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Let (X, 7) be a topological space. For a proper ideal J on (X, 7), the associated filter ‘F
Associated filter is defined and investigated in [1]. In this paper, we define several set-operators on an
Limit point of a filter ideal topological space (X, 7, J) and investigate the relationship between the set-
Local function operators and limit points of the associated filter .

1. Introduction and Preliminaries

Let (X, 7) be a topological space and J be an ideal on X, then for A € X, the local function is defined in [2] as

A"(I, 1) = {x€X:U.NALT for every U, € 7(x)}, where 7(x) is the collection of all open sets containing x. 4 (I, 7) is
simply denoted as 47(J) or A". For the simplest ideals {#} and P (X), we observe that 4 ({@}) = cl(4) (cl(A)
denotes the closure of 4) and 4 “( 2(X)) = @ for every ACX. Thus the study of the local function is interesting when
the ideal J is a proper ideal (an ideal J does not contain whole set X) on the topological space. Otherwise, when

an ideal contains the hole set X, then it contains all subsets of X and the value of local function on any set is
always empty.

The complementary set-operator i of the set-operator ()*is defined in [3] as y(4) = X'\ (X \ 4). It is notable
that ()’is not a closure operator and y is not an interior operator. However, the set operator C: P (X)—P (X) defined

by C(A4) = AUA “makes a closure operator [2,4] and it is denoted as “c/*’, that is ¢/'(4) = AUA". This closure operator
induces a topology on X and it is called the *-topology [5-12]. This topology is denoted as z*.

Let X be a nonempty set and F € P (X). Then ‘Fis called a filter [13, 14] on X if it satisfies the following:
1. oegF
2.B€ Fand B €4 implies 4 € F,
3.4, Be F impliecsA N B € F.

Let J be a proper ideal on a topological space (X, 7). ThenF ={Ac X : X\ A€l }forms a filter on X.
This filter is called the associated filter on X and denoted as Fi.

Definition 1. [1] An ideal 1, on a set X is called a universal ideal if for any 4 C X, either 4 € I, or X \A € 1.
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2. Associated filters

We define the operator A on an ideal topological space (X, 7, ) in the following way: for a subset 4 of X,
NA) = y(A)\ 4.

Lemma 1. Let I be a proper ideal on a topological space (X, t) and A S X. Then for x Ey(A) €1, x is
not a limit point of the associated filter .

Proof. Given that x € y(A) € I. Thus for w(A) € ©(x), X \w(A) € Fi. Hence x € w(A) £ Fi. Therefore, x is not
a limit point of 7.

Corollary 1. Let I be a proper ideal on a topological space (X, t) and A €X. Then for x EN(A) and
w(A) € I, x is not a limit point of the associated filter .

Corollary 2. Let I be a proper ideal on a topological space (X, 1) and A €X. Then for x EN(A) and
w(A) € 1, x is not a cluster point of the associated filter .

For converse of the above corollary and lemma, we have followings:

Theorem 1. Let I, be a universal ideal on a topological space X. If x is not a limit point of the associated
filter U, then x € y(X \ A) for any A € P (X).

Proof. Let x € X and x be not a limit point of U. Then there exists U, € 7(x) such that U, £ U and hence

U.NAE U, forany A € P (X). Therefore, X \ (U, N A) € I, and hence A N U, € I,. Thus x € A" and hence x €
(XU = w(X\ A).

We define the operator A; on an ideal topological space (X, 7, J) in the following way: for a subset 4 of X, A,
(A) = V(A) UA(A) = (p(A) \47) U (p(A)\A).

Theorem 2. Let I be a proper ideal on a topological space (X, t) and A € X. Then for x € Ai(A) and
w(A) € I, x is not a limit (resp. cluster) point of the associated filter F.

Proof- Case (i): Suppose x € (w(A)\4"). Thus x € X \ (X \4d)yand x € A" .Thus x& (X \ 4)UA" and hence x &
X". Thus there exists U € 7(x) such that U, N X € I, hence U, € I. Thus X \ U, € F1. Therefore, x is not a limit

point of Fi.
Case (ii): Suppose x € (w(A4) \ A). Then from Lemma 1, x is not a limit point of .
We define the operator A, on an ideal topological space (X, z, J) in the following way:

As(A) = V(A)UA (A) = (w(A)\ AH(A\A7).

