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Abstract

In this paper, we study translation surfaces in three dimensional affine space. We char-
acterize the finite type non-degenerate translation surfaces with respect to the first affine
and the second affine fundamental forms.
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1. Introduction

A surface obtained by translating a curve a(u) over another curve [(v) is called a
translation surface, i.e., z(u,v) = p(u) + ¢(v). Translation surfaces are used by the
architects in the designing and construction of glass roof structures ([3,10]).

H. F. Scherk in 1835 proved that, in addition to the planes, the only minimal translation
surfaces are given by

1 1
z(u,v) = - log |cos(cu)| — - log |cos(cv)],

where ¢ is a non-zero constant ([21]). The study of translation surfaces in affine spaces
was initially started bt Manhart ([16]), Magid and Vrancken ([15]). Manhart gave a
complete classification of non-degenerate minimal translation surfaces in affine space, while
as Magid and Vrancken classified the flat translation surfaces. For more study of surfaces
(translation) in affine spaces, we refer the reader to see ([1,2,11,12,18-20]).

Now, we give a brief description of another direction of geometry known as finite type
of surfaces (submanifolds). A surface or a submanifold is said to be of finite type or
finite Chen type if its coordinate functions are a finite sum of eigenfunctions of its Lapla-
cian. Let x and H be the position vector and the mean curvature of a n—dimensional
submanifold(M™) of E™, we know from a well known formula ([7]) Az = —nH. This
implies that M™ is minimal if and only if the coordinate functions are harmonic or they

>kCorresponding Author.

Email addresses: saleemraja2008@gmail.com (M.S. Lone), murat.karacan@usak.edu.tr (M.K. Karacan),
yilmaz.tuncer@usak.edu.tr (Y. Tuncer), hasanes@gazi.edu.tr (H. Es)

Received: 14.05.2019; Accepted: 27.02.2020


https://orcid.org/0000-0001-5833-3594
https://orcid.org/0000-0002-2832-9444
https://orcid.org/0000-0001-8956-5814
https://orcid.org/0000-0002-7732-8173

Translation surfaces in affine 3-space 1945

are the eigenfunctions of A with eigenvalue being zero. It was Takahashi who first proved
that the submanifolds satisfying Ax = —Ax with identical A € R are either minimal sub-
manifolds of E™ or minimal submanifolds of hyperspheres S™! of E™. For more study of
finite type of surfaces (submanifolds), we refer ([4,8,9,13,21]).

As of now, there is no study available where the authors may have investigated finite
type of surfaces in affine spaces. So the aim of this paper is to connect finite type of study
with the affine geometry. Apart from revisiting the minimal and flat translation surfaces,
the main objective of this paper is to classify the finite type of translation surfaces in affine
space with respect to first and second fundamental forms.

2. Preliminaries

In this section, we will introduce some basic notions of affine structures: the co-normal
and normal vectors, Gaussian and the mean curvatures. In case of affine transformations,
the Berwald-Blaschke metric is an invariant quadratic form and independent of coordinate
systems. It is not necessary that this quadratic form is positive definite. Let ® :  — R3
be a regular surface, the Berwald-Blaschke metric is given by

2M N

L
h o= —— —du®+ dudy + ——————
ILN — M?2|1

ILN — M2|i ILN — M2|i
= Edu®+ 2Fdudv + Gdv?,

dv? (2.1)

where

L= [(I)u; (I)m (I)uu] 3 N = [(I)m (I)’Uy (I)vv] ) M = [(I)m (I)va (I)uv] .
From now onwards, we suppose, LN — M? # 0, i.e., ® is non-degenerate. The points
where LN — M? is positive, negative or zero are called elliptical, hyperbolic or parabolic,
respectively ([1,2,5,11]). In this paper, we are studying only in convex case (elliptical
points).

Definition 2.1. Let X be a regular surface given by the parametrization ® : Q C R? —
X C R3, the affine conormal field is given by

D AD, DB AD, 22)

n= 1 ’
ILN — M?2|7 7, N> o)

where L, N and M are the coefficients of the first affine fundamental form.

