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1. Introduction

The modular group SL(2,Z) is the group of all 2 x 2 matrices of determinant 1
whose entries belong to the ring Z of integers. The modular group is known to play
a significant role in conformal field theory [3]. Every two-dimensional rational con-
formal field theory gives rise to a finite-dimensional representation of the modular
group, and the kernel of this representation has been of much interest. In particu-
lar, the question whether the kernel is a congruence subgroup of SL(2,Z) has been
investigated by several authors. For example, A. Coste and T. Gannon in their
paper [4] showed that under certain assumptions the kernel is indeed a congruence
subgroup. In the present paper, we consider the kernel of the representation of the
modular group arising from Drinfeld doubles of dihedral groups.

The group SL(2,Z) is generated by the matrices

0 -1 11
X = and Y = ,
1 0 0 1
and these matrices satisfy the relations

Xt=1 and (XY)3 = X2
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In fact, the relations above are defining relations for the modular group, that is,

the modular group has the presentation
(X, | X*=1,(XY)3 = X?).

Let G be a finite group, let D(G) denote the Drinfeld double of G, a quasi-
triangular semisimple Hopf algebra, and let Rep(D(G)) denote the category of
finite-dimensional complex representations of D(G). The category Rep(D(G)) is a
modular tensor category [1], and it comes equipped with a pair of invertible matrices
S and T, called the S-matrix and T-matrix of Rep(D(G)), and they satisfy the
relations

St=1 and (ST)? = S2. (1)
Therefore, Rep(D(G)) gives rise to a representation
p:SL(2,Z) — (S, T)

of the modular group such that p(X) =5 and p(Y) =T.

In their paper [9], Y. Sommerhduser and Y. Zhu showed that the kernels of
the representations of the modular group arising from factorizable semisimple Hopf
algebras and from Drinfeld doubles of semisimple Hopf algebras are congruence
subgroups of SI(2,Z). Later, S-H Ng and P. Schauenburg generalized the results
of Y. Sommerh&user and Y. Zhu to spherical fusion categories [8]. It follows from
results in [9] that the kernel of p is a congruence subgroup. As a consequence, the
image of p is finite. Our work gives a direct proof of this fact for dihedral groups of
certain orders. Specifically, we show that if G is either the dihedral group of order
2n or the dihedral group of order 4n for some odd integer n > 3, then the image of
p is isomorphic to the group PSL(2,Z/nZ) x Ss, where PSL(2,Z/nZ) denotes the
projective special linear group, S3 denotes the symmetric group on three letters,

and Z/nZ denotes the ring of integers modulo n.

Organization:

In Section 2, we recall basic facts about the modular tensor category Rep(D(G)),
and a description of the S-matrix and T-matrix for the dihedral groups.

In Section 3, we recall a presentation of the projective special linear group
PSL(2,Z/nZ), and a description of its normal subgroups.

Section 4 contains our main result in which we establish that when G is either
the dihedral group of order 2n or the dihedral group of order 4n for some odd
integer n > 3, the image of p is isomorphic to the group PSL(2,Z/nZ) x Ss.
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Convention and notation:
Throughout this paper we work over the field C of complex numbers. The
multiplicative group of nonzero complex numbers is denoted C*. We will use the

Kronecker symbol 4, which is equal to 1 if z = y and zero otherwise. For any

T,y
character a of a group, deg a denotes the degree of o, and @ denotes the complex
conjugate of a. We denote by [z], the image of the integer x in the ring Z/nZ
of integers modulo n; on occasions we will suppress the brackets as well as the

subscript n.

2. Drinfeld doubles of finite groups

Let G be a finite group, let D(G) denote the Drinfeld double of G, a quasi-
triangular semisimple Hopf algebra, and let Rep(D(G)) denote the category of
finite-dimensional representations of D(G). The category Rep(D(G)) is a modular
tensor category [1]. The simple objects of Rep(D(G)) are in bijection with the
set of pairs (z,«), where x is a representative of a conjugacy class of G, and «
is an irreducible character of the centralizer Cg(x) of z in G. The S-matrix and
the T-matrix of Rep(D(G)) are square matrices indexed by the simple objects of
Rep(D(G)), and are given by the following formulas [1,5].