For convergence of the associated filter to a point x € Ax(4), we get followings:

Theorem 3. Let I be a proper ideal on a topological space (X, t). Then for x € (w(A)\ A"
but x € (A\A"), x is not a limit point of the associated filter F..

Proof- Similar to Theorem 2 Case (i).

Theorem 4. Let | be a proper ideal on a topological space (X, t). Then for x € (w(A)\A")
but x € (A\A"), x is not a limit point of the associated filter ‘F.

Proof. Given that x € (y(A)\d") and x €(A\A"), thenx € A", x €A and x £ w(A)
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(since x € A", if x € y(A) then x € w(A4)\ A", contradiction). Therefore, x € 4", x € A4 and x€ (X' \ 4)". Then
there exists U, € 7(x) such that U.NA€ I, and for all W, € z(x), W.N(X\A) € T and x € A. Thus, for the particular Uy,
UNA€ Tand U\ A £ I. Thus for the particularU,, U, & I and hence U, € Fi. Therefore, x is not a limit point of Fi.

Moreover, if x € (y(4)\A") and x € (4 \ A7), then x is not a limit of the associated filter

We define the operator Az on an ideal topological space (X, 7, J) in the following way: for any subset 4 of X
Ay(A) = A (A) UNA) = (A\47) U (w(A)\A).

For convergence of the associated filter to a point of A3(4), we shall take the help of next section.
3. Complementary set-functions

In this section we consider the complementary function to the earlier section and discuss the convergence of the
associated filter in terms of the complementary function.

We define the operator V and V;on an ideal topological space (X, z, J) in the following way:

for any subset 4 of X, V(4) = X\ AX\A4) and Vi(4) =X\ A(X\A) fori=1, 2, 3.

Theorem 5. Let (X, 7, 1) be an ideal topological space. Then for A€ P (X),

1.V(A) = A"U(X \ A).

2.V(X'\A4)= (X \A)UA.

3. VX \4) =X\ w(4)) vu4

4.v(A) ud =X

Proof: 1. V(A) = X \(y(X\A)\ (X \A4) =X \(X\4H\(X\4) =X \[(X\A4)NA]=A"U (X \A).
Proof of 2,3 and 4 follows from 1.

If x EV(A), then x may be a limit point of the associated filter ‘fr.

Example 3.1. Let X = {a, b, ¢}, t={Q, {a}, {b}, {a, b}, X} and I= {0, {a}}. Let A= {a, c¢}. Thenc, b€
V(A) = A"U(X \A)= {c} UX\ {a c})= {b.c}. But the associated filter i = {{b, c}, X} does not

converges to b. Moreover, ‘1 —c.

Theorem 6. Let (X, 7, 1) be an ideal topological space. Then for A € P (X),
1. Ai(A) = y(A)\(ANA).

2. Ai(X\A) = (w(A)UA)\ A"

3.ViA)=(X"\A4)ud"

4. Vi(4) VA = X, if the space is Hayashi-Samuel.

5. Ai(A) Sw(A).

6. Ai(A) € A", if the space is Hayashi-Samuel.

Proof. 1. Ai(A) = (w(A)\A") U (w(A)\A) = w(A4A) N [(X\AT) U X\ A)]=w(d) N[X\ (A NA)]=w(4)\
(47N A).

2.A(X\A) = (X \ADNX\A)NX\A) = (X A\ (X\A)\A)=[X\A)\(X\A)y]ud = [(X\47)
\(X\A)INXN\A) =X AN X\ (D] NXNA)=[(X\AD) N (p(A) UA) = (w(A)UA)\A".
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3.Vi(4) = X\ [(y(A)UA) \ 4= X\ [(y(A)UA)NX\A )] = [ X\ (w(A4)UA)|ud "=

[(X\yp(A4) N(X\A)UA™=[(X\A)'N(X\A)UA=[(X\A)YUATN(X\A)UAT=X"N((X\A)]UuA"
= IX'NX\AUXNA) =X N(X\ D UA = (X \A)uA".

4.V,(4)= (X"4)UA"= (X \A)UA". Therefore, Vi(4) UA = X.
5. By 1., the proof is obvious.
6. From 5., Ai(A4) S w(A4). Then Aj(4) EX \ (X \A)'CEX \(X" U [T]=X \(X 4H)=4".

