M(ZZrzI’ZZH’t)’M(pZnl’erz’t)’}
M(py,s Pyyirst)

= min {M(erl—l’pZn7t)’M(22n—1722n7t)}

Thus

M (24, 2y, kD), M (2Zy015 250, 1),
min >min< T T T b e D
M(Pyys Pogirs k) Myt P2as D

Similarly we can show that
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M (Za11> Zoias KD, M2y, Zyi5 1),
min > min --- (II)
M (Dypi1> Ponias KO M(Py Popirs V)

Thus from (I) and (II) we have
min {M (z,. 2, k), M (P, p,...k))}

>min{M(z, ,,z,,0,M(p, ,.p,.0)}

From Lemma 1.7 , it follows that {Z”} and {p”} are
Cauchy sequences in X .

Suppose f(X) is complete .

Then {Zznﬂ}_)ﬁcza,sayand { 2n+1}_)ﬁ’=ﬂvsay
for some x,ye X .

Since {Z”} and {p”} are Cauchy, we have {22n+2}—> a
and {p2n+2} ->p.

MF(X,¥),25,,1 k1) = M(F(X,),G(X,,.1> Va1 )- k1)

2 min{M(fxv22n7t)=M(fj}7p2n7t)7M(fx7F(x=y)vt)7M(ZZn722n+17t)}

Letting n—> 0 , we get

M (F(x, ), fi, kt) > min{l,1,M (f, F (x,),0),1}
= M (fx,F(x,),1).

From Lemma 1.8, we have F(x,y)= fx=«a.

M(F(3,X); Py k) = M(F(3,%),G(33,15 X5, )5 K1)

S min My, py,o 1), M (fx,2,,,0), M (fy, F (y,x),0),
N M(py,s Pyyirst)

Letting n— o0 , we get

M(F(,%), fy,kt) > min{l,1, M(fy,F(,%),t),1}
=M, F(y,x),0). '

From Lemma 1.8, we have F(y,x)= fy = f.
Since the pair (F, f) is W-compatible, we have
Ja=f(f&)=f(F(x,y)=F(fx fr) = F(a,p) and
B=r)=fEQ,x)=F(H, x)=FBa) .. O
M(fa,z,,.,,kt) = M(F(a, B),G(x,,.1, V2 ) kt)
> min{M (fat, z,,,6), M (fB, Pyot) 1M (2y,.2,,.1,0)}
Letting n—> o, we get
M (fa,a,kt) > min{M (fa,c,t), M(fB, B,1),1,1}

= min{M (fa,a,0),M(/B.B.0)}
Also,
M, pry k) = M(F(B,0),G(V 3,415 X5, ), KE)

> min {M (fB, p,,, 1), M (fa,z,,,0),1, M(D,,, Py s 1))

Letting n—> 0 , we get

M (S, B.kt) > min{M (1B, B,0), M (fa,a,1)} .

Thus
min{M( fa, a, kt),M(fB, B,kt)} > min{M ( for, 1), M(fB. B.1)}:

From Lemma 1.9, we have fa =« and f=4.
Thus a = fa=F(a,f) ..cco.n... (IV) and
B=fB=F(B,Q) e (2

Since F(X xX)c g(X), there exist y and J in X
such that

gr=Fa.p)=fa=aad go=F(f,a)=fB=p .
M(gy.G(y,6).kt) = M(F(a,),G(y,6), ki)

= min{l,1,1,M(g7.G(7.6).0)} = M (7.G(7.5).0).
From Lemma 1.8, we have G(y,8) =gy .
Similarly, we can show that G(J,y) = gd .
Since the pair (G, g) is weakly compatible, we have
ga = g(gy) = g(G(7,9)) = G(g7,g6) = G(a, f) and
gp = g(gd) = g(G(d,7)) = G(gd,gy) = g(B,a) .
M(z,,,G(a, ), kt) = M(F(x,,, y,,),G(a, B), k1)

= min{M(zzH ,8a,1),M(z,, ,gB,1),M(z,, ,,2,, ,t),l}.
Letting n— o , we get

M(a,ga,kt) > min{M(a,ga,l),M(ﬂ,gﬂ, f)’l’l}
= min{M(a,ga, t),M(ﬂ,gﬁ,f)}-

Similarly, we have
M(B, gB.kt) = min{M (@, gor, 1), M (B, g3, 1))}

Thus

min{M (a,ga,kt),M (f,gB,kt)} = min {M (a,ga,t),M (B,gp,1)}.
From Lemma 1.9, we have g =« and gf=/f.