1 _
S z,0),(1 = T TN~ N a(gyg_l)ﬁ(g_lxg)7
e w? = [Ce @) Caly)] §)
a(z)
Tw,0),(9.8) = 5%1/5%6@7

1

where G(z,y) denotes the set {g € G | zgyg~! = gyg~'x}. The function G(z,y) —

G(y,z) that sends each element g to g1

is a bijection, and as a consequence the
matrix S is symmetric.

We have

TP — 1, (2)

where exp(G) denotes the exponent of G. In fact, the order of T is precisely exp(G)
[5].

There is an involution * on the set of simple objects of Rep(D(G)) given by
(z,0)* = (g7
element chosen to represent the conjugacy class of £=!. The so-called charge conju-

x71g,X9), where g is an element of G such that g~ 'z~ !g is the

gation matriz is the square matrix C indexed by the simple objects of Rep(D(G))
defined by C(4.0),(y,8) = O(z,a)*,(y,8)- We have S?2 =C [1].
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The S-matrix and T-matrix of Rep(D(G)) when G = G X G for finite groups
G1 and G4 are given by the Kronecker products S; ® Sy and T ® T, where S; and
T; denote the S-matrix and T-matrix of Rep(D(G;)), i = 1,2.

Example 2.1. Let n be an integer with n > 3, and let Dih,, denote the Dihedral
group of order 2n generated by the elements a and b subject to the relations a™ = e,

b2 =e, and ba = o 'b.
(a) Suppose that n is even. Then there are (n/2) + 3 conjugacy classes in Dih,,,
and they are

{e}, {a"/z}, {ak,a*k} (1<k<n/2), {a®b]0<k<n/2},

{a® 0 <k <n/2}.

We choose the elements e, a* (1 < k < n/2), b, and ab as representatives of

the conjugacy classes. The centralizers of these elements are

The center of Dih,, is the subgroup {e,a”/?}, and the character table of

Dih,, is
e ak b ab
Xo 1 1 1 1
X1 1 (—1)k 1 |—1
X2 1 1 -1 | -1
X3 1 (—1)* —1 1
i || 2 | 2cos(ZE) 0| 0

where 1 <i < (n/2)—1land 1 <k <n/2.

2mi

Let ( = e ™ , a primitive nth root of unity. For each 1 < ¢ < n, let

a; : (a) = C*
denote the group homomorphism that sends a to ¢*. For i,j € {0,1}, let

Bi,; : {e,b, a"/Q,a”/zb} — C*
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denote the group homomorphism that sends b to (—1)? and sends a"/? to

(—1)7, and let

vi; ¢ {e,ab, a"/g,a1+”/2b} — C*

denote the group homomorphism that sends ab to (—1)* and sends a™/? to

(=1)7.
The simple objects of Rep(D(Dih,,)) are in bijection with the set con-

sisting of the following pairs.

(e, xi)

(e, )

(a™?,x:)
(@™?4;) 1<i<(n/2)—1

)

)

)

(a, a; 1<k<n/2,1<i<n
(b, Bi i,j € {0,1}
(ab,vi i,7 € {0,1}
Set
1 ifi=01 1 ifi=0,3
A; = and Agz

~1 ifi=23 —1 ifi=1,2.

Then the S-matrix is given by the first three tables below, and the T-matrix
is given by the fourth table below.

S (e, x5) (e,v;) (@™, x;5) (a™?,45) (a*, a5)
(e, xi) = L o (=12 Lo(—pm? L.o(-n”
(e, 1) % : w1 RGOl 2 - cos (%57)

(@2, x| - (—1)™72] Lo(—1)f | L (cynHD/2) Lo qyitmi) | Lyt

(@2, )| £ - (—1)/2] 2 (1) %_(,1)i+<nj/2) 2. (=1t 2(=1) - cos (2241

n

.(_l)kj %.COS(QTJ‘) 1. (_1)i+kj 2(7”1)7/ .008(27;5]') 2 (271-(2i+kj))

k
(a”, o) n n
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S (b7ﬂi’,j’)
(e, xi) FREAY
(611/}7;) 0
(@) LA (-1
(an/27¢7‘,) 0
(ak’,ai) 0
)it o (—q)ititi T if g In
(b, Bij) i-{( >. ) -y .
(—1)utt ifdtn
(ab,7 ) 0 if4|n
ab, ;. ; o
T Lo(c1)ii+ ifdgn
S (ab77i’,j’)
(671/}i) 0
(@™, x:) 1AL (=17
(an/2vwi) 0
(akaai) 0
b.5,) 0 ifd|n
i %.(,1)i+j+i’+j’ if4tn
(b s) % . {(—1)1:%:: + (—1)i+j+¢’+j’ ifd|n
(—1)vt+t ifdtn
(e;xi) | (ev) | (@™, x) | (a™2,4hy) | (0¥, 00) | (b, Bsj) | (ab, i)
R R AR

161
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(b) Suppose that n is odd. Then there are (n + 3)/2 conjugacy classes in Dih,,,

and they are

{a* a=*} {a*b|0 <k < n}.