If x €Vi(A4), then x may be a limit point of the associated filter f; and it is followed by the following example.

Example 3.2. (i). Let X = {a, b, ¢}, t= {0, {a}, X}, and I = {@, {a}}. Suppose A = {a}.Then for b
EVi(4), F1—b.

(ii). Let X={a, b, ¢}, t= {0, X, {c}, {c, b}} and I={®, {a}}. Then ‘}1 = {{b, ¢}, X}. Consider
B = {a}, then c€V\(B)=X\A= {a, b c} \ {a} = {b, c},but Fi»c.

Theorem 7. Let (X, 7, I) be an ideal topological space. Then for A € P (X),
1. Af(A) = (w(A) U (4))\ 4"

2. Ay(A) = w(A)\A"if A is open.

3.Vi(A)=(X"NA)U(X\A)*

4. Vi(A) = A U (X \A)", when the space (X, t, I) is Hayashi-Samuel.

Proof- 1. Ay(A) = (W(A)\AHUA\A) = (A NX\ANUUANX\A)= WA UANX\A4) =
(y(A)uA)\ 4",

2. Since A is open, X '\ A is closed and it is z-closed. Hence (X '\ 4)*c X'\ 4 and w(A) 2 A. Therefore, w(A4) U A
= w(A). Hence Asy(A) = w(A)\4".

3. Vi A) =X\ A(X\A) =X \[(w(X\A)\ (X \A))U((X\A)\(X D))=

X\ (X)) V(XN () U (XN A) N (X)) =X\ [(XNA4) Ny(A)] U (X \A) N y(A))] =

X\ ((X\ A7) U XN\ A) Ny(A)] = XX\ (A NANNp(A)] = (A NAUX \ p(A)) =

(ANA)UX\A)'=(A*UX\A)HINAUX\NA)) =X NAUX\A))=(XNA)U
X'NX\A)'=XNA)UX\A)".

4.1f (X, 7, J) is Hayashi-Samuel space, X = X and by (3), AU(Z)*: A.

For convergence of the associated filter to a point in V2(4), we discuss the following example.

Example 3.3. (7). Let X = {a, b,c}, t={0,{a}, X} and I = {0, {a} }. Then X* n= {b, c} and Fr =
{X, {b, c}}. Consider A= {a}. Then b€Vy(A)= (X*NA)U(X\A)'= {b, c}and Fi converges to b.

(ii). Let X={a, b,c}, t=1{0, X, {c}, {c, b}} and I={Q, {a}}. Then Fr= {{b, c}, X}.Consider
B = {a}, thenc €Vy(B)= (X NA)U(X\A)'= {a}u{b c} =X, but Fi»c.

Theorem 8. Let (X, 7, I) be an ideal topological space. Then for A € P (X),
1. As(X'\ 4) = As(A).
2. M) =X\ X"
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3. Vs(A) = X\ As(X\ 4) = X\ As(A).

Proof. 1. As(X\A) = (X \A)\ (X \A)) U(X\A) X\ 4) = (X \A)NX\(X\A))UX\ 4D\ (X
VA)) = ((X\A4) Nyp(A) U(X\A") NA) = ((A)\ A) U4\ AT = As(A).

2. A(X) = (X \X)U@(X)\X) = (X\XHUX\X)=X\X".

3. The proof is obvious by the definitions and 1.

Following examples will discuss the convergence of the associated filter to a point of A3(4) and V3(4).

Example 3.4. Let X = {a, b, ¢}, = {®, {a}, X} and I={@, {a}}. Consider A= {a}, then y(A)=X
\ {b ¢} =X\ {b,c} = {a}. Therefore, for a € As(A) = {a}, Fi= {X,{b c}}. Then Fi+a. Next
suppose B = {a, b}, then B'= {b, ¢} and yB) =X \{a} = X. Thus for ¢ € A3(4) = {a}U{c} = {a,
ch, fi—ec.

Example 3.5. (i) Let X={a, b, ¢}, 1= {0, X, {c}, {c, b}} and I={®, {a}}. Then 1= {{b, c}, X}.
Now V3(X) = X\ Ay(X\X) = X \A(X) = X\ (X\X)=X"={a, b, c}.Thus for c €Vs(X), Fi+»c.

