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On Almost Strongly 0-m-Continuous 
Functions 

Takashi N O I R I and Valeriu POPA 

A b s t r a c t 

We introduce the notion of almost strongly 0-m-continuous func
tions as functions from a set satisfying some minimal conditions into 
a topological space. We obtain several characterizations and proper
ties of such functions. The functions enable us to formulate a unified 
theory of almost strong ^-continuity [26] and almost strong ^-semi-
continuity [5]. 

A M S Subject Classification (2000): 54C08. 
K e y words and phrases: m-s t ruc ture , m-open, s trongly 0-m-continuous, 

almost s trongly 0-m-continuous, #-m-continuous, ra-continuous, almost strongly 
^-semi-continuous, almost s trongly ^-continuous. 

1 Introduct ion 
Semi-open sets, preopen sets, a-open sets, /3-open sets and <5-open sets play 
an i m p o r t a n t role i n the researches of generalizations of c o n t i n u i t y i n topo
logical spaces. B y using these sets many authors in t roduced and studied 
various types of modif icat ions of cont inuity . F o m i n [13] introduced the no
t i o n of ^-continuous functions. N o i r i [23] introduced the n o t i o n of s trongly 
^-continuous funct ions. N o i r i and K a n g [26] introduced and studied almost 
s trongly ^-continuous functions. Some of properties of almost s trongly 8-
continuous funct ions are s tudied i n [15] and [44]. I n 1994, Beceren et al . 
[5] in troduced and studied almost strongly ^-semi-continuous functions. I n 
1997, D u b e and Chauhan [11] introduced strongly closure semi-continuous 



functions which are equivalent to almost strongly 0-semi-continuous func
t ions. These classes of functions have properties s imilar t o the class of 9-
continuous functions. I n [35], the present authors in troduced and investi 
gated m-continuous functions. The no t i on of s trongly (9-m-continuous func
tions is introduced i n [29]. I n th is paper, i n order to u n i f y several char
acterizations of almost strongly ^-continuous functions and almost strongly 
^-semi-continuous functions, we introduce a new n o t i o n of almost strongly 
^-m-continuous functions which are functions f rom a set satisfying some m i n 
i m a l conditions i n t o a topological space. 

2 Preliminaries 
Let (X, T) be a topological space and A a subset of X. T h e closure of A and 
the inter ior of A are denoted by C1(J4) and I n t ( A ) , respectively. A subset 
A is said to be regular closed (resp. regular open) i f C l ( I n t ( A ) ) = A (resp. 
I n t ( C l ( A ) ) = A). A subset A is said to be 8-open [43] i f for each x G A there 
exists a regular open set G such t h a t x G G C A. A po in t x G X is called a 
S-cluster po int of A i f lnt(Cl(V))ilA ^ 0 for every open set V containing x. 
T h e set of al l 5-cluster points of A is called the 5-closure of A and is denoted 
by C\$(A). T h e set {x G X : x G U C A for some regular open set U of X} 
is called the 8-interior of A and is denoted by I n t ^ A ) . 

T h e ^-closure of A, denoted by C\e(V), is defined as the set of a l l x G X 
such t h a t C\(V) D A ^ 0 for every open set V containing x. I f A = C\S(A), 
t h e n A is said t o be 6-closed [43], The complement of a ^-closed set is said 
t o be 6-open. I t is shown i n [43] t h a t C\e(V) = C1(V) for every open set V 
of X and C\e(S) is closed i n X for every subset S of X. 

D e f i n i t i o n 2.1 Let (X, r ) be a topological space. A subset A of X is said 
to be 

(1) semi-open [16] (resp. preopen [18], a-open [20], (3-open [1] or semi-
preopen [3]) i f A C C l ( I n t ( A ) ) , (resp. A C I n t ( C l ( A ) ) , A C In t (C l ( In t (>4 ) ) ) , 
A C C l ( I n t ( C l ( A ) ) ) ) , 

(2) 5-preopen [39] (resp. 5-semi-open [33]) i f A C I n t ( C l 5 ( A ) ) (resp. A C 
C l ( I n t 5 ( A ) ) ) . 

T h e f a m i l y of a l l semi-open (resp. preopen, a-open, /3-open, 5-preopen, 
5-semi-open) sets i n X is denoted by SO(A' ) (resp. P O ( A ) , a(X), / 3 (A ) , 
SPO(X), 5SO(X)). 

70 



D e f i n i t i o n 2.2 The complement of a semi-open (resp. preopen, a-open, (3-
open, (5-preopen, 5-semi-open) set is said to be semi-closed [7] (resp. preclosed 
[18], a-closed [19], (3-closed [1] or semi-preclosed [3], 8-preclosed [39], 8-semi-
closed [33]). 

D e f i n i t i o n 2.3 T h e intersection of al l semi-closed (resp. preclosed, a-closed, 
/3-closed, 5-preclosed, 5-semi-closed) sets of A containing A is called the 
semi-closure [7] (resp. preclosure [12], a-closure [19], (3-closure [2] or semi-
preclosure [3], 8-preclosure [39], 8-semi-closure [33]) of / I and is denoted by 
sC l (A ) (resp. p C l ( A ) , a C l ( A ) , / j C l ( A ) or s p C l ( A ) , p C l 5 ( 4 ) , s C l 5 ( y l ) ) . 

D e f i n i t i o n 2.4 T h e u n i o n of a l l semi-open (resp. preopen, a-open, /3-open, 
5-preopen, 5-semi-open) sets of X contained i n A is called the semi-interior 
(resp. preinterior, a-interior, ^-interior or semi-preinterior, 8-preinterior, 
8- semi-interior) of A and is denoted by s l n t ( A ) (resp. plnt(A), alnt(A), 
plnt(A) or s p I n t ( A ) , p I n t 5 ( A ) , slnt<s (>!)). 

T h r o u g h o u t the present paper, ( X , r ) and (Y, cr) denote topological spaces 
and / : (X, r ) —> (Y, a) presents a (single valued) funct ion . 

D e f i n i t i o n 2.5 A func t i on / : (X, r) —> (Y, a) is said t o be 
(1) 9-continuous [13] (resp. strongly 9-continuous [23], almost strongly 

9- continuous [26]) at x G X i f for each open set V of Y containing f(x), 
there exists an open set U of X containing x such t h a t f(Cl(U)) C C1(V) 
(resp. f(Cl(U)) C / (C1(C/)) C s C l ( y ) ) , 

(2) almost strongly 9-semi-continuous [5] or strongly closure-semi-continuous 
[11] ) at x G X i f for each open set V of Y containing f(x), there exists a 
semi-open set U of X conta ining x such t h a t / ( sCl (C / ) ) C s C l ( V ) , 

(3) 9-continuous (resp. strongly 9-continuous, almost strongly 9-continuous, 
almost strongly 9-semi-continuous) i f i t has th is p roper ty at each x G A . 

3 Almost strongly (9-m-continuous functions 
D e f i n i t i o n 3.1 A subfami ly mx of the power set V(X) of a nonempty set 
X is called a minimal structure (briefly m-structure) [34] on X i f 0 G 
and A G m x . B y ( A , m ^ ) , we denote a nonempty set A w i t h a m i n i m a l 
s tructure mx on A and call i t an m-space. Each member of mx is said to 
be mx-open (or br ie f ly m-open) and the complement of an m x - o p e n set is 
said to be mx-closed (or brief ly m-closed). 
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R e m a r k 3.1 L e t ( A , r ) be a topological space. T h e n the families r , S O ( A ) , 
P O ( A ) , a(X), / 3 ( A ) , 5PO(X) and <5SO(A) are a l l r e s t r u c t u r e s on X. 