{e}, 1<k <(n-1)/2),

We choose the elements e, a* (1 < k < (n —1)/2), and b as representatives

of the conjugacy classes. The centralizers of these elements are

C(e) = Dih,
Cla*)=(a) (1<k<(n—-1)/2)
C(b) = {e, b}.

The center of Dih,, is trivial in this case, and the character table of Dih,, is

e a® b
o || 1 1 1
i || 1 1 ~1
Vi 2 2 cos (%) 0

where 1 <i<(n—1)/2and 1 <k < (n-—1)/2.
27

Let ( = e ™ , a primitive nth root of unity. For each 1 <7 < n, let

a; : (a) = C*
denote the group homomorphism that sends a to ¢*. For i € {0, 1}, let
Bi : {e, b} = C*
denote the group homomorphism that sends b to (—1)%.

The simple objects of Rep(D(Dih,,)) are in bijection with the set con-

sisting of the pairs

(e, xi) i€ {0,1}
(e,)) 1<i<(n—1)/2

(0", ;) 1<k<(n—-1)/2,1<i<n
(b,B3;)  ie{0,1},
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and the S-matrix and the T-matrix are given by the following tables.

S (e:x5) (e;5) (a’, o)) (b, 8;)
(e:xi) + i L Lo(=1)
(e, ¥s) + 2 2 . cos (224) 0
(a", ) L 12 cos (%) 2. cos (M) 0
(b, B) ||3 - (—1)! 0 0 1. (—1)+s

T (eaXi) (6711)1’) (akaai) (b7 BZ)

1 1 ¢r] (=1)

3. Projective special linear groups

For any commutative ring R, the special linear group SL(2, R) is the group
consisting of all 2 x 2 matrices (‘j Z) with a, b, ¢, d € R such that ad—bc = 1. Let n
be a positive integer. Of particular interest is the special linear group SL(2,Z/nZ),
where Z/nZ is the ring of integers modulo n. The order of SL(2,Z/nZ) for n > 2

is given by the following formula [6].

ISL(2,2/n2)| = n* | (1 - 1) ,

2
p
p|n

where p runs over all primes that divide n.
If n is odd, then

3
<X,Y X1=1,(XY)? = X2 y" =1, (Xy%xw) _ 1>
is a presentation of SL(2,Z/nZ) [2], and if n is a power of 2, then
<X, Y ‘ X4 =1,(XY)P = X2 V" = L, W(k)XW(k) = X, W(k)Y = Y’“ZW(k)>

is a presentation of SL(2,Z/nZ) [9,4], where k runs over all odd integers between

land n, W(k) = XY*X71Y*XY? and ¢ is an integer such that k¢ = 1 (mod n).

The matrices
0 -1 1 1
X = and Y = ,
1 0 0 1

where the entries of the matrices are identified with their images in the ring Z/nZ,

satisfy the relations in both the cases above.
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The projective special linear group PSL(2,Z/nZ) is defined by
PSL(2,Z/nZ) = SL(2,Z/nZ)/ + I,
where [ is the identity matrix. If n is odd, then
<X,YX2 =1L(XY) =1,Y" =1, (XY"T“XW)S _ 1>

is a presentation of PSL(2,Z/nZ) [2]. The cosets

0 —1 1 1
X == and Y=+ ,
1 0 0 1

satisfy the relations given above.
The group homomorphism SL(2,Z) — SL(2,Z/nZ) induced by the ring homo-
morphism Z — Z/nZ is surjective [6]. It follows that for each positive divisor r of

n, the group homomorphism
or : SL(2,Z/nZ) — SL(2,Z/rZ)

induced by the ring homomorphism Z/nZ — Z/rZ is surjective.
Let r be a positive divisor of n. A subgroup H of SL(2,Z/nZ) is said to be of
level r if there exists a subgroup K of SL(2, Z/rZ) such that H = (¢7)"" (K) and

r is minimal with this property. We record the following result for later use.