1
By definition, it can be seen that 1.d® = 0. Let o = £ [1, 1y, 1my] = £ (LN — M?)% |
where the sign + depends on whether the points are elliptical or hyperbolic. Thus, we can

write
P, N D,
7’, = —

g

(2.3)

Definition 2.2. Let X be a regular surface given by the parametrization ® : Q C R? —
X C R3, the affine normal vector field is given by

M AT T AN

= T o 24)
or
C:ULN—M?ﬁ [a (N@u—M®v> E)(L(I)v—M@u)] 2.5
2 VLN — M2 |[0u \ VLN — M2/ 9v \LN — M? '
or Czl 1 {8 (G@u—F®v> 8<E<I)U—F<I>u)] (2.6)
2VEG — F? [0u \ VEG — F? ow\VEG-F?)]’
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where
n¢=1, n.¢=0, 17,.¢=0.
We see that the affine normal vector field does not belong to the tangent plane of X.

The affine curvature is given by the variation of the normal vector field. Since 7., =
0, 1.¢, =0, ie., ¢, and (, are orthogonal to n. In particular ¢,, (, € T,X (tangent plane
of X at p.) Therefore, the shape operator (S : T,X — T,X) at a point p is given by

Sp(v) = =Dy(.
Since (y, ¢y € Tp(X), we have
bwﬁQ—)R, 1,5 =1,2,

such that
Cu = b11Py + 012Dy,
2.
{ Cv = b21Py + b2 Py, (2.7)
where
bll — Kuvf’v’c]7 b12 — [Cvzivyd’ (2 8)
b21 — [q>u§u1<]7 b22 — [q>u§1nd .

Notice that, in case of affine geometry, the corresponding matrix B = (b;;), {i,j = 1,2}
of the shape operator is not necessarily symmetric ([1,2,5,11]).
The affine Gaussian curvature and the affine mean curvature are given by

b11 + b2

1
K =det B =bi1b3o — b1obo;, H = 5757’3 = 5 , (29)

respectively.
The Laplacian operators Al and A" of the first affine and the second affine fundamental
forms on X with respect to local coordinates {u,v} are defined by ([6,20]):

Ao 1 [a <N<I>u—M<I>v> _8<M<I>U—L<I>U>} (2.10)
VLN — M2 [0u \ /LN — M?2 ov \ VLN — M?2 '
and
A — 1 {a (G(I)u—F<I>v> 8<F<I>u—ECI>U)] (2.11)
VEG — F2 [ 0u \ VEG — F? o \VEG-F2)|’ '

respectively. For more study of affine spaces, we refer [14,17].

3. Translation surfaces in affine 3-space

A surface X obtained as the sum of two affine curves a(u) = (u,0,p(u)) and S(v) =
(0,v,¢(v)) is called a translation surface in affine 3-space. Thus, a translation surface is
defined as a graph

X @(u,v) = (u, v, (u) + ¢ (v)). (3.1)
A basis for the tangent vectors is given by
@, = (LO,¢ (W), @, =(0,1,¢ ). (3:2)
The second order partial derivatives of ®(u,v) are given by
Dy = (0,0,¢"(w)), Puy =(0,0,0), Py, = (0,0,¢"(v)). (3.3)

The coefficients of the first affine fundamental form are given by

L=¢"(u), N=¢"(), M=0, o=(LN-M)" = ("¢")". (3.4)
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Hence the coefficients of the Berwald-Blaschke metric of the translation surface or the
coefficients of the second affine fundamental form are given by
/! /!
pe—¥ oY _p_y (3.5)
(ot (et

Since we are supposing that the Berwald-Blaschke metric is non-degenerate: o # 0. Ge-
ometrically o > 0 means that the Euclidean Gaussian curvature does not vanish, i.e., the
translation surface is strongly convex. The affine co-normal field of the translation surface
is given by

)
((p//(b//)z (Spll(ﬁl/)z (@ll(ﬁ”)z

Thus, the affine normal vector field is given by

(3.6)

_(PW (90”917”)% _¢/// ((p,,(b,,)i ((p//(b//)% <_§0/¢//290m + (,0”2 <4¢,,2 B ¢,¢,,,>)

(=

4()0//2 ) 4¢//2 ’ 4()0//2 ¢//2
(3.7)

Consequently, the coefficients of the matrix B = (b;;) are given by

((p//¢//)% (790///2 _ 490”90(4)> qb”(plﬁqwl
b1 = , bpp=——"""7"—"+— 3.8
1 16(,0”3 16 (SDH(ZSH)g ( )
1
(,0”(,0”/¢/” (@/,¢//)4 (7¢///2 _ 4¢//¢(4)>
boy=——""""—, bn= 3 . (3.9)
16 (SD//¢/,) 1 169"

Therefore from (2.9), we can easily find the affine Gaussian [12] and the affine mean
curvatures [18] of X are given by