(ii) Let X = {a, b, ¢}, 1= {0, {a}, X} and I= {0, {a}}. Then = {{b, ¢}, X}. Consider B= {a, b},
then B'= {b, ¢} and w(B) =X \{a} = X. Thus, for b€ X \As(4) = X\ {a} U{c} = {b}, F1 —b.

4. Conclusions

Furthermore, in the conclusion part of this paper we consider following:

Lemma 2. [1] Let f: X — Y be a bijective function. If I is a proper ideal on X, then
S =4{fU) : 1€ I} is a properideal on Y .

Theorem 9. [15] Let (X, t, 1) be an ideal topological space and (Y, o) be a topological space such that
- X—Y is a homeomorphism. Then f{A"(I)) = (f(4)) (A1) for any A€ P (X).

Proof. For A€ P (X) let x € X with f(x) & (4 "(J, 7)). This implies that x € 47(J, 7). Thus there exists U, €
7(x) such that U, N 4 € 1. Therefore, f(Ux N A) € f(]), hence f(Uy) N f (A) € f(]). So, we have, f(x) & [f

(4)1" (¥ (D), 6), since f (Ux)€ 6 f(x). Therefore, f [4" (L, )] 2 [f (A)]" (f (D), o).
Reverse inclusion:

Let t € X with (1) & (f (4)"(f (), o)). Then there exists Uy, € o(f (1)) such that Uy, N f (4) € f (). Thus,
ST U NfAN =~ 1[Urg N A €f~Uf (D) = I, implies t & A"(Z, ), since f~ 2 (Ure € (2)). Thus, f (¢) &
A"(I, 7). Hence we have, [f{4)]"(f (J),0) 2 f[4"(I, 7)].

Corollary 3. [15] Let (X, 7, ]) be an ideal topological space and (Y, o) be a topological space such that
£ XY is a homeomorphism. Then £ (w(A)(D) = w(f () D). for any A€ P (X).
Proof: Claim: f{y(4)(])) Sy (f (4)) (f (D).

Lety € Aw(A)(D)). Then, 7 '(v) € w(4)(D)= X \ (X' \ A). This implies that

S (v) € (X\A). Therefore, there exists an open set U containing f~~'(y) such that U N (X \ A) € I. Therefore
FUNXNAD)=UYNLX\NAD=,(U)N(Y\f(A)) € (]). This implies y € (Y\f(A)yand y € Y\ (¥'\
_J(A)). Hence we have y € w(f(A4))(/(])).

Claim: y(f (AD)(f (D) € Ay(A) (D).
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Let y € w(f(A4))(#(])). This implies that y & (Y \ f(A4)). Thus there exists an open set ¥ in Y containing y such
that V' N (Y \ f(4)) € f(J). Then there exists B € I such that V' N (Y \ f(4)) = f(B). This implies that ! (V'
N\ ="'V NLYNAA)) =,(V)N(X\A)= B € I Therefore, /”'(y) € (X \ A)and hence /' (y)
EX\ (X \A)= y(A)(]). Consequently, we have y € f(yw(A4))(])).

Theorem 10. Let (X, 7, 1) be an ideal topological space and (Y, o) be a topological space such that [ :
X — Yis a homeomorphism. Then for A € X, the following properties hold:

L SINAD) = ASADNGD),
2. AAA(D) = (A (ANG (D)) fori=1, 2, 3,
3. SVAADD) = (V(f (AN (D)) fori=1, 2, 3.

Proof. 1. fINAYD) = [w(A)D) \ 4] = fp(A)D) \AA) (as.fis injective) = w(AA)AT) (from Corollary 3)
= (AN

2. For i = 1, AAMAD) =1 [ DD\ A'D) U (D)D) \ A)] = (AN \ A D)] U A AND \ 4)] =
ApAD) \ A4 D) U D) \ AA)] (as £ is injective) = [(w(AANAD) \ () (FI)] U
[(w(AAD)S(D)(A)] (by Theorem 9 and Corollary 3) = (A1(J{A))(f(]))).

3.Fori =1, f(Vi(A)D) =fF [ X \AX \ADD] =AX) \AAI(X\ A) (])) (as_fis injective) = Y \ A (/LX)
VA)AD) = Y\ A(Y\AA)(D) = Vi(AAADF D).
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