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Abstract: In this paper, we consider the initial boundary value problem of a coupled viscoelastic Kirchhoff-
type equations with degenerate damping. Firstly, we prove a local existence theorem by using the
Faedo-Galerkin approximations. Then, we study blow up of solutions when initial energy is possitive.
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1 Introduction

This paper are concerned with the local existence and blow up of solutions for the following viscoelastic Kirchhoff-
type equation with degenerate damping:

ure = M(|Vul*)Au + [ (6 = 5)Au(s)ds + (Jul® + o) [uP ™ ue = fi (w,0), (2,8) € 2% (0,T),
vet = M(IV0I*) A0 + [ pa(t = )Av(s)ds + (Jof” + ul®) foel*™ v = fo (w,v), (@,6) € 2 % (0,T),

u(z,t) =v(x,t) =0, (z,t) € 99 x (0,T),
U(I O) uQ (.’L’), ug (1"70) = ui (I)v xT GQ,
’U(JS,O) Vo (l‘), Ut ($70) =u (I)v z € Q,

M
where Q is a bounded domain of R™ (n > 1) with smooth boundary 8Q , p,q > 1, j, k,1,6,0> 0; p;(.) : Rt —
RY, fi(.,.): R> — R (i = 1,2) are given functions to be specified later. M (s) is a nonnegative C'* function
satisfying M (s) = by + bas” ,v,s > 0and by = by = 1.

There is an extensive literature on this kind of problems. For instance, one of them is our work [1] where we
investigated problem (1) and obtained global existence and the general decay result for the global solution. Then we
proved blow-up result of solutions with negative initial energy. We now state other related problem in the literature:
Firstly, we mention the pioneer work of Wu [2] where he established a general decay result of the system (1) for
M = 1. Then, Pigkin et al. [3] studied local existence and uniqueness results by using the Faedo-Galerkin method.
Also, some author studied existence, blow up and decay of the solutions (1) fork =1 =60 = p=0and M = 1 (see
[4]-[5]-[6]-[7]- [8]-[9]). Furthermore, Rammaha and Sakuntasathien [12] and Zennir et al. [10]-[11] studied system
(1) for M = 1 and u; = 0 (i = 1,2) and considered well posedness of solutions, the blow up and growth properties.

The content of this paper is organized as follows: In Section 2, we give necessary assumptions and notation that
will be used later. In Section 3, firstly, we give definition of weak solution then, under some conditions we obtain
the local existence of weak solutions by Galerkin’s approximation. In Section 4, we obtain finite time blow up of
solutions with positive initial energy.
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Throughout this paper, we denote the standart L? (Q)-norm by ||.|| = [l () and L (22)-norm by ||| =
-1l Lr()- We need the following assumptions to state and prove our results.
(A1) The relaxation functions y; (¢ = 1,2) are nonincreasing and satisfy, for s > 0

pi(s) >0, pi(s) <0, 1— JOO pi(s)ds =1; > 0. 2
0

A 2) For the nonlinearity in damping, we suppose that 1 < p,q ifn=1,2;1 <p,q¢ < "—1'2 if n > 3.
( y ping pp P, q ;1<p,qg< 255
We pick up the functions f; (u,v) and f2 (u,v) as follows

Fi () = afu+ o2 (o) +bful"ufo ™ ©)

fa(u,v) =alu+ U\Q(T+1) (u+v)+blv v |u\rJr2

where a, b > 0 are constants and r satisfies

<7 ifn=12, A
—l<r<inifn>3. @
One can easily verify that
ufy (u,v) +vfa (u,v) =2(r+2) F(u,v), V(u,v) € R?, Q)
where
_ 1 2(r+2) 42
F(u,v)—2(r+2) [a|u—|—v| + 2b |uv| } (6)
We introduce the energy function E (¢) as follows
Bt = o (Il +wel) + 5 |G 0 Va) @) + (2 0 Vo)(©) + ——= (19u]20FD 4 [90]20+D)
2 2 7+ 1
1 t t
43 [0 [ @) IVaI + 0= [ e 1Vo@IF] - | (o) de g
0 0
where (p; © Vw)(t) = J'é wi(t — s)||Vw(t) — Vw(s)”g ds. By computation, we get
1
E'() = 4 [(hoVu)(n) + (uho Vo))
1 2 2
=5 (m@ 19Ul + 2 1V0]*)
= [ (el ol e o= [ (1ol ) o] ®)
Q Q