D e f i n i t i o n 3.2 Let X be a nonempty set and m x an m-s t ruc ture on X. 
For a subset A of X, the m-closure of A and the m-interior of A are defined 
i n [17] as follows: 

(1) mCl(A) = n { ^ : A c f , I - F £ m x } , 
(2) m i n t ( 4 ) = U { ^ : U C A, U G mx}-

R e m a r k 3.2 L e t (X, r) be a topological space and A a subset of X. I f mx 
= r (resp. SO(X), P O ( A ) , a{X), / 3 ( A ) , SPO(X), 5SO(X)), then we have 

(1) m C l ( A ) = C1(A) (resp. s C l ( A ) , p C l ( A ) , aCl(A), pGl{A), p C l 5 ( A ) , 
s C l 5 ( A ) ) , 

(2) m l n t ( A ) = I n t ( A ) (resp. s l n t ( A ) , p l n t ( A ) , a l n t ( A ) , / j l n t ^ ) , p l n t ^ A ) , 
s I n t 5 ( A ) ) . 

L e m m a 3.1 ( M a k i et al . [17]) Let X be a nonempty set and mx a minimal 
structure on X. For subsets A and B of X, the following properties hold: 

(1) m C l ( A - A) = X - m l n t ( A ) and m I n t ( A - A) = X - m C l ( A ) , 
(2) If (X — A) G m, then m C l ( A ) = A and if A em, then m i n t ( A ) = A, 
(3) m C l ( 0 ) = 0, m C l ( A ) = X, m lnt (0 ) = 0 and m i n t ( A " ) = X, 
(4) If AcB, then m C l ( A ) C m C l ( 5 ) and m i n t ( A ) C m l n t ( j B ) , 
(5) A C m C l ( A ) and m l n t ( A ) C A, 
(6) m C l ( m C l ( A ) ) = m C l ( A ) and m I n t ( m I n t ( A ) ) = m l n t ( A ) . 

D e f i n i t i o n 3.3 A func t i on / : ( A , m x ) —* (Y,a), where ( A , m x ) is an m -
space and (Y, a) is a topological space, is said to be m-continuous [35] (resp. 
almost m-continuous [37], weakly m-continuous [36]) at x G A i f for each 
open set V of Y conta ining f(x), there exists U G mx conta ining x such 
t h a t f(U) C V (resp. / ( £ / ) C I n t ( C l ( V ) ) , f{U) C C1 (V) ) . A funct ion 
/ : ( A , m x ) —> (Y, a) is said to be m-continuous (resp. almost m-continuous, 
weakly m-continuous) i f i t has the property at each p o i n t x G A . 

L e m m a 3.2 (Popa and N o i r i [35]) For a function f : ( A , m x ) —> ( ^ c ) , i /ie 
following properties are equivalent: 

(1) f is m-continuous; 
(2) f-\V) = m l n t ( / - a ( y ) ) for every open set V of Y; 
(3) m C l ( / - 1 ( J f s T ) ) = f~x{K) for every closed set K of Y. 

72 



L e m m a 3.3 (Popa and N o i r i [36]) For a function f : (X,mx) —> (Y,o-), the 
following properties are equivalent: 

(1) f is weakly m-continuous; 
(2) mC\{f-l{B)) C f-\C\{B)) for every subset B of Y. 

D e f i n i t i o n 3.4 A func t i on / : ( A , mx) —> (Y, cr) is said to be almost strongly 
9-m-continuous (resp. strongly 9-m-continuous [29], 9-m-continuous [27]) 
at a; 6 A i f for each open set V of Y conta ining f(x), there exists U G 
mx containing x such t h a t / ( m C l ( [ / ) ) C s C l ( V ) (resp. / ( m C l ( l / ) ) C V, 
f(mCl(U)) C Cl(V)). A funct i on / : ( A , mx) -> (Y,a) is said t o be almost 
strongly 9-m-continuous, strongly 9-m-continuous or 9-m-continuous i f i t has 
the proper ty at each po int x G A . 

R e m a r k 3.3 (1) Let / : ( A , r ) —> (Y, cr) be a funct ion . I f mx = r (resp. 
S O ( A ) ) and / : (X,mx) —» (Y, cr) is almost s trongly i9-m-continuous, then 
/ is almost s trongly ^-continuous (resp. almost s trongly fl-semi-continuous). 

(2) T h e fo l lowing impl i cat ions ho ld : 

s trong # - m - c o n t i n u i t y almost strong 0 -m-cont inu i ty =£- 0 -m-cont inuity , 

where none of the impl icat ions is reversible. I n Example 2.2 of [26], there is 
an almost s trongly ^-continuous funct i on wh i ch is not strongly ^-continuous. 
I n Example 2.1 of [11], there is a ^-semi-continuous funct i on wh i ch is not 
almost strongly #-semi-continuous. 

D e f i n i t i o n 3.5 L e t S be a subset of an m-space ( A , m x ) . A po in t x G A 
is called 

(1) an me-adherent po int of S i f mCl(£/ ) n S ^ 0 for every U G m x 
containing x, 

(2) an me-interior po in t of S i f m C l ( i / ) C S for some U G m x containing 
x. 

T h e set of a l l me-adherent points of S is called the mg-closure of S and 
is denoted by mC\9(S). If A = mde(A), then A is called me-closed. The 
complement of an m<rclosed set is said t o be me-open. The set of a l l mg-
in ter ior points of S is called the mg-interior of S and is denoted by m l n t e ( 5 ) . 

R e m a r k 3.4 Let ( A , r ) be a topological space and m x = r (resp. S O ( A ) , 
P O ( A ) ) , p(X)), then m C l 9 ( S ) = Glg(S) [43] (resp. s C l 0 ( S ) [8], pC\e(S) [31], 
s p C V S ) [25]). 
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L e m m a 3.4 ( N o i r i and Popa [27]) Let A and B be subsets of (X,mx). Then 
the following properties hold: 

(1) X - mC\g(A) = m i n t s ( X - A) and X - m I n t e ( A ) = m C L , ( X - A), 
(2) A is m-0-open if and only if A = m i n t s ( A ) , 
(3) A C m C l ( A ) C mC\e(A) and m l n t e ( / l ) C m l n t ( A ) C A, 
(4) If Ac B, then m C l 0 ( A ) C m C l ^ B ) and m I n t e ( A ) C m I n t f l ( B ) , 
(5) If A is mx-open, then m C l ( A ) = mC\g{A). 

T h e o r e m 3.1 For a function f : (X,mx) —> {X)a)> the following properties 
are equivalent: 

(1) f is almost strongly 6-m-continuous; 
(2) f~l(V) is mg-open for every regular open set V of Y; 
(3) f~x{F) is mg-closed for every regular closed set F of Y; 
(4) For each x G X and each regular open set V of Y containing f(x), 

there exists U G mx containing x such that / ( m C l ( C / ) ) C V; 
(5) f^iV) is mg-open for every 5-open set V of Y; 
(6) f~l(F) is mg-closed for every 5-closed set K of Y; 
(7) f{mC\g{A)) C C\s(f{A)) for every subset A of X; 
(8) mClgif-^B)) C f-^GlsiB)) for every subset B of Y; 
(9) / _ 1 ( I n t i ( 5 ) ) C mli-\tg(f-l(B)) for every subset B of Y; 
(10) f~\V) C Tr^ate{f-\sC[{V))) for every open set V of Y. 

P r o o f . (1) (2): Let V be any regular open set of Y and x G f~l(Y)-
Since / is almost s trongly 0-m-continuous, there exists U G mx containing 
x such t h a t / ( m C l ( Z 7 ) ) C s C l ( V ) = V. Thus x G U C m C l ( [ / ) c t\V) 
which implies t h a t x G mIntg(f~1(V)). Therefore, C m!ntg(f-l(V)). 
B y L e m m a 3.4, we ob ta in / _ 1 ( V ) = m I n t e ( / ' 1 ( V ) ) and hence / ~ 1 ( V ) is mg-
open. 

