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Abstract

In this study, we are studied on construction of a
quadratic  Sturm-Liouville operatér pencil with
impulsive from spectral data. The expressions of the
eigenvalues and normalizing numbers of the given
problem were obtained. Eigenfunctions corresponding
to eigenvalues were obtained. The expressions of the

solution functions at intervals (0,a) and (a,r)

were obtained. Derivation of fundamental equations of
the inverse spectral problem for a quadratic Sturm-
Liouville operator pencil with impulse is presented
and an algorithm for solving the inverse problem is
offered.

Keywords: Sturm- Liouville operator, Inverse
problem, Spectral Data.

1. Introduction

From the point of view application natural sciences
in quantum mechanics different version of the
inverse spectral problems ( the inverse problem
from eigenvalues and normalizing numbers and the
inverse problem from two spectra ) were
considered for the following Sturm- Liouville
eigenvalue problem with quadratic dependence on
the spectral parameter and with impulsive:
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-y"+[2ap(x)+q(x)]y=2"y,
e[0,a)u(a, 7]

y'(0)=0,y(7)=0 ()
y(a+0)=ay(a-0),

y'(a+0)=a"'y'(a-0)
where A is the spectral parameter and

3)

q(x) e L, [0, 7], p(x) eW, [0, z]are real function,

T
a isreal numberand o >0, a #1, ae(g,ﬁj.

Inverse spectral problems for regular and
singular diffusion operators have been studied by
many authors (see ( Aktosun 1998- Nabiev 2006,
Guseinov 1985- Nabiev 2013, Gelfand 1995-
Yurko 2006). The papers where devoted to the
investigation of the solutions of the singular diffusion
operator and it has been proved the existence of the
integral representation of type of the transformation
operator fort he solution. In particular, in the papers
Guseinov 1985- Nabiev 2013, Marchenko 1986-
poschel 1987, Guseinov 1985, Hiiseynov 2013The
uniqueness theorems for the solutions of the inverse
problems by different spectral data and by the Weyl
function have been proved.

In this work, u,nlike other studies where the
inverse spectral problems for the diffusion operator
where investigated by using the results of Aktosun
1998- Nabiev 2006, Guseinov 1985, the distinct
method is presented for the recoustraction of the
diffusion operator by the spectral data. Namely, in this
work the main integral equations of Gelfand- Levitan-
Marchenko type are obtained for the problem

(1)—(3) and by the help these integral equations it is

proved the sufficient
condition for the inverse problem.

2. Preliminaries
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In this section, we present the facts on the problem
(1) —(3) needed in the subsequent sections. Denote

by W,'[0,7] the Sobolev space consisting of
complex valued functions on [0, 7]having n-1

absolutely continuous derivatives and n th order
derivative that is square- integrable on [0, ]. Note

that Wz0 [O, 72'] =L, [0, 72']
The following theorem shows that for equation (1)

there exists the so- called transformation operator
which is crucial in the inverse spectral theory.
Theorem 2.1

Let q(x)eW"[0,z], p(x)eW,*[0,z] and
@(x, 1) be the solution of equation (1) satisfying the
initial conditions

(0(0,l)=1, qo'(O,/I):h (4)
and jump conditions (3). Then there exists real-valued
functions A(X,t) and B(x,t) having m+1 square-

integrable derivatives with respect to the both
variables such that

(p(x,/l) =g, (X,/I)Jr

X X ) (5)
IA(x,t)cos Atdt +IB(x,t)5|n Atdt

0!+IB+ (X) _ 0!+Xp(0)
f[A(e)sinp ()-(e 2)e0ss (2) s

d . -
ZE[A(x,x)cosﬁ (x)+B(x,x)sin g (x)] -
:a*[q(x)+ pz(x)]

t=2a-x+0

Zi[A(x, x)cos B (x)—B(x,x)sin g (X)]tzga,x,o
dx

=a [q(x)+ p’ (x)]

(8)

A(x.t)_, =B(x0)=0 ©
Where

o, (x,2)=I" (x)cos[/ix—/}* (X):|
+H (x)cos[ﬂ(Za—x)+ﬂ’ (x)],

g 512
j

Next, if m>1 then
X,t)—g(x)A(xt
A (x)=a () A(x1) )
-2p(x)B,(x,1) = A, (1)
Bxx(x’t)_q(X)B(X’t)
+2p(x) A (x.1) =B, (x.1)
Conversely, if given functions A(X,t) and B(Xx,t)
have second order square-integrable partial derivatives
satisfying equations (10), (11) and satisfying
conditions (6)-(9), then the function go(x,/l)

constructed by formula (5) is the solution equation (1)
subject to initial conditions (4) and jump conditions

©)}
Let us denote by D the subspace W/[0,7],

(11)

consisting of functions y(x) eW,’ [0, 7] satisfying

the boundary conditions in (2) and the jump conditions
in (3).