Hence a = ga =G(a, ) cocevennnne. (VI) and
L=8B=G(L,Q&) woeorreeeeeeenn. (Vi)
From (IV), (V), (VI), and (VII), we have
fa=ga=a=F(a,p)=G(a,pB) and

/B=gpf=p=F(Ba)=G(B,a). Thus (a,p) isa
coupled common fixed point of f,g,F and G .

Suppose (a,, f,) is another coupled common fixed point
of f,g,F and G .

M(a,,a,kt)=M(Fa,, B,),G(a, B),kt)
Zmin{M(al:a:t)aM(ﬂl>ﬂ>t):lal}

= min{M(al,a,t),M(ﬂuﬂ,’)}

Similarly we can show that
M(B,, B, kt) = min{M (e, .0, M (B, B.1)} .

Thus
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min{M (a,,a,kt),M (B, B kt)} > min{M (a0, 1), M (3, 3,1)},

From Lemma 1.9, we have o, = and S, = .

Thus (a,f) is the unique common coupled fixed point
of f,g,F and G .

Now, we prove that & = . Consider

M(a, B, kt) = M (F(a, B),G(B,a),kt)
>min{M(a, B,6),M(f,a,1),1,1} = M(a, B,).

Hence o = f.
Thus a = fa = F(a,a) =G(a,a).
That is « is a common fixed point of f,g,F and G .

Suppose «' is another common fixed point of f,g,F
and G . Then

M(a,a',kt)= M (F(a,a),G(a',a'),kt)

>min{M(a,a',t),M(a,a',1),1,1} = M(a,d',1).

Hence o =a'. Thus ' is the unique common fixed
point of f,g,F and G .

Corollary 2.2. Let (X, M *) be a fuzzy metric space and
f:X—> X and F:XxX — X be mappings
satisfying
221H) M (F(x,y),F(u,v),kt)

>mi M(ﬁ’fu’t)7M(ﬁ/7fv’t)7

- M(fx,F(x,),0, M ( fu, F(u,v),0)

forall x,y,u,ve X, V ¢t>0 and £ €(0,1),

222) FXxX)c f(X),
(2.2.3) f(X) is complete and
(2.2.4) the pair (f,F) is W-compatible.

Then f,F have a unique common coupled fixed point in
X x X and also they have a unique common fixed point

inX .

Example 2.3. Let (X, M *) be a fuzzy metric space,

where X =1[0,1] and M(x,y,t) = _r forall
t+|x-y|

) 2x+1
x,yeX and t > 0. Define f: X -> X by fx:x—+

and F: XxX > X by F(x,y)=1 forall x,ye X.

It is easy to see that all conditions of Corollary 2.2 are
satisfied. Consequently, 1 is the unique common fixed
point of f and F .

Finally using the boundedness of a fuzzy metric space,
we prove a common fixed point theorem for two maps
satisfying a general contractive condition.

Theorem 2.4. Let (X, M *) be a bounded fuzzy metric
spaceand f: X > X, F: XxX - X be mappings

satisfying
24.1) M(F(x,y),F(u,v),t)

M (fx, fu,0), M(fp, fv,10),
> @| miny M (fx, F(x,y),t), M (fu,F(u,v),t),
M (fx, F(u,v),0), M (fu,F(x,),t)
forall x,y,u,ve X, V t>0, where
¢:[0,11—[0,1] is continuous monotonically
increasing such that ¢(s) > s for all s €[0,1),

242) F(XxX)c f(X) and f(X) is complete,
(2.4.3) the pair (f,F) is W-compatible.

Then f and F' have a unique common coupled fixed point
in X x X and also they have a unique common fixed
pointin X .

Proof. Let xy and y, bein X .