(2) =4> (3): L e t F be any regular closed set of Y. B y (2) , we have f~x{F) = 
X - f~\Y - F) = X - mlnig{f-l{Y - F)) = X - mInte(X - f-l(F)) = 
mClg(f-\F)). T h i s shows t h a t f (F) is m^-closed. 

(3) =>• (4): Let x G X and V be any regular open set of Y containing 
f(x). B y (3) , we have X - f'\V) = f~\Y - V) = mClgif-^Y - V)) = 
X - m I n t f l ( / - 1 ( V ) ) . T h i s implies t h a t f~\V) = m l n t ^ / " 1 ^ ) ) . There
fore, there exists U G mx conta ining x such t h a t mCl ( {7 ) C / _ 1 ( ^ ) ' , hence 
/ ( m C l ( r j ) ) c V. 

(4) (5) : L e t V be any 5-open set of Y and x G / - 1 ( ^ ) . There exists 
a regular open set G of Y such t h a t f(x) G G C V. B y (4) , there exists 
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U G mx conta in ing x such t h a t / ( m C l ( C / ) ) C G. Therefore, we obta in 
x G U C mCl (E/ ) C / - 1 ( * 0 w n i c h implies t h a t a; G m l n t ^ / " 1 ^ ) ) . Hence 

C m i n t s { f - \ V ) ) . B y L e m m a 3.4, / ^ ( V ) = mlnte(f^{V)) and 
hence by L e m m a 3.4 / - 1 ( V ) is rag-open. 

(5) (6) : L e t A be any 5-cfosed set of Y. B y (5) we have f~l{K) = 
X - f~\Y — K) = X — mlnte{rl{Y - K)) = mCleif'^K)). Therefore, 
f-\K) = mG\e{f~l{K)). Th i s shows t h a t f~\K) is m f l -closed. 

(6) (7): L e t A be a subset of X. Since C1* ( / (A ) ) is S-closed i n Y , by (6) 
we have f-\C\8{f{A))) = mClB(t\Cl5(f(A)))). Let x ^ f~1(Cls(f(A))). 
T h e n there exists C G m x containing a; such t h a t m C l ( i 7 ) n / _ 1 ( C l , 5 ( / ( A ) ) ) = 
0 and hence mCl(U) D A = 0. Hence x £ mClg(A). Therefore, we obta in 
f(mCle(A)) C C\s(f(A)). 

(7) (8) : L e t B be any subset of Y. T h e n by (7) we have / ( m C l s ( / - 1 ( B ) ) ) 
C C15{B) and hence mC\g(f-l{B)) C f-l(Cl5(B)). 

(8) (9) : L e t B be any subset of Y. Let a; G / - x ( I n t 5 ( B ) ) . T h e n f(x) G 
I n t 5 ( £ ) and f(x) $Y - lnt6{B) = C1 5 (Y - B). Hence x £ f-\C\5{Y - B)). 
B y (8) we have x mCle( f_1(Y — B)). Therefore, there exists U G mx con
t a i n i n g x such t h a t x G U C m C l ( i / ) C f^iB). Hence a: G m I n t 0 ( / _ 1 ( B ) ) . 
Therefore, / ^ ( I n t ^ S ) ) C m l n t o C / " 1 ^ ) ) . 

(9) =4> (10): L e t y be any open set of Y. T h e n 1 / C I n t ( C l ( ] / ) ) C 
I n t , ( s C l 0 O ) and by (9) f~\V) C r 1 (lnt6(sCl(V))) C m I n t e ( / - 1 ( s C l ( ] / ) ) ) . 

(10) =i> (1): Let V be any open set of Y conta ining f(x). T h e n x G 
/ _ 1 ( V ) C m i n t s ( / _ 1 ( s C l ( F ) ) ) . Hence, there exists U G mx containing x 
such t h a t xeU C mCl (E/ ) C / ^ ( s C ^ V ) ) which implies t h a t / ( m C l ( [ / ) ) C 
s C l ( V ) . Therefore, / is almost s trongly 0-ra-continuous. 

R e m a r k 3.5 L e t / : (X, r ) —> (V, cr) be a funct ion . I f mx = r (resp. 
S O ( X ) ) and / : (X, mx) —> (Y, cr) is almost s trongly 0-m-continuous, then 
by Theorem 3.1 we ob ta in the characterizations established i n Theorem 3.1 
of [26] (resp. Theorem 2.1 of [5], Theorem 2.6 of [11] and Theorem 3.1 of 
M ) . 

C o r o l l a r y 3.1 If f"1(Cls(B)) is mg-closed for every subset B of Yt then f 
is almost strongly 9-m-continuous. 

P r o o f . Let B be any subset of Y. Since f~~l(Cls(B)) is ms-closed, 
m C l s ( r 1 ( C U ( 5 ) ) ) = f-l(G\5(B)). T h e n m C ^ / " 1 ^ ) ) C mCleir1 (Cl5(B))) 
= f-l(C\s{B)). Therefore, m C l e ( / - 1 ( B ) ) C f^{Cls(B)) and by Theorem 
3.1 / is almost s t rong ly 0-m-continuous. 
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T h e o r e m 3.2 For a function f : (X,mx) —» (Y', cr), the following properties 
are equivalent: 

(1) f is almost strongly Q-m-continuous; 
(2) m C l 0 ( / - 1 ( C l ( I n t ( F ) ) ) ) C f"l{F) for every closed set F of Y; 
(3) m C l e ( / - 1 ( C l ( I n t ( C l ( B ) ) ) ) ) C f~x{C\{B)) for every subset B of Y; 
(4) / - 1 ( I n t ( 5 ) ) C m I n t 0 ( / - 1 ( I n t ( C l ( I n t ( S ) ) ) ) ) for every subset B of Y. 

P r o o f . (1) (2) : L e t F be any closed set of Y. T h e n Y — F is open i n 
Y. B y Theorem 3.1 and L e m m a 3.4, we have 

X - f-l{F) = f-\Y — F) C mlnte(r\Int(Cl(Y - F))))) = 
mlnte(X - r H C l ( I n t ( F ) ) ) ) ) = X - m C l s ( / - H C l ( I n t ( F ) ) ) ) . 

Therefore, m C l 0 ( / - 1 ( C l ( I n t ( F ) ) ) ) C f~\F). 
(2) (3) : Let B be any subset of Y. T h e n Cl(B) is closed i n Y and by 

(2) we have m C l 0 ( / - 1 ( C l ( I n t ( C l ( B ) ) ) ) ) C / ^ ( C l ^ B ) ) . 
(3) (4) : L e t B be any subset of Y. T h e n we have f-l(lnt(B)) = X -

f-^CliY-B)) C X - m C l * ( / - 1 ( C l ( I n t ( C l ( Y - . B ) ) ) = m I n t 0 ( / - 1 ( i n t ( C l ( I n t 
(B))))). Therefore, we ob ta in / ^ ( I n t ^ ) ) C m I n t 9 ( / - 1 ( I n t ( C l ( I n t ( £ ) ) ) ) ) . 

(4) (1) : L e t V be any regular open set of Y . B y (4) f~l(V) C 
m l n t f l ( / - 1 ( y ) ) and hence t\V) = m l n t f l ( / - 1 ( y ) ) . .Therefore, f~l{V) is 
mg-open and by Theorem 3.1 / is almost s trongly #-m-continuous. 

