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Abstract

In this paper, we construct the parameterization of surface family possessing a Mannheim D
pair of a given curve as a geodesic. By using the Darboux frame, we present the surface as
a linear combination of this frame and analyze the necessary and sufficient condition for a
given curve such that its Mannheim D pair is both isoparametric and geodesic on a
parametric surface. The extension to ruled surfaces is also outlined. Finally, examples are
given to show the family of surfaces with common Mannheim D isogeodesic curve.

Keywords: Mannheim D-curves; Darboux frame; Geodesic curve; Parametric surface; Ruled
surface

Ortak Mannheim D- Izojeodezik Egrili Yiizey Ailesi

Oz

Bu ¢alismada, verilen bir egrinin Mannheim D- ¢iftini {izerinde jeodezik olarak kabul eden
ylizeylerin parametrik formu insa edildi. Yiizey, Darbaux ¢atisinin lineer bir bilesimi olarak
ifade edilerek, tizerinde bulundurdugu Mannheim D- egri ¢iftinin izoparametrik ve jeodezik
olmasi i¢in gerekli ve yeterli sartlar tanimlandi. Mevcut tanimlamalar regle yiizeyler i¢in
ayrica ele alindi. Son olaraksa ortak Mannheim D- izogeodezik egrili yiizeylere baz1 6rnekler
verildi.
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1. Introduction

In the literature of differential geometry, the subject of curves plays an important role. As a
result, there exist many studies done by researchers to find some new special curves, to
characterize those and to associate one with another (Lockwood 1967; Guan et al 1997,
Petrovic et al 2000; Izumiya & Takeuchi 2003). One of the special curves is known to be a
Mannheim curve. The special characteristic of this curve is that it satisfies the equation

x = A1 (x* + %) with a nonzero constant, A, where « is the curvature and 7 is the torsion

of the curve (Mannheim 1878; Blum 1966). There are several studies covering Mannheim
curves in different spaces, as well such as the Euclidean and Minkowski space (Liu & Wang
2008; Lee 2011). From a different point of view, Kazaz et al (2015) introduced the
Mannheim D-pair curves in three-dimensional Euclidean space by taking into account the
surface theory. They investigated the properties of these curves to give its characteristics.
On the other hand, the concept of family of surfaces with a characteristic curve lying on it
was first introduced by Wang et al (2004). They constructed the parametric form of surfaces
possessing a given curve as a common geodesic. Then, Atalay (2018) parametrized the
surfaces with a common Mannheim geodesic curve. Moreover, Ayvaci and Atalay (2020)
studied the surfaces with a common Bertrand B isogeodesic curve. By this study, we
introduce a parametric representation of the family of surfaces having the basis Mannheim
D- pair curve as a geodesic.

2. Preliminaries
Let E® be a 3-dimensional Euclidean space provided with the metric given by
(, y=0dx? +dx,” +dx;’

where (x,,X,,X,) is a rectangular coordinate system of E°. Recall that, the norm of an
arbitrary vector X e E® is given by ||X]|=(X,X). Let a=a(s):l cIR—>E’ is an

arbitrary curve of arc-length parameter s. The curve « is called a unit speed curve if velocity
vector, o' of « satisfies o || =1. Let {T(s),N(s),B(s)} be the moving Frenet frame along

a , then the Frenet formulae is given by

; T(s) 0 k(s) 0 |[T(s)
= N(s)=|-x(s) 0 z(s)IN(s) (2.1)
0 ||B(s)

B(s) 0 -7(s)
where the function «(s)=|a"(s)|| and z(s)=—(B'(s),N(s)) are called the curvature and

torsion of the curve «, respectively. Now let T be the tangent vector of the curve « on a
surface ¢, n be the principal normal at the point P of ¢ and g be defined as g =nxT .