90///2 (12¢W2*7¢//¢(4))+<P//§0(4) (77(;5///2 +4¢//¢(4))

®- (¢
64(p" ") 2
1
(cp”d)")i (7<p/"2 _4(10//%0(4)) (Soll(z)//)% (7¢///2 _4¢//¢(4)) (3 O)
H = + ,

9

3290//3 32¢//3

respectively.
Suppose that the translation surface given by (3.1) has zero affine Gaussian curvature,
we have

S0///2 (12¢///2 . 7¢//¢(4)) + QDNQDM) (_7¢///2 + 4¢//¢(4)) —0. (3.11)

Here u and v are two independent variables, so each side of (3.11) is equal to a constant
p € R. Hence, the equation (3.11) is reduced to

()0///2 7¢///2 o 4¢//¢(4)

@//@(4) =pP= 12¢///2 _ 7¢//¢(4)' (3.12)

By solving (3.12), we get
3p—2 2—3p
3 (u — pu + c4p) P2 c7 ((bp —3) v+ cg (Tp —4))3-5

p(u) = ert+cou— 6p% — Tp+ 2 . B(v) = estegu— 6p2 — Tp + 2 )

(3.13)
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for some constants ¢; € R and p # 1, % Thus X is parametrized by

3p—2 2—3p
c3(u—pu+tc p—1 c7((5p—3)v+cg(7p—4))3—5P
O(u,v) = ( u, v, <C1 + cou — 65277;?2 ) + <C5 4 cgu — <lp %pLS?;fz ) ) ) )

(3.14)
In particular, if p = 0, we have
2
ce (3v +4cq)3
o(u) = cu? +cau+c3,  o(v) = cq +c5v — 6(27), (3.15)
where ¢; € R. In this case, X is parametrized by
2
b (u,v) = ( u, v, (cru® + cou + c3) + (04 + c5v — W) > . (3.16)

Theorem 3.1. Let X be a translation surface in affine 3-space. If X has zero Gaussian
curvature or affine flat, then X is parameterized by (3.14) or (3.16).

Figure 1. 3D plot of (3.16) for particular values of ¢; € R.

Remark 3.2. For p = 1, the equations in (3.12) reduces to

2 2
90”/ N 4,0”4,0(4) =0, 5¢/// _ 3@’/(;5(4) = 0. (3.17)
Solving (3.17), we get
ucy 1
plu) =c1—5 +esutes,  dv) = Fe5 (20 +3¢)2 + crv + cs, (3.18)
2

where ¢; € R. Set ¢y = ¢ = 1,¢5 = %,03 =c¢4 =cg = cy =cg =0 in (3.18), we get
o(u) = €* and ¢(v) = +v2. Hence the surface parameterization is
O(u,v) = (u,v,e“ + v%) , (3.19)

which is (1.2) of theorem 1.1 in [12]. Similarly, fixing properly the constants in theorem
(3.1), we can easily find the other results of theorem 1.1 in [12].

Now assume that X is affine minimal. Hence, the mean curvature is zero if and only if

(SDHQW)% (7¢///2 _ 4¢//¢(4)> (SO//gb//)i (7¢///2 _ 4¢//¢(4)>
+

57 257 —0. (3.20)
The minimality condition (3.20) can be separated for the variables as:
(7()0///2 _ 490//90(4)) (7(25///2 _ 4¢//¢(4))
3 =p=- 3 (3.21)
32¢" 324"

In this case, the nonlinear differential equation (3.21) has not any real analytic solution
for p € R\ {0} . For p = 0, we have

wIin
win

3 (3u + 4cq)
2 )

cr (3v + 4c
o(u) =c1 + cou — d(v) = 5+ cgv — 7(28), (3.22)
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for constants ¢; € R. In this case, X is parametrized by
2 2
O (u,v) = ( Uu, v, (Cl + cou — W) + <C5 + cgv — W) ) . (3.23)

Theorem 3.3. A translation surface X is affine minimal in affine 3-space if and only if
it is a part of the surface (3.23).

Remark 3.4. Choose ¢ = co = ¢4 = ¢35 = ¢cg = cg = 0,c3 = —2 e = %, the pa-
33 33

rameterization in (3.23) reduces to ®(u,v) = (u, v,us — vg) , which is a parameterization
given in (7) of theorem A of [18]. Since, we are forced to exclude the (“may be”) cases for
p # 0 in (3.21), it is very difficult to get all the parameterizations given in theorem A of
[18] from (3.23). Yet nonetheless, the parameterization obtained in (3.23) is altogether a
new parameterization of affine minimal translation surfaces.