T h e o r e m 3.3 For a function f : (X,mx) —> (Y,a), the following properties 
are equivalent: 

(1) f is almost strongly 6-m-continuous; 
(2) mC\e{rl{V)) C f-\0.{V)) for every G e (3{Y); 
(3) mC\e{r\V)) C f-\C\{V)) for every G e S O ( Y ) ; 
(4) f~\V) C m I n t 0 ( / - 1 ( I n t ( C l ( y ) ) ) ) for every V e P O ( Y ) . 

P r o o f . (1) (2) : L e t V be any /?-open set of Y . I t follows f r o m Theo
rem 2.4 of [3] t h a t C1(V) is regular closed. Since / is almost s trongly 6-m-
continuous, by Theorem 3.2 we have m C l f l ( / - 1 ( V r ) ) C m C l ^ / - 1 ( C l ( I n t ( C l ( y ) 
) ) ) ) C / ^ ( C l O O ) . Therefore, we ob ta in m C l ^ / - 1 ^ ) ) C / ^ ( C l O O ) . 

(2) (3) : T h i s is obvious since S O ( Y ) c /3 (Y) . 
(3) (4) : Let V be any preopen set of Y . T h e n Y - V is preclosed 

i n Y and hence C l ( I n t ( Y — V)) C Y — V . Since G l ( I n t ( Y - V)) is regular 
closed, i t is semi-open i n Y . B y (3), we have m C l e ( / ~ 1 ( C l ( I n t ( Y - V)))) C 
/ - 1 ( C l ( I n t ( Y - V))) C f-\Y - V). Therefore, we obta in f~\V) C X -
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m C l s ( / - 1 ( C l ( I n t ( y - V)))) = X - mCle(X - / - 1 ( I n t ( C l ( y ) ) ) ) = m l n t ^ / - 1 

( I n t ( C l ( V ) ) ) ) . 
( 4 ) (1): L e t V be any regular open set of Y. T h e n V is preopen 

and f-\V) C m l n t f l t f - H l n t C C K V ) ) ) ) = m l n t ^ / " 1 ^ ) ) . B y L e m m a 3.4, 
f-l(V) = mhvte{f"l\v)) and / - 1 ( V ) is m 9 - o p e n i n X . I t follows f r o m The
orem 3.1 t h a t / is almost strongly 0-m-continuous. 

L e m m a 3.5 ( N o i r i [24]) For a subset V of a topological space (Y,a), the 
following properties hold: 

(1) aC\{V) = C1(V) for every V G P(Y), 
(2) p C l ( V ) = Cl(V) for every V G S O ( Y ) , 
(3) sCl{V) = In t (C l (K" ) ) for every V G P O ( Y ) . 

C o r o l l a r y 3.2 For a function f : (X,mx) —> (Y,a), the following properties 
are equivalent: 

(1) f is almost strongly 6-m-continuous; 
(2) mC\e{f-x{V)) C f-\ad{V)) for every V G (3(Y); 
(3) mCleif-^V)) C / ^ ( p C h T ) ) for every V G S O ( Y ) ; 
(4) t\V) C m l n t ^ Z - ^ s C l O O ) ) for every V G P O ( Y ) . 

T h e o r e m 3.4 For a function f : ( I , m x ) —>• {Y,a), the following properties 
are equivalent: 

(1) f is almost strongly 9-m-continuous; 
(2) mG\e{f-l{G\{lxit{C\5{B))))) c f-\Ch{B)) for every subset B of Y; 
(3) m C l f l i z - ^ C l f l n t i c i i B ) ) ) ) ) C f-\G\s(B)) for every subset B of Y; 
(4) m C l e ( / - 1 ( C l ( I n t ( Q ( V ) ) ) ) ) C / - x ( C l ( y ) ) for every open set V of Y; 
(5) m C V Z - H C K l n t i c K V ) ) ) ) ) C f-\C\{V)) for every preopen set V of 

Y. 

P r o o f . (1) (2) : Let B be any subset of Y. T h e n Gl5{B) is closed i n 
Y. B y Theorem 3.2, m C l ^ / - 1 ( C l ( I n t ( C l 5 ( B ) ) ) ) ) C / ^ ( C l ^ B ) ) . 

(2) =>• (3): T h i s is obvious since G\(B) C Gl5(B) for every subset B. 
(3) (4) : T h i s is obvious since C1(V) = C\s(V) for every open set V 

( L e m m a 2 of [43]). 
(4) =+• ( 5 ) : L e t V be any preopen set of Y. T h e n we have V C I n t ( C l ( V ) ) 

and G\{V) = C l ( I n t ( C l ( V ) ) ) . Now, set G = I n t ( C l ( V ) ) , t h e n G is open i n 
Y and C1(G) = C1(V) . T h e n by (4) we o b t a i n m C l f l ( / - 1 ( C l ( I n t ( C l ( V ' ) ) ) ) ) C 

/-Hcioo). 
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(5) (1): L e t K be any regular closed set of Y. T h e n we have I n t ( A ' ) G 
P O ( Y ) and by (5) mC\e(f-\K)) = m C l ( ? ( / - 1 ( C l ( I n t ( A ' ) ) ) ) = m C l ^ / " 1 

( C l ( I n t ( C l ( I n t ( A - ) ) ) ) ) ) C / - 1 ( C l ( I n t ( A ' ) ) ) - f~\K). B y L e m m a 3.4, m C l 9 

if-^K)) = f~\K) and hence f~l{K) is m r c l o s e d i n X . B y Theorem 3.1 , 
/ is almost st ixmgly m-continuous. 

R e m a r k 3.6 B y Theorems 3.2, 3.3 and 3.4, we o b t a i n new characteriza
t ions of almost s trongly ^-continuous functions and almost strongly ^-semi-
continuous functions. 

4 Relationships w i t h other forms of ra-continuity 
L e m m a 4.1 (Popa and N o i r i [34]) Let (X, mx) be an m-space and A a subset 
of X. Then x G m.C\(A) if and only ifUdA ^ 0 for every U G mx containing 
x. 

T h e o r e m 4.1 Let (Y,a) be a regular space. For a function f : (X, mx) —» 
(Y,a), the following properties are eqivalent: 

(1) f is m-continuous; 
(2) f is strongly 6-m-continuous; 
(3) f is almost strongly 6-m-continuous. 

P r o o f . (1) =>• (2): Let x G X and V be any open set of Y containing 
f(x). Since Y is regular, there exists an open set W such t h a t f(x) G W C 
C1(W) C V. Since / is m-continuous, there exists U G mx containing x such 
t h a t f{U) C W. We shall show t h a t / ( m C l ( t / ) ) C Cl(W). Suppose t h a t y <£ 
Cl(W)). There exists an open set G conta ining y such t h a t Gf)W — 0. Since 
/ is m-cont inuous, by L e m m a 3.2 / _ 1 ( G ) = m l n t ( / _ 1 ( < 3 ) ) and f~l{G)f\U = 
0 wh i ch implies t h a t / - 1 ( G ) n m C l ( [ / ) = 0. Because i f / - 1 ( G ) n m C l ( [ / ) + 0, 
t h e n m I n t ( / - 1 ( G ' ) ) n mCl(£/) ^ 0. Let z G m I n t ( / - 1 ( G ) n mCl(C/) . T h e n 
z G m I n t ( / _ 1 ( G ) ) and z G mCl(?7). There exists V G mx containing z 
such t h a t V C f~l{G). Since z G m C l ( t / ) , by L e m m a 4.1 V n U + 0 
wh i ch implies t h a t f~l{G) 0 U ^ 0. T h i s is a contradic t ion . Therefore, 
f~~l{G) n m C l ( i / ) = 0. Therefore, we have G n / ( m C l ( f / ) ) = 0 and hence 
y £ f(mC\(U)). Consequently, we o b t a i n / ( m C l ( f / ) ) C C1(W) C V. T h i s 
shows t h a t / is s t rongly ^-m-continuous. 

