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Abstract: In this work, we investigate a quasilinear system of two viscoelastic equations with degenarete damping, dispersion
and source terms under Dirichlet boundary conditions. Under suitable conditions on the relaxation function h; (: = 1,2) and initial
data, we establish global existence and general decay results. This work generalizes and improves earlier results in the literature.

Keywords: General decay, Viscoelastic equations, Degenerate damping, Quasilinear equations.

1 Introduction

In this work, we considere the following quasilinear system of two viscoelastic equations with degenerate damping, dispersion and source
terms:

[ut | uee — Au + fé hi(t — s)Au(s)ds — Auge + (\u|k + |v|l \ut|j71 ut = f1(u,v), (z,t) € Qx(0,T),
|ve|T v — Av + fé ha(t — s)Av(s)ds — Avgy + (|v\0 + [ul®) v s = fo (u,v), (@,t) € Q% (0,T),

w(z,t) = v (x, ) = 0, () € 92 x (0,T), M
u(x,0) = ug (z), ut (z,0) = u; (x), T € Q,
v (2,0) = v (2) , ve (z,0) = v1 (x), reo),

where €2 is a bounded domain with a sufficiently smooth boundary in R”™ (n > 1), j,s > 1, >0, k,1,0,0>0; h;(.): Rt - RT (i =
1,2) are positive relaxation functions which will be specified later. (\()\a + |()\b> |(.)t|771 (.); and —A(.),, are the degenerate damping
term and the dispersion term, respectively.

By taking
fi(u,v) = alu+ 0\2(K+1) (u+v)+blul~u |U|n+2 ,
fo(u,v) = alu+ v\2(”+1) (u+v)+bv[v |u\"ﬂqu2 ,
in whicha > 0, b > 0, and
1< k< +oo ifn:1,2and1<n§i_gifn23. )
It is easy to show that
uf (u,v) +vfa (u,v) =2(k+2) F(u,v), V(u,v) € Rz, 3)
where
1
F (00) = 5 gy [aluct o072 4 2b 2], @

To motivate our problem (1) can trace back to the initial boundary value problem for the single viscoelastic equation of the form

t )
[ue|" uee — Au +J h(t — s)Au(s)ds — Aug + |Ut|]72 ug = |u\pi2 u 5)
0
which was studied by Wu [1]. The author established a general uniform decay result under some appropriate assumptions on the relaxation
function h and the initial data. Then in [2], the author investigated same problem and obtained general decay result for j = 2.

222 © CPOST 2020



For a coupled system, He [3] looked into the following problem

{ [ut|" ute — Au + ft hi(t — s)Au(s)ds — Augg + |ut\j72 ug = f1 (u,v), ©)

lve|T v — Av + IO ha(t — s)Av(s)ds — Avy + |vt|572 vt = fo (u,v),

where n > 0, j, s > 2. The author studied general decay results and a blow-up result. Then, in [4], the author investigated same problem
without damping term and established a general decay result of solutions.

The rest paper is arranged as follows: In Section 2, as preliminaries, we give necessary assumptions and lemmas that will be used later. In
section 3, we prove the global existence of solution. In last section, we studied the general decay of solutions.

2  Preliminaries
In this section, we will present some assumptions, notations, and lemmas that will be used later for our main results. Throughout this paper, we
denote the standart L2 (€2) norm by ||.|| = [l 2 () and LP (Q) norm ||.|,, = -l Lo (o) -
To state and prove our result, we need some assumptions:
(A1) Regarding h; : [0,00) — (0, 00), (i = 1,2) are C! functions and satisfy
oo

hi(a) >0, hi(a) <0, 17J' hi(a)do=1; >0, >0
0

and non-increasing differentiable positive C' ! functions 61 and <o such that
Ri(t) < hPi >0,1< 3 fori = 1,2
Z(t) = _gl(t) i (t)7 > 07 S pi < 5 ors =1, 2.

(A2) For the nonlinearity, we assume that

1<4,sifn=1,2,
1<j,s< ™2 jfn>3.

n

(A3) Assume that 7 satisfies

0<nifn=12,
0<n<2Z5ifn>3.

In addition, we present some notations:

t
(h o V) (t) = jo Bt~ 5) [ Vw(t) - Va(s)|? ds,

Il =min{ly,l2}.

Remark 1. (A1) is need to guarantee the hyperbolicity of the system (1). Conditions p; < % , (i = 1, 2) are imposed so that fgo h;i (s)ds < oo,
(i=1,2).