From (2.4.2), we can find {xn} and {yn} in X such that
Srpa = F(x,,9,)=z,, say;

P =F,,x,)=p,, say for n=0,1,2,3,......

For ne N, let an(t)=inf{M(zi,z‘,,t)/ i>n, jZn}

and
B,(&)=inf M (p,,p, 1)/ i=n, j2nfforall t>0.

Then {an(t)} and {ﬂ” (t)} monotonically increasing

sequences of real numbers between 0 and 1 for all # > 0.

Hence Egg a,(t)=a(t) forsome 0< a(f)<1 and
Eiﬁrry}ﬁ,,(t) = f(t) forsome 0< S(¢) <1 .

Forany ne N and integers i > n, j>n we have
M(z;,z;,0) = M(F(x;,y,),F(x;,,).1)

MGz 0.M(pys Py ), M (z,,,2,,0),
> @| min
M(Z '71azjat),M(Z,;[aZjat),M(Z -71,Zl-,t)

J J

2 g(min{a, , (1), £,,(0)})-
Taking supremum over all i > n, j>n we get
a,(0) = g(mine, , (). B, 1))

Similarly we can show that

B,(6)= (minle, , (), B, ()})

Thus

min {a, (1), B,()} = g(minle, , (1), B,,(1)})
Letting n— o0 , we get

min {a(), A0)}> gminfa (), BO)})

It is contradiction if min {a(¢), (1)} <1.
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Hence a(r)=1 and p()=1.
Thus lime,(t) = 1 =1im B, () .
Hence {zn} and {pn} are Cauchy sequences in X .

Since f(X) is complete, it follows that {zn} and {pn}
converge to some p and ¢ respectively in f(X).
Hence there exist x and y in X suchthat p= fx and

q=J.

M(z,,F(x,y),t) = M(F(x,,»,),F(x,),0)

M(fxaF(xay)at)aM(anl5F(x’y)5t)5M(ﬁC’Zn+l’t)
Letting n— o0, we get

[ . { Mz, f,),M(p, . f3.1).M (2, ,.2,.1), H
> @| min

M (fi,F(x,),t) > ¢(min{l’l’l’M (fe. F(x, y),t),H

M (fx,F(x,),0),1
= (M (S, F(x,y),1))
>M(f,F(x,y),t) if M(fx,F(x,y),0)<1.
Hence M (fx,F(x,y),t) =1 sothat fx = F(x,).
Similarly we can show that fy = F(y,x) .
Since (F, f) is a W-compatible pair, we have
Jo = f(f) = f(F(x,y)) = F(fx, fy) = F(p.q) and
Ja = f(fy) = fFQ,x)=F(p, fx) = F(g,p).
M(z,,F(p.q),t) = M(F(x,,y,),F(p,q).1)

. [ : {M(zn,mr),M(pn,fq,r),M(zn],zn,t),}
> @| min
LM (2, F(p.q).0).M (fp.2,.)

Letting n—> 0 , we get

M(p, fp.t),M (q,fq,t),l,l,}}

M(p, fp,1) > ¢| mi
(p, fp,t) (;{mm{ M(p, fo.t),M(fp, p,t)

= ¢(min{M (p, fp.t), M (q. fg.1)})

Similarly we can show that
M(q. fg.0) = Hmin{M (p, fp.0). M (q. g.)}).

Thus

min{M (p. fp.),M(q. fg.0)} > Hmin{M (p. /p.0).M(q. f.1)})
It is contradiction if min{M (p, fp,t),M(q, fq,1)}<1.

Hence from this we can conclude that fp =p and
Jfa=q.

Thus p = fp=F(p.q) and g = fq=F(q,p).

Using (2.4.1) two times , one can show that (p,q) is the
unique common coupled fixed point of F and f .

Now we will show that p = g . Consider

M(p,q,t) = M(F(p,q),F(q,p),?t)

> ¢(min{M(p,q.0),M(q, p.0).1.1, M(p.q.t).M(q. p.1)})

=¢(M(p.q.1)).
Hence p=¢.
Thus p= fp =F(p,p).ie p is a common fixed point
of F and f .
Using (2.4.1), we can show that p is the unique common
fixed point of F and f .
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