(2) =4> (3) : T h i s is obvious. 
(3) => (1): L e t x G X and V be any open set of Y conta in ing f(x). Since 
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Y is regular, there exists an open set W such t h a t f(x) E W C s C l ( W ) C 
C1(W) C V. Since / is almost strongly 0-m-continuous, there exists U E mx 
containing x such t h a t / ( m C l ( C / ) ) C s C l ( W ) C V ; hence / ( t / ) C 1 / . This 
shows t h a t / is m-continuous. 

D e f i n i t i o n 4.1 A f u n c t i o n / : (X,mx) —> (X, 0") is said t o be faintly m-
continuous [28] i f for each x E A and each 0-open set V of Y containing 
f(x), there exists ¿7 E mx containing x such t h a t f(U) C V . 

L e m m a 4.2 ( N o i r i and Popa [28]) For a function f : ( A , m x ) —* (Y,cr), the 
following properties are equivalent: 

(1) f is faintly m-continuous; 
(2) f-\V) = m l n t ( / - x ( y ) ) for every 6-open set V of Y; 
(3) f-l{F) = m.C\{f-l(F)) for every 8-closed set F of Y. 

C o r o l l a r y 4.1 Let (Y,a) be a regular space. For a function f : ( A , m x ) —> 
(y, a), the following properties are eqivalent: strong 9-continuity, almost 
strong 9-continuity, m-continuity, almost m-continuity, weak m-continuity 
and faint m-continuuity. 

P r o o f . I t is p o i n t e d out i n Remark 4.2 of [28] t h a t m-cont inu i ty , almost 
m-cont inu i ty , weak m - c o n t i n u i t y and fa int m - c o n t i n u i t y are equivalent of one 
another. Therefore, th i s is an immediate consequence of T h e o r e m 4.1 . 

R e m a r k 4.1 (1) For a func t i on / : ( A , r ) —> (Y,a), let m x = r. T h e n by 
Theorem 4.1 we o b t a i n the results established i n Theorem 4.2 of [26] and 
Coro l lary 3.8 of [44]. 

(2) T h e results of Theorem 4.1 are t r u e i f Y is Hausdroff and r im-compact 
because i t is shown i n Theorem 4 of [21] t h a t every Hausdroff and r i m -
compact space is regular. 

D e f i n i t i o n 4.2 A topological space ( A , r ) is said t o be 
(1) almost regular [41] i f for any regular closed set F and any p o i n t x E 

X — F there exist d i s jo int open sets U and V such t h a t x E U and F C V, 
(2) semi-regular i f for each open set U of A and each p o i n t x E U there 

exists a regular open set G of A such t h a t x E G C U. 

T h e o r e m 4.2 If a function f : ( A , m x ) —>• (Y,a) is 8-m-continuous and 
(y, a) is almost-regular, then f is almost strongly 9-m-continuous. 
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P r o o f . L e t x £ A and V be any open set of Y containing f(x). Since 
(Y, cr) is almost-regular , by Theorem 2.2 of [41], there exists a regular open 
set G of Y such t h a t f(x) £ G C Cl(G) C I n t ( C l ( V ) ) . Since / is 9-m-
continuous, there exists U £ m containing x such t h a t / ( m C l ( C / ) ) C C1(G) C 
I n t ( C l ( y ) ) = s C l ( V ) . Therefore, / is almost s trongly #-m-continuous. 

R e m a r k 4.2 L e t / : (X, r) —» (Y, cr) be a func t i on and m = r. T h e n by 
Theorem 4.2 we ob ta in a result established i n Theorem 4.2 of [26]. 

T h e o r e m 4.3 If a function f : (X,mx) —> (Y,cr) is almost strongly 9-m-
continuous and (Y, a) is semi-regular, then f is strongly 0-m-continuous. 

P r o o f . L e t x £ X and V be any open set of Y conta in ing f(x). B y 
semi-regualr i ty of Y , there exists a regular open set G of Y such t h a t f(x) £ 
G C V. Since / is almost strongly #-m-continuous, by Theorem 3.1 there 
exists U £ rax conta in ing x such t h a t / ( m C l ( i 7 ) ) C G C V and hence / is 
s trongly #-m-continuous. 

R e m a r k 4.3 L e t / : (X, r ) —> (Y, cr) be a func t i on and m = r. T h e n by 
Theorem 4.3 we o b t a i n a result established i n Theorem 4.2 of [26], 

D e f i n i t i o n 4.3 A n m-space ( A , mx is said t o be m-regular [27] i f for each 
m-A'-closed set F and each x ^ F, there exist d is jo int m ^ - o p e n sets U and V 
such t h a t x £ U and F C V. 

R e m a r k 4.4 L e t ( X , T ) be a topological space and mx = r (resp. S O ( A ) , 
P O ( A ) , / 3 ( A ) ) . T h e n m-regu lar i ty coincides w i t h r egu lar i ty (resp. semi-
regular i ty [10], pre -regular i ty [31], semi-pre-regularity [25]). 

D e f i n i t i o n 4.4 A m i n i m a l s tructure m on a nonempty set A is said t o have 
property ( B ) [17] i f the u n i o n of any families of subsets belonging t o m belongs 
to m. 

L e m m a 4.3 ( N o i r i and Popa [27]) Let X be a nonempty set with an m-
structure mx satisfying the property B . Then ( A , m x ) is m-regular if and 
only if for each x £ X and each m-open set U containing x, there exists an 
m-open set V such that x £ V C m C l ( V ) C U. 

T h e o r e m 4.4 Let ( A , m x ) be m-regular and mx satisfy the property ( B ) . 
Then, a function f : ( A , m x ) —> (Y,cr) is almost strongly 9-m-continuous if 
and only if it is almost m-continuous. 
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P r o o f . I t is obvious t h a t every almost strongly #-m-continuous funct ion 
is almost m-cont inuous. Suppose t h a t / is almost m-continuous. Let x G X 
and V be any open set of Y containing f(x). B y the almost m-cont inu i ty 
of / , there exists U G mx containing x such t h a t f(U) C s C l ( V ) ; hence 
x G U C / • ~ 1 ( s C l ( V ) ) . Since (X, rax) is m-regular, by L e m m a 4.3 there exists 
G e m x such t h a t x G G C m C l ( G ) C / ^ ( s C h T ) ) ; hence / ( m C l ( G ) ) C 
s C l ( V ) . T h i s shows t h a t / is almost strongly ^-m-continuous. 

R e m a r k 4.5 L e t / : (X, r) —> (Y,a) be a funct i on and m = S O ( X ) . T h e n 
by Theorem 4.4 we ob ta in results established i n Theorem 2.5 of [11] and 
Theorem 2.9 of [5]. 

D e f i n i t i o n 4.5 A subset K of an m-space (X,mx) is said t o be m-closed 
relative to ( A , m x ) [27] i f for any cover {Va : a G A } of K by m-open sets 
of ( A , m x ) , there exists a f inite subset Ao of A such t h a t K C ( J { m C l ( y a ) : 
a G A o } . I f X is m-closed relative t o ( A , m x ) , then ( A , rnx) is said t o be 
ra-closed. 

R e m a r k 4.6 L e t ( A , r ) be a topological space and mx = T (resp. S O ( A ) , 
P O ( A ) , <5PO(A) ) . T h e def init ion of "m-closed" gives the one of quasi En
closed [38] (resp. s-closed [8], p-closed [9], 8p-closed [40]). 