Figure 2. 3D plot of (3.23) for particular values of ¢; € R.

4. Translation surfaces satisfying A’® = \;®

In this section, we classify translation surface in affine 3-space satisfying the equation

AlD = )0, (4.1)
where )\, €R, 1=1, 2,3 and
Alp = (AI<I>1, Al®,y, A1q>3) : (4.2)
where
O =u, Py=v, P3=p(u)+ o). (4.3)

For the translation surface given by (3.1), the coefficients of the first affine fundamental
form are given by (3.4). By a straightforward computation, the Laplacian operator A’ on
X with the help of (4.2), (4.3), (3.4) and (2.10) turns out to be

" " /) /1
A T P9
Ao = <2§0//2 ) 2¢//2 ;=2 2@//2 + QCZ)//2 > ’ (4.4)
Using (4.1) and (4.4), we have
"
¥
—— = A1u, (4.5)
290”2
¢///
2¢7 = )\Q’U, (46)
!, /N
T P9
-2+ 2()0,,2 + 2¢,,2 = A3 (90 + ¢) ) (47)

where A1, Ao, A3 € R.

Definition 4.1. A surface in affine 3-space is said to be I-harmonic if it satisfies the
condition AT® = 0.
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We assume that X satisfies the condition A’® = 0. In this case from (4.5) and (4.6),
we get
O =0, ¢" =0. (4.8)

However, this is not solutions of (4.7), which implies that this case is not possible.

Theorem 4.2. Let X be a translation surface given by (3.1) in affine 3-space. There
exists no translation surface satisfying the condition AT® = 0.

Combining (4.5), (4.6) and (4.7), we obtain

— 24+ P AMu— A3 = p = ¢ Xov + 30, (4.9)
where p € R.
If Ay # 0,2, # 0, A3 # 0 € R. By solving (4.9), we find
A3 2 A3
o) = et = P gw) = e+ 2 (4.10)
A3 A3

where c¢1,c2 € R. Substituting (4.10) into (4.5) and (4.6), we can easily see that they do
not satisfy these equations.
If A1 # 0,2, # 0, A3 = 0 € R, the equation (4.9) is reduced to

-2+ ¢ \Mu=p=—¢' M. (4.11)
After solving (4.11), we get

2+ p)logu log v
olu) = ey + ZHEPLBY -y, PLOBY,
1 2

where ¢1,c2 € R. Substituting (4.12) into (4.5) and (4.6) yields p = —1. They satisfy
these equations, thus the parametrization of X is given by

B (u,v) = <u,v, (01 + log“) + (02 + 105;“)) . (4.13)

(4.12)

A

Figure 3. 3D plot of (4.13) for particular values of ¢;, A; € R.

In the other cases with respect to constants A, A2 and A3, the functions ¢(u) and
¢(v) that are obtained from the solutions of the differential equation system (4.9), either
contradicts the assumption of non-degeneracy or do not satisfy the equations (4.5) and
(4.6). So, we have the following theorem:

Theorem 4.3. Let X be a non I-harmonic translation surface given by (3.1) in affine
3-space satisfying the condition AT® = \;®;, \; € R, then it is an open part of the surface
(4.13).
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5. Translation surfaces satisfying A"® = \;®
In this section, we classify the translation surfaces in affine 3-space satisfying the equa-
tion
Ar® = \;®;, (5.1)
where \;€R, i=1,2,3 and

A’@:(Ah@l, Al Ahq>3). (5.2)

For the affine translation surface given by (3.1), the coefficients of the Berwald-Blaschke
metric of the translation surface or the second affine fundamental form are given by (3.5).
By a straightforward computation, the Laplacian operator A" on X with the help of (3.5),
(4.3), (5.2) and (2.11) turns out to be

A — ((p//(b//)i ©" (¢//¢//)i @" QOIQP”/d)"Z 4 90,/2 (_4¢,,2 n ¢/¢///) y
— ZSDIIQ ’ 2¢//2 ’ 9 (@/Iqb//)% . ( . )
The equation (5.1) by means of (5.3) gives rise to the following system of ordinary differ-
ential equations:

1
////Z///
(@"P") 1 _

290//2 = Al1U, (54)
1
P T P
(%3,2 = v, (5.5)
oo ¢//2 + (,0//2 (_ 4 ¢//2 Y ¢///)
2( //gb//)% =X lpt9). (56)
¥
The equation (5.6) is reduced to
1 1
) )T " )T "