Such frame denoted by {T,g,n} is called as Darboux frame (O’Neill 2014). Relations
between the Frenet frame and the Darboux frame could be given in the figure below:

Tl 11 0 0 |[T

N(=[0 cos@ -sind||g|, <x(g,N)=06. (2.2)

B| |0 sin@ coséd|n

Derivative change of the Darboux frames are as shown below:
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T 0 K, K
d
Egz_l{g 0 ¢

«

T
g (2.3)
n |-, -7, 0Ofn

: , . déo
where x, = xcos¢ is the geodesic curve, x, =xsiné is the normal curve and 7, =7 +—

ds
is known as geodesic torsion.

Let & and " be given on two directed surfaces ¢ and ¢, respectively and let {T,g,n}
and {T*, g*,n*} denote the Darboux frame of each. If g and n” are linearly dependent then
the pair, (a,a*) is called to be Mannheim-D pair curves. Relationship between the Darboux
frames of the Mannheim D- mate curves are given in the following:
T =cosyT —siny sin@g —siny cosén,
g =sin@ sinyT +(cosd cosd+sin@ sindcosy)g
+(—sin@cos@ +sin @ cos@cosy)n, (2.4)
N =cos@ sinyT +(—sind cos@+cosd sinfcosy)g
+(sin@sin @ +cos@” cosHcosy)n,
where «<(T,T) =y, <«(g,N)=6, <«(g",N")=6" (Kazaz et al 2015).

The curve, « is called as s - parametric (isoparametric), if there exist a constant v, such
that a(s) = p(s,v,) (Wang et al 2004). If the curve is both geodesic and parametric then we
name it as isogeodesic curve. On the other hand, the surface ¢(s,v) is ruled if it is formed

by a straight line that moves along the curve, « . The parametric equation of a ruled surface
IS given as:

o(s,V) = a(s) +ve(s) (2.5)

where « is the base curve and e is the director. A sufficient condition for a ruled surface to
be a developable one is that det(a’,e,e") =0 (Izumiya & Takeuchi 2003).

3. Surfaces Family with a Common Mannheim D-Geodesic Curve

Let o”, be Mannheim D- partner curve of the « . A general parametric form of the surface
interpolating o~ as a common curve is given as

@ (5,v) = () +(X(5, V)T () + ¥(s,V) () + 2(5,V)n"(s)) (3.2)

where L <s<L,, K, <v<K, and x(s,v), y(s,v), z(s,v) are called as marching-scale
functions Since o is a Mannheim D- partner curve of « , then by definition we can write

a (8) = a(s)+ A(s)g(s) (3.2)

where A is a non-zero constant. Now by using equation (2.2) we derive the parametric form
of surface family with a common Mannheim D-geodesic curve as
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@(s,v) =a (5)+x(s,v)T (s) +(y(s,v)cos& —z(s,v)sind )N (s) (3.3)
+(y(s,v)sin@ +z(s,v)cos8") B(s) '

Theorem 3.1. Let «(s) be a unit speed curve with nonvanishing curvature and o (s) , be its
Mannheim D- partner. o (s) is isogeodesic on the surface if and only if

X(S’Vo) = Y(S’Vo) :Z(vao) =0
y(s.Vo) = (V=Vp) B(s)sin ' (s) . B(s) #0. (3.4)
2(5,%,) = (V—V,) A(5) c0s 6 (5)

Proof: Since & (s) is isoparametric on the surface ¢"(s,v), then it is clear that there exists
a parameter v, such that

X(8,v9)=Y(s,% ) =2(s,v,)=0. (3.5)

On the other hand if Mannheim D- partner is geodesic on the surface, then n"(s,v,) [[N"(s)

where n” is the normal vector of the surface, ¢"(s,v) and N"(s) is the principal normal
vector of « ' (s).