D={y(x):y(x)eW,[0,7];y'(0)=0,
y(7)=0, y(a+0)=ay(a-0),
y'(a+0)=a’y'(a-0)f

Further we will assume that ¢(x), p(x) are real-
a() e L, [0.7],

valued function with

p(x) eW, [0, ] such that
j{Y'(X)‘2+q(x)‘y(x)‘2}dx>0 (12)
0

For all functions y(x) e D being not identically zero

( the last condition is automatically satisfied if
q(x)>0). Under these conditions boundary value

problem (1)—(3) possesses the following spectral

properties.

1) The eigenvalues of boundary value problem (1)-(3)
are real, different from zero and simple. This problem
does not have associated functions attached to the
eigenfunctions.
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2) The eigenfunctions y(x)and z(x) of problem _ Z[(of )2 +(a ) }_ O %y
(1)-(3) corresponding to the different eigenvalues A "2 A n
and g, respectively, satisfy the ‘’ortagonality’’ holds, where
relation ar
a11:_7 p(O), (aln)EIZ (15)

(2+ ) [ y(x)- 7 () —2] p(x)y(x)Z (x)x =0

0 0
3) The problem (1)—(3) has countably many
eigenvalues which can be arranged in the sequence
<A, <A, <A,<0<A, <A <4, <..

So that for large negative and positive values of n the
asymptotic formula

/ln:/lno+%+% (13)
Holds, where
dn Elw, 5n Elz, /1: :n+£ﬂ+(”)+hn’ |hn|S M’

V4

d =

1

‘ [{a‘ sin(ﬂ:n—,b" (;;))
24,(47)

+a’sin( ‘(2a-7)+p (ﬂ))}j[q( )+’ (x)]dx (14)

—{oﬁ cos(l:ﬂ - (72’))

ta cos(ﬂ,: (2a-7)+p (7[))} (p(x)- p(O))]
(Recall that A = Ois not an eigenvalues of (1)—(3)
.Note also that the notations n=-0 and n=+0 are

used fort he eigenvalues A to have the asymptotic
formula just in the form (13) ).

4) Obviously, ¢, (x) = ¢(x, 4, ) is an eigenvalues
A, . Letus set

a, = Igon X)dx——_[
The numbers «, we call the normalizing numbers of
problem (1)—(3).

X) @2 (x)dx.

5) the normalizing numbers ¢, are positive and large

negative and positive values of n the asymptotic
formula

6) For arbitrary function f (x) in L, [0, 7] the

“’two fold’’ expansion formulas

Z—fﬂ(x A )I

t)p(t, 4, )dt=0 (16)

zi(p(x,zn)f F(t)o(t 4, )dt = (X)(@7)

Hold, where series converge in the metric of space
L, [0,72'] . Every where in the infinite sums n runsall
the values n=40,41, ... .

7) The equality
1
> =0
n ﬂ’nan
Holds, where the infinite sum is understood in the
sense of a principal value, i.e. as the limit of sums

> as N —o.

The inverse spectral problem consists in recovering
the coefficient functions ¢(x), p(x) inequation (1)
and the coefficient number « and a in jump
conditions (3) from the spectral data {4,,c,} of

problem (1)—(3).

3. Fundamental equations of the inverse problem

Assume that for problem (1)—(3) the conditions
stated above in section 2 are satisfied ( see (12)). Let

{A,}be the eigenvalues and {e,} be the

corresponding normalizing numbers of problem
(1)—(3), where n=+0,+1,.... In this section we

will derive some equations which allow formally solve
the inverse spectral problem.
Let us set

1 .
H (X,t) = Zﬂ(p(x,ﬂn)exp(lﬁmt) (18)

n--n
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where n in the sum runs all the values +0,+1,+2, ...

i_emma 3.1. The equality
H(x,t)=0for 0<t<x (19)
holds.

Theorem 3.1. The kernels A(x,t) and B(X,t)

involved in representation (5) of ¢(x, 1) satisfy the
following system of linear integral equations:

1" () F, (x.t)cos B (x)

+" (x) F, (x,t)sin B~ (x)

+17(x) F, (2a—x,t)cos B (x)

+17(x) F, (2a—x,t)sin g~ (x) 20)

+A(x,t)+jA(x,g)Fn(g,t)dg

X

+[B(x&)F, (£t)de=0

0

1" () F,, (x,t)cos B (x)

+" (X)F,, (x,t)sin 87 (x)

+7(x)F,, (2a—x,t)cos B~ (x)

+7(x)F,, (2a—x,t)sin B~ (x) 1)

X

+B(x,t) +.[A X, E)F, (&,1)dé

+[B(x&)F, (£1)de=0

0
where defining ¢, = 5 ()

1
F.(x.t)= —C0SG,X 008 c,t

1
+> {2— oS A XCos A t (22)

n

—icos(n+co)xcos(n+c0)t
T

1.
F, (x.t)= —sincoX COS C,t

1 .
+ {2—sm A XCOs At (23)
~ | 2a,

—lsin(n+co)xcos(n +C, )t
T

Fu(xt)= icos coxsinc,t
T
1 .
+Z{2— cos A xsin A t (24)