T h e o r e m 4.5 If / : ( A , mx) —» (Y, a) is a 9-m-continuous function from 
an m-closed space (X,mx) onto a Urysohn space (Y,o~), then f is almost 
strongly 8-m-continuous. 

P r o o f . F i r s t , we shall show t h a t (Y,a) is quasi-iT-closed. Let {Va : 
a G A } be any open cover of Y. For each x G A , there exists a(x) G A 
such t h a t f(x) G Va(x)- Since / is ^-m-continuous, there exists an m - 
open set U(x) c onta in ing x such t h a t f(mCl(U(x))) C Gl(Va(x))- The fami ly 
{U(x) : x G K} is a cover of A by m^-open sets of A . Since (X,mx) is 
m-closed, there exist a finite number of po ints , say, xi, # 2 , x n i n A such 
t h a t A C \J{mCl(U(xk)) : xk G A , 1 < k < n}. Therefore, we obta in 

Y = / ( A ) c \J{f(mCl(U{xk))) :xkeX,l<k<n} 
C \J{Cl(Va(xh)) : x k e X , l < k < n}. 

This shows t h a t (Y,a) is quasi-iT-closed. Every quasi - i i - c losed Urysohn 
space is a lmost-regular [32]. B y Theorem 4.2, / is almost strongly 8-m-
continuous. 
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D e f i n i t i o n 4.6 A funct i on / : (X,mx) —> (Y,a) is said t o be m-irresolute 
[30] at x £ X i f for each open set V of (Y,a) conta in ing f(x), there exists 
U £ mx conta in ing x such t h a t f(U) C V. A func t i on / is said to be 
m- irreso lute i f i t has th is property at each x £ X. 

L e m m a 4 .4 ( N o i r i and Popa [30]) For a function f : (X,mx) —• (Y,a), the 
following properties hold: 

(1) f is m-irresolute if and only if f{mC\(A)) c s C l ( / ( A ) ) for every subset 
A ofX, 

(2) Let m satisfy the property (B). Then f is m-irresolute if and only if 
/ _ 1 ( V ) is m-open for every semi-open set V of Y. 

T h e o r e m 4 .6 If a function f : (X,mx) —> (Y,a) m-irresolute and mx has 
the property (B), then f is almost strongly 6-m-continuous. 

P r o o f . L e t x £ X and V be any open set of Y conta in ing f(x). B y 
L e m m a 4.4, / ( m C l ( / - 1 ( y ) ) ) C s C l ( / ( / - 1 ( y ) ) ) C s C l ( V ) . Let U = f~x{V). 
B y L e m m a 4.4, x £ U £ mx and / ( m C l ( i / ) ) C s C l ( V ) . Hence / is almost 
strongly #-m-cont inuous. 

R e m a r k 4 .7 L e t / : (X,r) —> (Y,a) be a func t i on and m = S O ( X ) . I f 
/ : (X, mx) —> (Y, a) is m-irresolute , then by Theorem 4.6 we o b t a i n a result 
established i n Theorem 2.2 of [11], 

5 Some properties 
D e f i n i t i o n 5 . 1 A n m-space (X, mx) is said t o be m-Urysohn [27] i f for 
each d i s t i n c t points x,y £ X, there exist U,V £ mx containing x and y, 
respectively, such t h a t mCl(C/ ) D m C l ( V ) = 0. 

T h e o r e m 5 . 1 / / a function f : (X,mx) —> (Y,a) is an almost strongly 9-
m-continuous injection and (Y,a) is Hausdorrf then (X,mx) is m-Urysohn. 

P r o o f . Let X\,X2 be any d ist inct points of X. T h e n , f(xx) ^ / ( a r 2 ) . Since 
(Y,a) is Hausdorr f , there exist open sets Vi(i — 1,2) such t h a t f(xi) £ Vi 
and 14 f l V2 = 0; hence sCl(Vf) n 801(1^) = 0. Since / is almost strongly 
# -m-cont inuous , there exists Ui £ mx containing Xi such t h a t f(mC\(Ui)) C 
s C l ( y ) for i = 1,2. T h i s implies t h a t m C l ( t f i ) n mCl(Z7 2 ) = 0. Hence 
(X, mx) is m - U r y s o h n . 
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R e m a r k 5.1 L e t / : ( X , r ) (Y,a) be a funct ion . I f m = r (resp. S O p Q ) 
and / : (X, mx) —> (Y, o~) is almost strongly 0-ra-continuous, then by T h e 
orem 5.1 we o b t a i n the results established i n Theorem 4.6 of [26] (resp. 
Theorem 2.5 of [5]). 

T h e o r e m 5.2 Let (X,mx) be an m-space. If for any distinct points X\,x2 E 
X, there exists a function f of (X,mx) onto a Hausdorff space (Y,o~) such 
that 

(1) f(xi) ^ f(x2), 
(2) f is 6-m-continuous at X\, and 
(3) f is almost strongly 6-m-continuous at x2, 

then (X,mx) is m-Urysohn. 

P r o o f . L e t xi,x2 be any d is t inct points of X. T h e n , by the hypothesis 
there exists a func t i on / : (X,mx) —> (Y,cr), where (Y,a) is Hausdorff , 
wh i ch satisfies three conditions. Now let y» = f(xi) for i = 1,2. T h e n 
V\ 7̂  2/2 • Since (Y, a) is Hausdorff, there exist open sets Vi,i = 1,2 such t h a t 
Vi E Vi and Vi n V2 = 0. Th i s implies t h a t C1(T4) n sCl(V2) = 0. Since 
/ is 0-m-continuous at xj, there exists U\ E mx conta in ing x\ such t h a t 
/ ( m C l ( ( 7 i ) ) C C l ( V i ) . Since / is almost strongly #-m-continuous at x2, there 
exists U2 E mx containing x2 such t h a t f(mC\(U2)) C sCl(V2). Th i s implies 
t h a t mCl(C/ i ) n m C l ( f / 2 ) = 0. T h i s shows t h a t (X,mx) is m-Urysohn . 

T h e o r e m 5.3 Let X be a nonempty set with two minimal structures m\, 
m2 such that U n V E m\ whenever U E m\ and V E m2 and (Y, a) a 
Hausdorff space. If a function f : (X, m%) —> (Y, a) is almost strongly 9-m-
continuous and a function g : (X, m2) —* (Y, a) is 9-m-continuous, then A = 
{x E X : f(x) = g(x)} is m\-9-closed. 

P r o o f . L e t x E X — A, t h e n f{x) ^ g(x). Since Y is Hausdorff, there 
exist open sets V and W of Y such t h a t f(x) E V, g(x) E W and V DW = 
0;hence s C l ( . V ) n C l ( W ) = 0. Since / is almost strongly #-m-continuous, there 
exists G E m\ conta ining x such t h a t f{mC\{G)) C s C l ( V ) . Since g is 9-m-
continuous, there exists H E rh2 conta ining x such t h a t g(m.C\{W)) C C1(W) . 
Now p u t U = GC\H, then U E mu x E U and / ( m C l ( C / ) ) n g(md(U)) = 0. 
Therefore, we o b t a i n m C l ( [ / ) D A — 0 and x E X - m1Cle(A). Th i s shows 
t h a t m1Cle(A) C A. B y L e m m a 3.4, A = m 1 C l e ( A ) and hence A is m\-8-
closed. 
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R e m a r k 5.2 Let / : (X, r ) —> {Y,a) be a funct ion . I f m i = m2 = r. Then 
by Theorem 5.3 we o b t a i n the result established i n Theorem 5.3 of [26] . 