Lemma 3.1. Let n be a positive integer.
(a) Ifry and ro are positive divisors of n such that ro divides r1, then Ker or <
Ker ¢7, .
(b) If H is a subgroup of SL(2,Z/nZ) of level r such that r # n, then H contains

Ker qbz/p for some prime p that divides n.

Let n = nyng - - - ny denote the decomposition of n into a product of powers of
distinct primes. Choose integers uy, us, ..., u; such that
n
—-u; =1 (mod ny)
n;

fori=1,2,...,t. The function

HZ/mZ —= = Z/nZ: ([a1]n,, [a2)ny, - - - [at]n,) lz nﬁ - ai]

=1

is a ring isomorphism, and it induces a group isomorphism

SL (2, ﬁZ/niZ> —~ 4 SL(2,Z/nZ).
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Using the natural group isomorphism

t

[IsL @ z/niz) —— SL (2, HZ/niZ>

=1

we obtain the group isomorphism
t
[IsL (2 z/niz) —— SL(2,Z/nZ)
i=1

that sends the tuple

(([aﬂm [b%) ([azm [bﬂm) ([aﬂm [bt}m»
eidny [diln) \lealna  [dona) " \ledn,  [diln,
of matrices to the matrix
[Zf:1 U az}n {25:1 U bz} .
[Zle Ui Cz}n [Zle Ui dz}n
We will use this isomorphism in the next section.

The following result was proved by D. L. McQuillan in the paper [7].

Theorem 3.2. Let n be an odd positive integer. The normal subgroups of level n
of SL(2,Z/n7Z) are precisely the subgroups of the center of SL(2,Z/nZ), with the
exception that if 3 | n and 3% { n, then in addition there are normal subgroups KC,
where K is the image in SL(2,Z/nZ) of the unique Sylow 2-subgroup of SL(2,7Z/3Z)
and C is a subgroup of the center of SL(2,Z/nZ).

Let 7 : SL(2,Z/nZ) — PSL(2,Z/nZ) denote the natural projection. We deduce

immediately the following from Theorem 3.2.

Corollary 3.3. Let n be an odd positive integer. The subgroups

m(K)C (if 3| n and 3% t n)
exhaust all the normal subgroups of PSL(2,Z/nZ), where C is a subgroup of the

center of PSL(2,Z/nZ), H is a subgroup of SL(2,Z/nZ) of level less than n, and
K is the image in SL(2,Z/nZ) of the unique Sylow 2-subgroup of SL(2,7/37Z).

We note that the center of PSL(2,Z/nZ) consists of all cosets of the form £ (¢ 9)
with a2 = 1 (mod n) [7], and the unique Sylow 2-subgroup of SL(2,Z/3Z) is the
subgroup (9 74), (21 71))-
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4. Main result

Let n be an odd integer with n > 3, and let Dih,, denote the Dihedral group of
order 2n generated by the elements a and b subject to the relations a™ = e, b = e,
and ba = a~'b. In this section, we determine the group structure of the image of
the representation of the modular group SL(2,Z) arising from the modular tensor
category Rep(D(Dih,,)). For a description of the simple objects of Rep(D(Dih,,))
and the corresponding S-matrix and T-matrix we refer the reader to Example 2.1.

The charge conjugation matrix associated to Rep(D(Dih,,)) is the identity, and

so S% = I Therefore, the relations in (1) reduce to the following.

S?=1 and (ST)* = 1. (3)

Since the group Dih,, has exponent 2n, the relation in (2) gives 7% = I. We note
that, in fact, the order of T is precisely 2n.
We will need the matrices ST"S, ST"*1S, and ST~ 1S, described below.

ST™S || (e,xs) |(esy)|(a’sa5)| (b, 5;)

(e, xi) 3 0 0 |3-(=1)*

(e, ) 0 i j 0 0

(a¥, ) 0 0 |60k 0

(b.8) |5 (=1 0 | 0 3
ST+18 (e,x;) (e,75) (a*, a ) (b, B5)
(eXi) |3 + 5 (=)' 0 w Y 0
v | 2 : 2ocos (28) ¢4 | 0
(b, 1) 0 0 0 O
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ST 'S (e:x;) (e,95) (a’, orj) (b, B5)
o) [H+ycow| 2 Lo 0
(e, ) 1 2 2. cos (224 . ¢t 0
(a*, ) L cki 2 . cos (M) k|2 . cog (27r(kj+h‘)) Lckitti|
(b, Bi) 0 0 0 0i,;j