2 Local existence

In this section, we state and proved local existence of weak solution of the problem (1). Firstly, we give the definition
of weak solutions for the problem (1).
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Definition 1. We say that (u,v) is a weak solution of (1) on [0,T) under the assumptions (A1), (A2) if u,v €
L™ (07 T; W3,2(7+1) (Q)) ,ur € L™ (O,T; L? (Q)) ,vu € L™ (O,T; L? (Q)) and satisfies

<ul (t),0) — <u1, 0> + I <JQ M(HVuHQ)Vu(Oc)doz7 V9> d¢ — f <fu1(§ — a)Vu(a)da, V9> d¢
0

0 0

t
[+ ) O ol ). 0) e
0

t
- j<f1 (u(€), v(€)) . 0) dt,
0

W ©,0) - (v'6) + j (], M0l Vo(a)da, 7o) de - j <fu2<s ~ @) Vo(0)da, v¢> d
0 0 ‘0

t

+[((0l + 1) 1" v €), 0 de

0

t
_ j<f2 (u(€),v(¢)) , 6) e,
0

for almost everywhere t € 0,T) and any test functions 0, ¢ € WOI’Q(WJFI) ().

Theorem 2. (Local existence). Assume assumptions (A1), (A2), (4) and n = 1,2,3 hold. Then, for some T > 0
problem (1) has at least a local weak solution (u,v) on [0,T).

Proof: For the convenience of the readers, we merely show the main steps and indicate the modifications. We follows
the standard Fadeo—Galerkin approximation to establish to show the existence of solution (1). The combination of the
Faedo-Galerkin method and the compactness argument gives us a efficent method that allows us to deal with some
evolution equations with degenerate damping terms.

Let the sequence {ej 1j=1,2, } is an orthogonal basis for LZ(Q) N Wol’Q('H_l). By virtue of the theory
of ordinary differential equations guarantee that has a unique local solution. We construct approximate solutions
(upr(t),var(t)) (M =1,2,3,...) in the form

M M
up(t) =Y unr ey, var(t) =D varj(t)e;.
Jj=1 J=1
Approximate system

(W (t), e;) + <JQ M (||VuM (t)\|2) Vs (2), vej> - <Jt i (t — S)VuM(s)ds,Vej>

0
- { (luar O + Joar 1) [uhs (O whr (0), 5 )

= (filunr(®),on (1)), €5) )
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<v§\//[(t),ej> + <JQ M (HVUM (t)Hz) VUM(t)7V€]‘> - <J(: o (t — s)Vupr(s)ds, Vej>

+{ (lonr O + luar (0)1°) [0 O] vha(8),e5)
= (fa(unr(t), var(t)), e5) (10

with initial data

M M
up(0) = 3° un,j(0)es,  var(0) = - var,;(0)e;
Jj=1 j=1
N N (11)
) (0) '21 uyy,;(0)ej, vy (0) = Zl var,5(0)e;
Jj= Jj=
where
uMJ(O) = <u0,ej>, UM’j(O) = <v0,ej>, uﬁw’j(O) = <u1,ej>, vﬁ\/[,j(O) = <v1,ej>. (12)

A priori estimate
Multiply (9) by U/M, ;(t), (10) by UE\/L ;(t), and summing with respect j from 1 to M, we get

g Tl + (1= [ 1 91 ) IV @ + (01 0 V) (04— ¥y @20
i O 19uar (01 = 5 (k0 Vurr) 0+ | (fuar @F + foar OF) e (0" do

= |, D@ o)y 0 (13)
3 TIo @I+ (1= [ ) 5) 190ar 017 + G0 Vo) @)+ 1900 (120
32 O IVorr (O = 5 (b0 Tour) 0+ | (foar (017 +uar (1) oy ()] o