D e f i n i t i o n 5.2 A f u n c t i o n / : (X,mx) (Y,o~) is said t o have a strongly 
0-m-closed graph i f for each (x,y) G (X x Y ) — G ( / ) , there exist an m x -
open set £/ conta in ing x and an open set V of Y conta in ing y such t h a t 
[mCl(£0 x sCl(y)] f l G ( / ) = 0. 

R e m a r k 5.3 Let / : (X, r ) (Y, <r) be a funct ion . I f = r (resp. 
SO(A r ) ) and / : ( X , m x ) —> (Y,a) is a funct ion , then the almost strongly 
0-m-closed graph is said t o be strongly scl-closed i n [15] (resp. almost semi-
9-dosed i n [5 ] ) . 

L e m m a 5.1 A function f : ( X , m x ) —> (Y,cr) has an almost strongly 0-m-
closed graph if and only if for each (x,y) G (X x Y ) — G(f), there exist an 
mx-open set U containing x and an open set VofY containing y such that 
/ (mCl (ZO)nsClOO = 0-

T h e o r e m 5.4 / / / : ( J , m x ) —> Q ^ c ) «s an almost strongly 0-m-continuous 
function and (Y, er) is Hausdorff, then G ( / ) is almost strongly 9-m-closed. 

P r o o f . Suppose t h a t ( s , y ) G ( I x 7 ) - G ( / ) . T h e n y ^ f(x). Since 
Y is Hausdorff , there exist open sets V and W i n Y conta in ing y and / ( x ) , 
respectively, such t h a t V C\W = $; hence s C l ( V ) D sCl(W) = 0. Since / is 
almost strongly #-m-cont inuous , there exists an m x - o p e n set U containing x 
such t h a t / ( m C l ( t / ) ) C sCl(W). Th i s implies t h a t / ( m C l ( C / ) ) n sCl (y) = 0 
and by L e m m a 5 . 1 G ( / ) is almost strongly 0-m-closed. 

R e m a r k 5.4 L e t . / : (X,r) —> (Y, a) be a funct ion . I f m x = r (resp. 
S O ( X ) ) and / : (X, mx) —> (Y,cr) is a lmot strongly 0-ra-continuous, then by 
Theorem 5.4 we o b t a i n the result established i n Theorem 4.3 i n [15] (resp. 
Theorem 2.7 of [ 5 ] ) . 

D e f i n i t i o n 5.3 A subset i f of a topological space (Y, a) is said t o be N-
closed relative to (Y, a) [6] i f for any cover {Va : a G A } of K by open sets 
of (Y,er) , there exists a f in i te subset A 0 of A such t h a t K C U{SC1(VQ.) : 
a G A 0 } . I f Y is A-c losed relative t o (Y, a), then (Y, a) is said t o be nearly 
compact [42] , 
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T h e o r e m 5.5 If f : (X,mx) —> (Y,a) is an almost strongly 9-m-continuous 
function and K is m-closed relative to (X,mx), then f(K) is N-closed rela
tive to ( y , m y ) . 

P r o o f . L e t K be m-closed relative to (X,mx)- L e t {Va : a G A } be any 
cover of f(K) by open sets of (Y,a). For each x G K, there exists a(x) G A 
such t h a t f{x) G V ^ ) . Since / is almost strongly (9-m-continuous, there ex
ists an m ^ - o p e n set U{x) containing x such t h a t / (mCl (C / (a ; ) ) ) C sCl(T4(a.)) 
. The f a m i l y {U(x) : x G K} is a cover of K by m x - o p e n sets of X. Since 
K is m-closed relat ive t o (X,mx), there exist a f in i te number of points , say, 
xi,X2,...,xn i n K such t h a t K C {]{m.C\{U{xk)) : xk G K, 1 < k < n}. 
Therefore, we o b t a i n 

f(K) C U { / ( m C l ( t / ( ^ ) ) ) : xk G K, 1 < k < n} 
C U { s C l ( y Q ( : C f c ) ) :xkEK,l<k< n}. 

This shows t h a t f(K) is iV-closed relative t o (Y,a). 

C o r o l l a r y 5.1 Iff : (X,mx) —> (Y,o~) is an almost strongly 9-m-continuous 
surjection and (X, mx) is m-closed, then (Y, a) is nearly-compact. 

R e m a r k 5.5 Let / : (X, r ) —> (Y,a) be a funct i on . I f m x = T (resp. 
S O ( A ) ) and / ; [X,mx) —> {Y,a) is almost s trongly 0-m-continuous, then 
by Theorem 5.5 and Coro l lary 5.1 we obta in the result established i n Theorem 
5.1 of [26] (resp. Theorem 2.1 of [5]). 

D e f i n i t i o n 5.4 A n m-space (X, mx) is said to be m-hyperconnected i f mCl(C/) 
= X for every m x - o p e n set U of X. 

R e m a r k 5.6 Let (X, r ) be a topological space. I f m = r or SO{X), then 
the de f in i t i on of hyperconnected spaces is obtained by [22]. 

T h e o r e m 5.6 If f : (X, mx) —> (Y, a) is an almost strongly 9-m-continuous 
surjection and (X, mx) is m-hyperconnected, then [Y, a) is hyperconnected. 

P r o o f . Let V be a nonempty open set of Y. Since / is surjective, 
there exists x G f~l(y) and U G m x containing x such t h a t / (mCl(£7) ) C 
s C l ( V ) . Since (X, mx) is m-hyperconnected, m C l ( [ / ) = X and hence Y = 
/ ( m C l ( E / ) ) C s C l ( V ) . Therefore, Y = s C l ( V ) and by Theorem 3.1 of [22] 
(Y, a) is hyperconnected. 
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R e m a r k 5 .7 L e t / : ( X , T ) - > (Y,a) be a funct i on . I f mx = S O ( X ) and 
/ : (X, mx) —> (Y,a) is almost s trongly 0-m-continuous, then by Theorem 
5.6 we ob ta in the result established i n Theorem 2.10 of [5]. 

D e f i n i t i o n 5.5 L e t (X, mx) be an m-space and A a subset of X. The m-8-
frontier of A [27], mFrg(A)t is defined by mFr9(A) = mC\e(A)nmC\e(X-A). 

T h e o r e m 5 . 7 The set of all points x E X at which a function f : (X, mx) —> 
(Y, a) is not almost strongly 6-m-continuous is identical with the union of the 
m-9-frontiers of the inverse images of regular open sets containing f(x). 

P r o o f . Suppose t h a t / is not almost strongly 0-m-continuous at x E 
X. T h e n there exists a regular open set V of Y conta in ing f(x) such t h a t 
/ ( m C l ( C / ) ) is not contained i n s C l ( V ) for every m^-open set U containing x. 
T h e n mCl(U) D (X — ^ 0 for every mx-open set U containing x and 
hence x E mCls(X - f^iV)). O n the other hand , we have x E f~l{V) C 
mChif-^V)) and hence x E m P r ^ / - 1 ^ ) ) . 

Conversely, suppose t h a t / is almost s trongly 0-ra-continuous at x E X 
and let V be any regular open set of Y containing f(x). T h e n by Theorem 
3.1 we have x E f~\V) C m l n t ^ - ^ s C K V ) ) ) = mh^e{S~\V)). Therefore, 
x m F r £ i ( / _ 1 ( y ) ) for each regular open set V of Y containing f(x). Th i s 
completes the proof. 

6 New forms of almost strong ^-m-continuity 
F i r s t we recall the relationships among some generalizations of open sets. 
I f a subset A of a topological space (X, r ) is semi-open and semi-closed, 
then i t is said t o be semi-regular [8]. I t is shown i n [8] t h a t the semi-closure 
sCl ( f / ) is semi-open and semi-regular for any semi-open set U of (X, r ) . Th i s 
property is very useful. The set of a l l semi-regular sets of (X, r ) is denoted 
by S R ( X ) . For a subset A of a topological space (X, r ) , we p u t svCl(A) = 
n{F :ACF,FE SRpO}. 