The computations involved in determining the matrices above are routine, albeit
tedious. As a sample, we show the computation of one entry. The entry of the

matrix ST"*1S corresponding to the pair ((a*, a;), (a*,a;)) can be computed as

follows.
(n—1)/2
n+1 n+1
D STREL e Seanntatan T D STt ey Steas)(at o)
r=0,1 r=1
(n—=1)/2 n

+ Z Z STnJrl ) (a"h,as)S(arvas)v(azvaj)

Z % éé-cos(zﬂ-kr) (27r€r>

(n=1)/2 n .
2 2 .
N (7rk’s—|—m>-cos(7r(7°]—|—€s)>.c,s

4

Applying a trigonometric identity, we get the following expression.

_ 22 - [C (27rr k+£)>+cos<2wr(k:—£))]

(n /2 & [C S<27r ks—i—m—l—rg—i—ﬁs))

ZZ .

+ cos (27r(ks+m’ —rj 65))] e

n
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2 1
=+ ﬁ(_Q + ndy0) +

o (kj + ¢i)
n

S 3|+

[¢0)] <

where we used the formulas

and

1
n2
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(n=1)/2 n

Z Z |:<r(i+j) . C(k+£+r)s 4 Cfr(iJrj) ) C(*kflJrr)s

r=1 s=1

Jrcr(ifj) .C(kfew)s + C*T(ifj) . C(—k+e+r)s

: (¢f<k+£><i+j> i C(H)(H))

)<

(ki+£5)
)

(27]@@') n—1 ifnl|k
cos =

n -1 if ntk
igki: n ifn|k

i=1 0 ifnfk.

Lemma 4.1. Let n be an odd integer with n > 3, let S and T denote the matrices
associated to the modular tensor category Rep(D(Dih,,)), and let A = ST™ST™
and B =T"™. The matrices A and B have orders 3 and 2, respectively, and satisfy
the relation BA = A='B, and therefore the group (A, B) generated by A and B is

isomorphic to Ss.

Proof. The matrix A is described below.

A=STST™| (e,x;) |(es9)|(a’s )| (b,5;)
(e, xi) 3 0 0 |i-(-1)
(e, ) 0 5i j 0 0
(a*, ;) 0 0 |60k 0
(0, 8:) 3 (=10 0 |3 (-1
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Since S and T have orders 2 and 2n, respectively, the inverse of A is T"ST"S,

which is described below.

AL =T"ST"S|| (e,x5) |(e,4y)|(a’sa5)| (b, 5;)
(e, xi) 3 0 0 |L.(=1)its
(e, i) 0 Sij 0 0
(a®, as) 0 0 |di0ke| O
(b, Bi) Lo(=1y] o 0 | L-(-1)

A routine calculation shows that A2 = A~! and so A has order 3. The matrix B
has order 2, since T has order 2n. We have BA = T"ST"ST™ = A~'B, and it
follows that the group (A, B) is isomorphic to Ss. O

Lemma 4.2. Let n be an odd integer with n > 3, let S and T denote the matrices
associated to the modular tensor category Rep(D(Dih,,)), and let P = TST" 18T
and Q = T"1. The matrices P and Q have orders 2 and n, respectively, and they

satisfy the relations

(PQP =1  and (PQ "ipo?)S ~ 1.

Proof. The matrices P and () are described below.

P=TST"t1ST (e,x5) (e,95) (af, a)) (b, ;)
(e, xi) L (1)t 1 1 0
(e, i) 1 2 2 . cog (224) 0
(a*, ;) 1 2. cos (27;’@]) 2 cos (wkiw)) 0
(b, B:) 0 0 0 5i

Q=T"" (e, xs)|(e,vs) | (a®, i) | (b, Bi)
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We have P~1 = T-1ST"=1ST~! whose description is easily obtained from the
descriptions of ST"~1S and T given earlier. We find that P~! = P, and so P has
order 2. The order of @ is 2n/ged(2n,n 4+ 1) = 2n/ged(2,n + 1) = n.

A calculation shows that PQP = ST"t'S. Using the descriptions of ST"*+18
and T given earlier, we immediately see that the matrices ST"+1S and T™ commute.

Then
Q'PQ =TT ST M ST) Tt = T(ST" ' 9)T" = ST"'S = PQP,

and it follows that (PQ)3 = I.
The matrix PQ%PQ and its square are described below.