_9 (go”qb”) iy ‘70/( 2@)//2 ¥ + ¢/( 2(;,2 =N (p+9). (5.7)

First of all, we assume that X satisfies the condition A"® = 0. We call a surface satisfying
this condition a h-harmonic surface. In this case from (5.3), we get

(SO//(b//)i 90/// ((,0”¢//)% ¢/// 0 gp’gp”’gb’ﬂ + @//2 (—4¢//2 + qf),qb/”)

=0. 5.8
2(p”2 ’ 20" ’ 92 (go”qb”)% (5-:8)

The common solutions of the above three equations are ¢” = 0 and ¢” = 0. But this is a
contradiction with our assumption of the non-degenerate property of the surface X. Thus,
we can state:

Theorem 5.1. Let X be a translation surface given by (3.1) in affine 3-space, then there
is no such translation surface satisfying the condition AM® = 0.

From (5.4) and (5.5), we see that

120" Mu 26" A
((P”¢”)4 — SD/” = ¢/// , (5'9)
Substituting (5.9) into (5.7), we have
/\1u90//2 / /
—4 T Aug + Azp =p = —Avd + A3 (5.10)
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or
20"
¢/// ?

where p € R. When we try to solve the differential equation system (5.10) with respect to
the constants A1, Ae, A3, the following situations occur.

Mug' + 30 =p = —Xovd + \3¢ + 4

(5.11)

Case 1: If {)\1 == 0,)\2,)\3 75 O}, {)\2 = 0,)\1,)\3 75 O} and {)\1 = )\2 == 0,)\3 7& 0}, at
least one of the functions ¢(u) or ¢(v) is a constant. This is a contradiction to our
assumption of the non-degenerate property of the surface X.

Case 2: If {\ =0, 2 #0,A3 =0} and {\1 # 0,2 = 0,\3 = 0}, we again arrive at a
contradiction.

Case 3: Let {\ # 0,2 # 0, A3 =0}, from (5.10), we obtain

Mu (,0”2

I
12

—4 + Muy’ =p=—Xwe'. (5.12)

The general solution of ¢(v) in (5.12) is given by

plogu

o(v) = er+ =

(5.13)

But the differential equation system (5.12) for the function ¢(u) cannot be solved analyt-
ically. In particular, if p = 0, we have the function ¢(v) is a constant and

3
2

o (u) = %cl (Bu + ¢2)

where ¢;€R. Again we get a contradiction.

Case 4: Let {\; # 0,2 # 0,3 # 0}, the differential equation system (5.10) for the
function ¢(u) (p # 0, p = 0) cannot be solved analytically.

Let’s consider equations in (5.9) again, then we have

+ c3,

QSOHQ)\NL 2¢”2)\2’U
T TP T (5.14)
The general solution of (5.14) is given by
\/ﬁ(u arctan(“ pz‘;) \/WIOE )\111. +p('3)>
o(u) = c1 + cou — - |
(5.15)
\/ﬁ<v arctan(v pz‘g) /Pc6 log >\2U +pc6))
B(v) = cq + c5v — —

for some constants ¢; € R. Substituting (5.15) into (5.6), it does not satisfy. Thus, we
have the following theorem:

Theorem 5.2. Let X be a non h-harmonic translation surface given by (3.1) in affine
3-space, then there is no such surface X satisfying the condition A"® = X\;®;, \; € R.

Note: It is to be noted here that the reader in this article have to encounter various
times with a statementis not solvable analytically. By this, we mean that the differential
equation is not solvable by any means and even sometimes if it may be, but the solution
is complex.
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6. Conclusion and future work

Affine geometry is a very important topic in geometry, meanwhile we know that the
study of "finite type of surfaces" is a very active area of research. There are lots of studies
on "finite type" in various ambient spaces, in particular in Euclidean and Minkowskian
spaces. As far as we know there is hardly any study discussing finite type of surfaces in
affine spaces. So this paper serves as an initiative towards this direction. This study will
help in more depth understanding the structural decomposition of position vector fields
of surfaces in affine spaces. Finally, we would like to note some open problems, which can
be potential problems for future research.
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i A surface is called as a homothetical surface if it can be factored as as product of
two independent smooth functions. The discussion of finite type of homothetical
surfaces in affine spaces can be a problem of great interest.

ii There is a generalized class of surfaces known as revolution surfaces, one also can
discuss these surfaces in this setting.

iii A linear Weingarten surface is a generalized class of constant mean and constant
Gaussian curvature surfaces. So one can study those classes here also.
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