Let A be a subset of a topological space ( X , T ) . A po int x of X is 
called a semi-Q-cluster point of A i f sC\(U)DA ^ 0 for every U E S O ( X ) 
containing x. T h e set of a l l semi-0-cluster points of A is called the semi-
9-closure [8] of A and is denoted by sClg(A). A subset A is said t o be 
semi-9-closed i f A = sGlg(A). T h e complement of a semi-0-closed set is said 
t o be semi-6-open. T h e fami ly of a l l semi-0-open sets of (X, r ) is denoted by 
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9S0(X). A subset A of a topological space ( A , r ) is said t o be b-open [4] i f 
A C C l ( I n t ( A ) ) U I n t ( C l ( A ) ) . 

We have the fo l lowing d iagram i n which the converses of impl icat ions 
need not be t r u e as shown i n [30]. 

D I A G R A M I 

regular open — > <5-open —> open —> cv-open —> preopen —> 
5-preopen 

I I I I I I 
semi-regular —• semi-0-open —> <5-semi-open —> semi-open —> 6-open —> 

semi-preopen 

R e m a r k 6.1 I n the d iagram above, the fo l lowing are t o be noted: 
(1) I t is shown i n [33] t h a t openness and <5-semi-openness are independent 

of each other, 
(2) I t is shown i n [30] t h a t 5-preopenness and semi-preopenness are inde

pendent of each other. 

I f we take as mx the families of generalized open sets stated i n the d ia 
gram, we can define new kinds of almost s trongly 0-m-continuous functions. 
B y the resullts established i n Sections 3-5, we can obta in those properties. 
We investigate the relationships among these functions. 

L e m m a 6.1 Let m i and m2 be two m-structures on a nonempty set X. If 
m i C m.2 and a function f : ( A , m i ) —> (Y,o~) is almost strongly 0-in-
continuous, then f : ( A , m 2 ) —> (Y,cr) is almost strongly 0-m-continuous. 

P r o o f . Let x 6 A and V be any open set of Y conta ining f(x). 
Since / : ( A , m i ) —> (Y,a) is almost strongly 0-m-continuous, there exists 
U G m i conta in ing x such t h a t / ( m i C l ( t / ) ) C s C l ( V ) . Since m i C m 2 , 
we have x G U G m 2 and m 2 Cl (C / ) C miCl ( ?7 ) . Therefore, we obta in 
/ ( m 2 C l ( [ / ) ) C s C l ( V ) . T h i s shows t h a t / : ( A , m 2 ) - • (Y,a) is almost 
s trongly 0-m-continuous. 

L e t R O ( A ) (resp. R C ( A ) ) be the f a m i l y of a l l regular open (resp. regular 
closed) sets of a topological space ( A , r ) . T h e f a m i l y of a l l <5-open sets of 
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( X , T ) forms a topo logy for X wh i ch is weaker t h a n r . - T h i s topology has 
R O ( X ) as the base. We shall denote i t by TS a l though i t is usualy denoted 
by T S . T h e n we have R O ( X ) Crs Cr CTa, where r ° = a(X). For a subset 
A of X, we set vCl(A) = C\{K : A C K and K G RG(X)}. 

L e m m a 6.2 Let (X, r) 6e a topological space. Then aG\{U) = r C l ( I n t ( C l ( I n t 
(17)))) for every U G a(X). 

P r o o f . L e t U be any a-open set of ( X , T ) . Since R O ( X ) C r C r a , we 
have aCl(U) C C1(Z7) C vGl(U). Suppose t h a t x <£ aCl(U). There exists 
G e r a conta in ing x such t h a t G n t / = 0. Hence we have I n t ( C l ( I n t ( G ) ) ) n 
U C I n t ( C l ( I n t ( G ) ) ) n l n t ( C l ( I n t ( f / ) ) ) = 0. Since x e G C I n t ( C l ( I n t ( G ) ) ) e 
R O ( X ) , we have x £ vCl(U). Therefore, we o b t a i n rC l ( [7 ) C aC\(U) 
and aCl(C7) = Cl(U) = vG\(U) for every U G a ( X ) . Moreover, for every 
U G a ( X ) , we have Cl(U) = C l ( I n t ( C l ( I n t ( C / ) ) ) ) = r C l ( I n t ( C l ( I n t ( C / ) ) ) ) . 
Therefore, we o b t a i n aCl(U) = rCl(Int(Cl(Int(£/)) ) ) for every U G a(X). 

T h e o r e m 6 . 1 For a function f : (X,T) —> (Y,a), the following properties 
are equivalent: 

(1) f : (X,RO(X)) —> (Y,a) is almost strongly 6-m-continuous; 
(2) f : (X,T$) —> (Y,a) is almost strongly 9-m-continuous; 
(3) f : (X,r) —> (Y,cr) is almost strongly 9-m-continuous; 
(4) f • (X,ra) —> (Y,a) is almost strongly 9-m-continuous. 

P r o o f . Since R O ( X ) C rs C r C r a , by L e m m a 6.1 we have (1) =>• (2) 
(3) ^ (4). 
(4) (1) : L e t x G X and V be any open set of Y containing f(x). 

There exists an a-open set U conta ining x such t h a t / (cvCl( (7) ) C s C l ( V ) . 
Since U G r a , we have x G U C I n t ( C l ( I n t ( l 7 ) ) ) G R O p f ) . B y L e m m a 6.2, 
we have / ( r C l ( I n t ( C l ( I n t ( t / ) ) ) ) ) = f{aCl(U)) C sC\(V). T h i s shows t h a t 
/ : (X, RO(X)) —» (Y, cr) is almost strongly 0-m-continuous. 

C o r o l l a r y 6 . 1 i^or a function f : (X,T) —» (Y, cr), i / ie following properties 
are equivalent: 

(1) f : [X,r) —> (Y, cr) is almost strongly 8-continuous; 
(2) f : (X,Ts) —> (Y, cr) is almost strongly 9-continuous; 
(3) f : ( X , T A ) —* (Y,cr) is almost strongly 9-continuous. 
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T h e o r e m 6.2 For a function f : (X,r) —> (Y,o~), the following properties 
are equivalent: 

(1) f : (X, SR(X)) —> (Y,a) is almost strongly 6-m-continuous; 
(2) f : (X,9SO(X)) —» (Y, cr) is almost strongly 9-m-continuous; 
(3) f : (X,6SO(X)) —> (Y,a) is almost strongly 9-m-continuous; 
(4) f : (X,SO(X)) —> (Y,a) is almost strongly 9-m-continuous. 

P r o o f . Since SR(X) C 9SO(X) c 5SO(X) c S O ( A ) , by L e m m a 6.1 we 
have (1) (2) => (3) =̂ > (4). 

(4) =¥ (1): Suppose t h a t / : (X,SO(X)) -> (Y,cr) is almost strongly 
0-m-continuous. L e t x £ X and V be any open set of Y conta ining f(x). 
There exists U G S O ( X ) containing x such t h a t / ( s C l ( f / ) ) C s C l ( V ) . B y 
Propos i t i on 2.2 of [8], sCl( i7) G SR(X) and we have x G sCl ( i7 ) . Moreover, 
we have s r C l ( s C l ( f / ) ) = sCl(C/). Therefore, we o b t a i n / ( s r C l ( s C l ( [ / ) ) ) = 
/ (sCl(LO) C s C l ( y ) . T h i s shows t h a t / : (X,SR(X)) - » (Y,a) is almost 
s trongly # -m r cont inupus . 
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