—lcos(n+co)xsin(n+c0)t}
T

1. .
Fp (X,t)= —sing,xsin C,t

+Y {Zi sin A,xsin At (25)

n

—lsin(n+c0)xsin(n+co)t}
T

Proof. Substituting here for (X, 4, ) the expression

¢(x,/1n)=¢0(x,ﬂn)+

o, (x,2)=I" (x)cos[/lnx—/i+ (x)]
+ (x)cos[ﬂbn (2a-x)+p (x)]

and Lemma 3.1 then to zero the real and imaginary
parts of obtained equation, we get

iZ:{I:I (x)cos[lnx—ﬁ* (x)]
+ (x)cos[in (2a-x)+p (x)]] cos A t
+j A(x,&)cos A &cos A td&

+B(x,£)sin 2,& cos A, tdt} = 0
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1 — +
Zzn:{l:l+(x)cos[ﬂnx_ﬁ+(x)] B(x,t)=B,(xt)cos 5" (x) o

1 (x)cos[ 2, (2a~x)+ g (x)HSin At
-I—_X[ A(x,&)cos A Esin A td&

+B(x,&)sin 2,&sin A tdt} =0
for 0 <t < a < X. next, substituting equality

D cosnxsinnt =0
n

—£+EZcosnxcosnt =5(x-t),
T 5

iZsin nxsinnt = 5(x—t)

ﬂ. n

We obtained fundamental equations (20)and (21)
of the inverse problem.

4. Algorithm for solving the inverse problem

The equations (20)and (21)

fundamental equations of the inverse problem.
They allow to solve the inverse problem and prove
Theorem 2.2 as follows.

Let a collection of numbers {4, ,a,} be given that

are called the

satisfies the conditions of Theorem 2.2. Using this
collection we construct the functions

F, (xt)(J,x=12) by (22)-(25) and consider
for each x the system of Fredholm linear integral
equations (20)-(21)  with respect to unknow

functions A(X,t) and B(x,t) assuming S*(x) in

this equations an arbitrary given function. It turns out
that these equations are uniquely solvable and

dependence of its solution on ﬂi (x) can be expressed
explicitly.

Theorem 4.1: For any continuous function /3 ()
the system of integral equations (20)and (21) hasa
unique solution A(X,t),B(x,t) and dependence of

this solution on the function 3" (X)is expressed by
the formulas

A(x,t)=A (xt)cos B (x)

(26)
+A (x,t)sin 87 (x)

+B, (x,t)sin 87 (x)
where A (x,t), B;(x,t) form the solution of
system (20)and (21) with 8 (x)=0,

1" (x) Fy (x,t)+ Ay (x,1)
+17(x) Ry (2a—x,t)

A (xR (a0 de -

+.[ BO (X,f)l:u (‘:Zit)dgg =0,

0<t<x

1" (x) By (x,t)+ By (x,t)
+7(X) By (x,1)

+jﬁb(x,§)Fﬂ(§,t)d§ (29)

+j B, (X, &)F,, (&,1)dE =0,

0;t<x
where A (x,t), B (X,t) form the solution of system
(20)and (21) with ﬂ*(x)s%,

1" (x)F, (x,t)+ A (x.1)
+17(x) R, (22— x,t)

+:|(.A1(X'§)F11('§’t)d§ (30)

+IBl(X’§)F12 (§,t)d§=0,

0<t<x
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1" (x)F,, (x,t)+By(x,t)
+17 () Fyp, (22— x,t)

+[A (X &)F, (&1)de (31)

X

+[B (X £)F, (&,1)dE =0,
0<t<x

We need to get an equation for " (X). In the part of
direct spectral problem we have relation (6).
Substituting (26 )and (27) in this relation we get for

B () the nonlinear Volterra integral equation

a*ﬂ*(x):a*xp(o)+jq>(§,ﬂ*(§))d§ (32)
Where ’
®(&2)=
2A (&,&)sin? 2-2B,(&,&)cos’ 2 (33)
+[ A (£,£)-B,(&,£)]sin2z

Thus we get the following algoritm for solution of the
inverse problem.

Given a collection of numbers {4, ,a, } satisfying the
conditions of Theorem 2.2, we construct the functions

F, (xt)(j,x=12) by (22)-(25)and consider
the two sistems of equations (28)-(29)and (30)-
(31)with respect to Aj(xt), B;(xt)and
A (xt), B/(xt) respectively. Solving these
systems we find A (x,t), B,(x,t)and A (xt),
B,(x,t). Then we form the function ®(&,z) by

(33)and consider equation (32)for S (x) where
2a

11
an
according to (15) with e, given in (14). Solving

the number p(0) is taken from p(0)=-—

this equation we find «(x) and then

p(x) by p(x)=(/5‘*(x))' according to (9).
Next, define A(x,t), B(x,t) by (26)-(27)and
then q(x) by (7). These reasonings prove, in

particular, the uniqueness of solution of the inverse
problem: The coefficient functions p(x), q(x) of

equation (1) and the numbers «, a in jump
conditions (3) are determined uniquely from the

spectral data {4, ,a, } of the boundary value problem
(H)-(3).
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