= || Fatuas @), oas (@) 0hs ). (14)

Summing (13) and (14) and integrating from O to ¢ < T, we obtain
t t
3 b I + e + (1= [ 1 0 ) 1Vuas 0 + (1= [ 2 (915 ) 190ms 0]
t
5 01 0 Vung) (0 + (n2 0 Foar) @]+ 5 | [ 6) I9uas (9 + w2 (9) [V oas (5] s
0
*%J [(1 © Vuar) (s) + (w2 © Voar) ()] ds + ﬁ [IFunr 1P + [ Fur (6)]20F]
t
j [, Cleas 001 tons () fsha ) s+ | | (1o (17 + uas 3)1%) oy (9] s

HuM P+ 1o O + 1Vun )1 + [Vorr (0)])

+ N[ =

271 (IFuar @D 70y, 0) P

t
+j j (1 (uung (), vag ())uhr (5) + Fa(ung (), var (s))vpg (5)] deds
0JQ

IN

t
Co —|—J J [fl (uM(s),vM(s))uGW(s) + fg(uM(s),vM(s))vM(s)} dxds, (15)
0JQ
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0 ‘ 1 1

where positive constant Cy = C' ’uo‘ , ‘v , ‘u , ‘U , ’uo‘ , ’UO‘ .
H(Q) H(Q) L2(Q) L2(Q) W2(r41) (Q) Wi2(41)(Q)
To estimate the last term in (15) applying (3) and using Young inequalities, Holder inequalities and Sobolev

embedding theorem, we have

‘J’Q fl(’LLM,’UM)u/A/[dIIT < CJQ (|UM + 'UM|27“+3 {Uﬁ\/[| + |UM|T‘+2 ‘UM|T+1 ’UE\J‘) dx
2r+3 2r+3 / +1 +2 /
< O [(luarl33 s + loarl3asy ) el + lunellsday Noarls gy ]
< C[IFuar PO 4 [ Fop P 4 Vun PO [T PO+ [l (3B

In the same way, we obtain

< C [IIVunr P 4 1V PE) 4 [ ung P02 [ Vour [P0 + (ol ][]

Uﬂ fa(upr, ’UM)U§de
(17)

Now, by putting

1

yar (8) = [uhe @) + [oar O] + IVuar O + IVoar )1 + Term)

[I90s QPO + [9oa 01200]

where [ = min {l1,l2} < 1. Then, we infer from (15)-(17)

1
ym (t) + % (11 o Vunr) () + (p2 © Voar) ()] + HO [Nl (s) IVunr(s)||* + pa (5) ||wM(s)||2] ds
t t
_% Jo [(61 0 Vunr) (5) + (2 © Vour) ()] ds + %JO JQ (\UM ()I* + lvas (s)\l> |u§\4(s)|p+1 dzds
t
+% JO L (loar (9)1° + lunr (5)1°) [vr ()] dadis

t
< Co+ OJ yar 2 (s) ds, (18)
0

Particularly, yps (t) satisfies the inequality yas (t) < Co + Cfé ygar+3) (s)ds. Then, by applying Gronwall

inequality, we obtain
yp (1) < Cqforallt € [0,77]. (19)

The estimates follow from (18) and (19):
ups, vy are uniformly bounded in L™ (0, T} W02(7+1) (Q)) ;

w)yy, v are uniformly bounded in L™ (0, T} L? (Q)) ;
The sequences {fé Ja (|uM ()[F + |oas (s)|l) |u/M(s)‘p+1 dmds} and
ifé Ja (|vM ()% + Juar (s)|9) v (s) ]qul dasds} are uniformly bounded in L (0,7) .
hen
upy — u, vy — v weakly * in L™ (O,T, W02(7+1) (Q)) ,
uhy =, vhy — v’ weakly * in L™ (O,T, L? (Q)) ,
By applying the techniques in [3], we obtain the sequence of approximate solutions (ups, vps) satisfying
{upar}, {va} are cauchy sequences in L™ (O,T7 W§(7+1) (Q)) ,
{u’M} , {93\4} are cauchy sequences in L™ (O, T, L? (Q)) .