PQ*+ PQ? (e x5) (e, 95) (a’, o)) (b, ;)
o) &+ 3 (1) 1 1 0
(0% . 2oos(is) | o
(¥, o) 1.2 |2 o (%) L ¢m2Hi2 . oo (W) Lc2k
(b, B) 0 0 0 5
(PQTPQ*|  (ex)) (e, 5) (a’, ;) (b, 5))

(e,x4) =+ 1 (=1)iH 1 1.2 0
(e,i) 1 2 2 . o (4mt) . (2 0
(a*, ;) 1 %'COS(47;ij)%-COS (W) L2l o
(b, ) 0 0 0 5ij

A routine calculation shows that the product of the two matrices above is the

identity. |

Lemma 4.3. Let n be an odd integer with n > 3, let S and T denote the matrices
associated to the modular tensor category Rep(D(Dihy,)), and let P = TST"*1ST
and Q = T"* L. The group (P, Q) generated by P and Q is isomorphic to the group
PSL(2,Z/nZ).
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Proof. As stated earlier,
n 3
<X,YX2 =1,(XY)P=1,Y"=1, (Xy%lxw) = 1>

is a presentation of PSL(2,Z/nZ) [2], and the cosets

0 -1 1 1
X== and Y=+
L) o)

satisfy the relations above.

By Lemma 4.2, the matrices P and @ satisfy the defining relations of the gorup
PSL(2,Z/nZ) with P substituted for X, and @ substituted for Y. Therefore,
there is a surjective group homomorphism ¢ : PSL(2,Z/nZ) — (P, Q) such that
p(X) =P and p(Y) = Q.

Let 7 : SL(2,Z/nZ) — PSL(2,Z/nZ) denote the natural projection. Consider
the kernel of ¢. By Corollary 3.3, either Ker¢ is a subgroup of the center of
PSL(2,Z/nZ), or Kerp = w(H) for some subgroup H of SL(2,Z/nZ) of level less
than n, or if 3 | n and 32 { n, then Ker ¢ is possibly equal to 7(K)C, where C is a
subgroup of the center of PSL(2,Z/nZ) and K is the image in SL(2,Z/nZ) of the
unique Sylow 2-subgroup of SL(2,Z/3Z).

A central element of PSL(2,Z/nZ) is necessarily of the form £ (¢ 9) with u? =1
(mod n), and it is easily verified that it corresponds to (XY *)3. Suppose that for
some integer v with u?> = 1 (mod n), the element (XY*)3 is in the kernel of ¢.
Then (PQ")? = I, equivalently, PQ™“P = Q“PQ". A routine calculation shows
that

(PQTP) (o) (o) = 3y 0% (
and
. 9 27 u
(Q PQ )(671#1)7(‘170‘1) - n oo <) o

= oS (%’T) Then sin (2”7“) =

where ¢ = €2™/™_ Therefore, we must have cos (—
=+ sin (27”), and therefore cos (%) +isin (2”7“) = cos (27”) +isin (27”) , equivalently,
(¥ = ¢*L Tt follows that u = +1 (mod n). We conclude that Ker ¢ can not be a
nontrivial central subgroup.

Let H be a subgroup of SL(2,Z/nZ) of level less than n. By Lemma 3.1, the
subgroup H contains Ker ¢ /p for some prime p that divides n, where ¢ I
SL(2,Z/nZ) — SL(2,Z/(n/p)Z) is the reduction homomorphism. Observe that
Ker ¢, contains the matrix (5 "{p) , and therefore the coset + (| "{p) , which
corresponds to Y™/P, lies in m(H). The image of Y™/? under ¢ is the matrix Q™/?.
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By Lemma 4.2, Q has order n, and so Q™/? # I. Tt follows that Ker¢ can not be
of the form 7 (H) for some subgroup H of SL(2,Z/nZ) of level less than n.