By recalling the definition of normal vector of a surface, we write

9p (5,v) 0¢ (s,v)

n(s,v) =
0s ov
ox(s,v) . . 0z(s,v) o)
=(— ~ sin@ —Tcose )N (s) (3.6)
J{ay(s, Y) cosd — a(s,v) sin e*j B (s)
ov ov
Thus we may write
N(S,V5) = A4 (S, V)T (8) + (S, V)N (S) + (S, V5) B (5) @.7)
where
¢1(31V0) =0
_Y(SV) i e 02(S, V) .
?,(S,V,) = Ve sing e cosd (3.8)
#,(s,V,) = ay(;,/vo) cosd” —Msin A

Referring now the geodesicity condition results following relations
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cos” 6(s) =0
%o . (3.9
sin@’(s)=0

Vo

ay(s.v) Sind"(s) az(s,v)
ov ov

Vo

oy (s.v)

cos¢(s) _asy) E;/ V)

Vo
From here we can derive the equations below with an arbitrary nonzero valued function

p(s)=0

{y(s,vo) = (V=V,)3(s)sin 6" (s) (3.10)

2(5,p) = (V=V,) B(s) cos &' (5)
4. Ruled Surfaces with Common Mannheim D- Geodesic Curve

In this part of the study we derive the formulations of a ruled surface family whose basis
curve is Mannheim D- and it is geodesic on the surface as well.

Theorem 4.1: Given an arc-length curve, «(s) there exists a ruled surface family possessing
o' (s) as acommon Mannheim D- geodesic.

Proof: Choosing marching-scale functions as
X(s,v) =(v—-v,) f(s),
y(s,v)=(v-V,)B(s)sing", (4.1)
z(s,v)=(v—v,)B(s)cosd
equation (3.10) takes the following form of a ruled surface
P(s.,V) = (5)+(V=V,) ( F(5)T"(s)+ B(5)B"(5)) (4.2)
which clearly satisfies the conditions given in equation (3.4).
Corollary 4.2. Ruled surface given in (4.2) is developable, if and only if

=" (). |
CRearEl @3

Proof: We remind that ¢(s,v) is developable, iff det(e',R,R")=0, where
R(s) = f(s)T (s)+ B(s)B’(s) . If necessary, calculations are made we simply get

ﬂ(S)(T*(S)ﬂ(S)— f(S)K*(S)) =0. (4.4)
Since B(s)=0, we have f(s)= v (s) B(s) , which completes the proof

K (s)

Example 1. Let a(s) = i(—cos s,—sins,s) be a unit speed curve and take the surface as

V2

1 . .
(—coss,—sins,s+V). Then we can simply calculate the frame elements as

¢(S’V) :E
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i(sin S,—C0sSs,1)

NG

1 .

g(s) = ﬁ(—sm s,€0ss,1)

n(s) = (—coss,—sins,0)
1 1

K:E, T:ﬁ

Now by recalling the equation (3.2) and taking A = % we get

T(s)=

a’ (s)= (——\/Ecoss—%sms—% 25|ns+2(:oss \/_s+—)
The Frenet apparatus of the latter curve are
T*(s)=(—%\/g(—\/gsin(s)+cos(s)),—%\/g(\/gcos(sﬁsin(s)),%«/l_O)
N*(S)Z(é\/g(\/iCOS( )+sm(s)) ——\/—( —\2sin(s)+cos (s ))
B*(s):(%Jl_S(ﬁcos(s)—Zsin(s)),E\/l_S(«/Esin(s)Jr2003(3)),%\/1_5)

From here to the end the parameter range will be set -z <s<x, —0.75<v<0.75 to draw
the corresponding figures.

a) Now if we take x(s,v) =0, y(s,v) =vssing’, z(s,v) =vscos& and S(s)=s, Vv, =0 then
the conditions given equation (3.4) are satisfied. Thereby, we obtain one member of the
surface family with a common Mannheim D- isogeodesic curve as

gol(s,v):(—lx/ﬁcos(s)—%sin(s)+%vs\/l_5(\/§cos(s)—25in(s)),
fsm( )+ZCOS( )+%vs\/1_5(\/§sin(s)+2cos(s)),
E«/§s+§+g\/l_5vs)
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Figure 1: The surface, ¢(s,v) (in green) and the curve, a(s) (in yellow) together with the
surface, ¢, (s,v) (in purple) and isogeodesic Mannheim D- partner curve, « (s) (in red).