Limiting process
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Integrating (9) and (10) over [0, 7] , we get

(Whr(t),e5) — (uhr(0),e5) + LT <M (HVuM (s)uz) vuM(s),vej> ds

([ s i Yas [t ) e s s
= Jj (f1(upr(s),var(s)), ej) ds, 20)

(Whi(),e5) — (Whr(0), ;) + LT <M (||vuM (S)HQ) Vo (s), vej> ds

B Jj <E p2(s — )Vop (r)dr, V€j> ds + LT <(\UM|9 + |UM|Q) |ohe| " v, ej> ds
= LT (f2(upi(s),var(s)), e;) ds. @1

Now, we can pass to the limit in (20) and (21) as M — co. Therefore, this completes our proof of local existence of
weak solution. (]

3 Blow up of solutions

Our main result in this section is to show the blow up result of the solution of problem (1). For this purpose, we need
the following lemmas.
Lemma 3. [7]. There exist two positive constants co and c1 such that

co (luPT+) + D) <200+ 2) F (w,v) S e (Ju ) 4 oP0F) 22)

is satisfied.

Lemma 4. Suppose that (4) holds. Then there exists n > 0 such that for the solution (u, v)

5 5 1 r+2
lu+ il 3 + 2 fluv 713 S"(ﬁ (IValZ0*D 4+ 902D 1y |9l + 1y HWHQ) @

Proof: Direct computation using Minkowski, Holder’s and Young’s inequality and the embedding theorem yields the
proof of this lemma. g

In order to state and prove our result and for sake of simplicity, we take a = b = 1. We introduce the following:

B=nT®, oy =B H1, B = (21 Va2 g = Lo Va2 o
’ 1 ) 1 2 2(7“+2) 1 2 2(74»1) 2(T+2) 1,

where 7 is the optimal constant in (23). We define the functional

r = (1- jo pr (s)s ) 9l + (1~ jo 2 (5)ds ) 90 + (1 0 V) + (2 0¥0). @)

The following lemma is very useful to prove our result for positive initial energy E (0) > 0, and it is similar to a
lemma used firstly by Vitillaro [13].
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Lemma 5. [7]. Suppose that assumptions (Al) and (4) hold. Let (u,v) be a solution of (1). Moreover, assume that
E(0) < Ey and

Nl

QﬁjmvmmW”“ﬁuwwmwﬁ“h+er > an. 26)

Then there exists a constant oy > a1 such that

Nl

1
(m(l\wllz(”” + [Vl ?0F) + T (ﬂ) > ag, fort >0, @7)
1
(Hu +ollyry) +2 ||uu\|;;1§) " > Bag, fort > 0. (28)

forallt € [0,T).
Theorem 6. Assume that (Al), (A2) and (4) hold. Assume further that
2(r+2)>max{2(y+1), k+p+1,1l+p+1,0+qg+1, 0o+q+1}.

Then any the solution of the problem (1) with initial data satisfying

1

L (Va2 + Ve @O + T ()| > o, E(0) < By,

y+1
cannot exist for all time, where o1 and Eo are defined in (24).
Proof: We suppose that the solution exists for all time and we reach to a contradiction. Set
H(t)y=FEy—E(t). 29)

By applying (7) and (29), we have

1 9 N 1
0 < H(O0)<H)=Es— 5 (el +oel3) - 5T0)

L 2(y+1) 2(v+1) J
2y + 1) (V] + [V )+ o F (u,v) dz. (30)

From (28) and (22), we have

1 2 2 1
By = 5 (lluell3 + llrll3) = 570

_ﬂ;%EjWVMF”+D+HVMF”+”)+LjF@hwdm
< 5y (RIS + 150 1)) @31
By combining (30) and (31), we have
0<H(©O) < H () < 507 (i) + 1015053 (32)
We then define withe > 0
U(t)=H'""7 () +¢ (JQ wpudr + JQ vtvdx) (33)

The reminder of the proof is similar to the proof of Theorem 12 combined with the proof in [1], and then we get the
result. g
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