The group SL(2,7Z/3Z) contains a unique Sylow 2-subgroup, generated by the
matrices (mi [}éﬁ) and G:Hz [RH?&) Suppose that 3 | n and 32 { n. Then
there is an injection SL(2,Z/3Z) — SL(2,Z/nZ). Choose an integer u such that

3 -u = 1 (mod 3). The image of the matrix (%z [_[éﬁ) in PSL(2,Z/nZ) is

1—2. —_n,
+ ([ g, [-gl, ), and it is easily verified that it corresponds to

[34], [1=%-],
XY lXy - suxyltsvy,

suppose that this element lies in Ker ¢. Then PQ™'PQ~3“PQ't5%P = I, equiv-
alently, Q- 3“PQ'*5% = PQ. A routine calculation shows that
(QFuPQITEY), I

ex0)(a,a1) T

and
1
(PQ)(e.xo)(aan) = 5, * 6

2mi/n - Therefore, we must have ('*8% = (, equivalently, % - u = 0

where ( = e
(mod n), a contradiction. It follows that Ker ¢ can not be of the form 7 (K)C where
C' is a subgroup of the center of PSL(2,Z/nZ) and K is the image in SL(2,Z/nZ)
of the unique Sylow 2-subgroup of SL(2,Z/3Z).

Having exhausted all cases, we conclude that Ker ¢ must be trivial, and hence

© is an isomorphism. (|

Theorem 4.4. Let n be an odd integer with n > 3. The image of the repre-
sentation of the modular group SL(2,7Z) arising from the modular tensor category
Rep(D(Dihy,)) is isomorphic to the group PSL(2,Z/nZ) x Ss.

Proof. Let S and T be the matrices associated to the modular tensor category
Rep(D(Dih,,)), and as before let P = TST" ST, Q = T"", A = ST"ST", and
B=T". Then T = @B and

T(AT™)(T~'P) = T(ST"S)(ST""'8) = TST*" ' ST = TSTST = S, (4)
where we used (3); it follows that
(5,T) = (P,Q)(A, B).

Using the descriptions of the matrices involved, we immediately see that P and

B commute, and Q and A commute. We have

SPS = S(TST"T'ST)S = (ST)*’T" Y (TS)? =T~ 'ST"'ST"' =P~ ' =P,
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showing that the matrices P and S commute, where we used Lemma 4.2 and (3).
It follows that the subgroups (P,Q) and (A, B) of (S,T) commute element-wise.
Therefore, the intersection of these subgroups must be contained in the center of
(A, B). By Lemma 4.1, the group (A, B) is isomorphic to S3, which has trivial

center, and so the intersection in question must be trivial. Therefore,
(P,Q)(A, B) = (P,Q) x (A, B) = PSL(2,Z/nZ) x Ss,
where we used Lemma 4.1 and Lemma 4.3. O

Theorem 4.5. Let n be an odd integer with n > 3. The images of the represen-
tations of the modular group SL(2,7Z) arising from the modular tensor categories
Rep(D(Dihgy,)) and Rep(D(Dih,,)) are isomorphic.

Proof. Let S and T denote the matrices associated to Rep(D(Dih,,)), and let S’
and T” denote the matrices associated to Rep(D(Z/2Z)). Then the image of the
representation of SL(2,7Z) arising from Rep(D(Dihs,)) is isomorphic to the group
(S® S, T®T), since Dihg,, is isomorphic to Dih,, xZ/2Z. We have

1 1 1 1 1 0 0 0
111 1 -1 -1 01 0 0
S == and T =
211 -1 1 -1 0 0 1 0
1 -1 -1 1 00 0 -1

Let A/ = T'S" and B’ = T’. The matrices A’ and B’ have orders 3 and 2,
respectively, and they satisfy the relation B’A’ = (A’)"'B. As before, let P =
TSTHIST, Q = T, A = ST"ST", and B = T". It is easily verified that
T'S/(T") 18T = I,(T')"*+ = I, 8'(T")"S'(T')" = A’,(T")" = B', and from this
it follows that the matrices PRI,Q @ [,A® A’, and B B’ liein (S® 5", T®T").

We have T® T = (B® B')(Q ® I), and

(ToTYAANT@T) " Y (PRI)=TAT" 'PoT'A(T) " '=S2 9,
where we used (4); it follows that
(S5, TeT)=(PI,QI[, A A, BB )=(P1,Qe1) (A A',B® B’).

As seen in the proof of Theorem 4.4, the subgroups (P, Q) and (A, B) commute
element-wise, and so the subgroups (P ® I,Q ® I) and (A ® A’, B® B’) commute
element-wise too. The group (A® A’, B® B’) is isomorphic to S3, which has trivial
center, and so the subgroups (P®I,Q®I) and (A® A’, B® B’) intersect trivially.
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Then
(PRIQXINA®A,BeB)~2(PeI1,Q®I)x (A A, B® B')
>~ PSL(2,Z/nZ) x Ss,
where we used Lemma 4.3. O
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