b) If we take this time the marching scales as  x(s,v)=sv, y(s,v)=vs’siné’,
z(s,v) =vs’cos® and B(s)=s*, v, =0 the conditions given in (3.4) still hold. Thus,
another member of the surface family can be given in parametric form as

J2 cos(s) sin(s) svﬁ(—ﬁsin (s)+cos(s)) N vsle_S(\/fcos(s)— 2sin (s))

@,(s,V) = (- 5 5 5 15 ,
_\/Esin(s)+cos(s)_sv\/g(\/ﬁcos(s)ﬂin(s))+vszJ1_5(J§sin(s)+2cos(s))
2 2 5 15 ’
J2s 1 J24Bsv vs?\15
2 2775 s )
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Figure 2: The surface, ¢(s,Vv) (in green) and the curve, «(s) (in yellow) together with the
surface, ¢,(s,v) (in purple) and isogeodesic Mannheim D- partner curve, « (s) (in red).

¢) When chosen x(s,v) =sinv, y(s,v) =vs®sin@", z(s,v) =vs®cos& and S(s)=s°, v, =0
we have another member of the surface family with a common Mannheim D- isogeodesic
curve as

2 cos(s) Csin(s) sin(v)\/g(—\/isin (s)+cos(s)) . vs3\/1_5(«/§cos(s)—23in (s))

sl =" 2 5 15 '
J2sin(s) cos(s) sin(v)Jg(\/Ecos(s)+sin(s)) vsB\/l_S(\/Esin(s)+2cos(s))
T2 T2 T 5 " 15 !
J2s 1 sin(v)\/5v2  vs*\A5
2 ’ 2+ 5 ! 5 )
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Figure 3: The surface, ¢(s,Vv) (in green) and the curve, «(s) (in yellow) together with the
surface, ¢,(s,V) (in purple) and isogeodesic Mannheim D- partner curve, ¢ (s) (in red).

NG

d) For a developable ruled surface, we pick f(s)= 73, p(s)=s and v, =0 satisfying the

given condition in (4.2), we form the following parametrization
?,(s,V) =(i\/1_53in(s)vs—i\/ﬁcos(s)vs—l\/gcos(s)—lsin(s),
15 30 2 2
L 15cos(s)vs—i\/55in(s)vs—lx/gsin(s)Jrlcos(s),
15 30 2 2

l\/§s+1+3\/1_5vs)
2 2 5
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Figure 4: The surface, ¢(s,v) (in green) and the curve, «(s) (in yellow) together with the
developable ruled surface, ¢,(s,v) (in purple) and isogeodesic Mannheim D- partner curve,

a’(s) (in red).

e) For a nondevelopable ruled surface we pick now f (s)=s, £(s)=1 and v, =0 then we

obtain the following nondevelopable ruled surface with a common Mannheim D-
isogeodesic curve as

J10sin(s)sv . 30 cos(s)v ~ 5 cos(s)sv ~ 24/15sin(s)v ~ V2 cos(s) _sin(s)

- 15 5 15 2 2
~ 10 cos(s)sv . 30sin(s)v ~ J5sin(s)sv . 2415 cos (s )v ~ J2sin(s) . cos(s)
5 15 5 15 2 2
«/§s+1+\/1_03v+\/1_5v)
2 2 5 5
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Figure 5: The surface, ¢(s,v) (in green) and the curve, a(s) (in yellow) together with the
nondevelopable ruled surface, ¢.(s,v) (in purple) and isogeodesic Mannheim D- partner

curve, a (s) (in red).
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