Lemma 2. (Sobolev-Poincare inequality) [7]. Let g be a number with2 < g < oo (n=1,2) or2 < ¢ < 2n/(n — 2) (n > 3), then there is
a constant Cx = Cy (2, q) such that

lull, < C | Vul| foru € H ().

Lemma 3. [8] Suppose that (4) holds. Then there exist p > 0 such that for the solution (u,v)

2(k+2 2 2 2 2
lu+ o503 + 2 w13 < o [IVull® + b Vo))< 2. ™

Now, we state the local existence theorem that can be established by combining arguments of [1]-[6].

Theorem 4. Assume that (Al), (A2), (A3) and (2) hold. Let ug, vy € H& () and uy,v1 € L? (2) are given. Then, for some Ty, > 0, problem
(1) has a weak solution in the following class:

u,v €C ([O,Tm) s H (Q)) ;

thGC(thﬁL%QD.
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We define the energy function as follows

_ n+2 n+2 1 2 2
B = g (el 3+ 1wl 53) + 5 [ 0 Vu)(0) + (he 0 o)1) + [ Vel + Vel
1 t t
43 0= | m©) Va1 + 0 - [ raa 19| - [ F w0 de ®
0 0
Also, we define
2 2 K 2 ¢ 2
I@t) = [V + Vo[ + (1 - JO hi(s)ds) [[Vu@)]” + (1 - JO ha(s)ds) [V ()]
+(h1 o Vu)(t) + (ha o Vu)(t) — 2(k + 2)J F (u,v) dz )
Q
and
1 ¢ 2
= 5|( (s)ds) | Vu(@)l|* + (1 - . ha(s)ds) [[ V()]
1
= [(m o)) + (2 0 V0)0) + 3 IVl + [Tor )]
-] rw (10
By computation, we get
d 1 / /
LB < 5 [(hhoVu)t) + (hh o Vo))
1
5 (M@ IVl + ho(t) Vo))
= | (ol e [ (1 ful?) el
Q Q
< 0. (11)
3 Global Existence
This section is devoted to prove the global existence of solution (1).
Lemma 5. [5]. Let (ug, vo) € Hp (Q), (u1,v1) € L? (Q) . Suppose that (A1) — (A3) hold. If
2(k + 2) Rl
I = ——F 1 12
(0) > 0and B p( 1 (0)) <1, (12)
then
I(t)>0,Vvt>D0.
Theorem 6. Suppose that the conditions of Lemma 5 hold, then the solution (1) is bounded and global in time.
Proof: 1t suffices to show that
G0l == [Vu@I + Vo) + [ Vue]® + [ Ve |
is bounded independently of ¢. For this pupose, we apply (8), (10) and (11) to get
1 2 2
BO) > B(t) =0+ g () + Il i3)
K+1 2 2 2
> sityy (WIVaOIP + 6 1900 + [Vl + Vo]
(h1 o Vu)(t) + (he © Vv)(¢))
n+2 n+2
g (el + oel33) (13)
Thus,
[[(u, v)[| g < CE(0),
where positive constant C, which depends only on &, 11, 2. ]
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4  General Decay of Solutions

This section is devoted to prove the decay of solution (1). Set
I(t) :== ME(t) +e®(t) + F (1), (14)

where M and ¢ are some positive constants to be specified later and

— 1 n
o(t) = 61 (¢) [77 1 L) |ug]? upude + J'Q VutVudx]

+5, (t)[ J \vt\"vtvdx—FJ Vvthd:c}, (15)
Q Q

.
n+1
TN
F@) = 6 (1) Aup — ——— hi(t — s)(u(t) — u(s))dsdz
Q n+1/Jo
Joe|"ve ) [*
+d2 (t) U (Avt - 7) J ha(t — s)(v(t) — v(s))dsdm} . (16)
Q n+1/Jo
Lemma 7. For e small enough while M large enough, the relation
a1l'(t) < BE(t) < agl'(t), Vt>0. 17
holds for two positive constants o1 and o2.

Proof: As references [9]-[5], it is easy to see that I'(¢) and E/(t) are equivalent in the sense that «v; and o are positive constants, depending on
€ and M. (]

Lemma 8. [1] Assume that (12) holds. Let (u,v) be the solution of problem (1). Then, for o > 0, we get

o+2

T (o mat = s)(utt) —u(s))ds) ™ da < (1= 1) 1e7+? (B0 E () 6 Tu) (0

T (oot = )0(t) — v(s))ds) T d < (1= )77+ (DEOYE 1y o w1

(18)

Lemma9. Let ug, vy € H& (), ug, v € LZ(Q) be given and satisfying (12). Assume that (A1) — (A3) hold. Then, for any tq, the functional
['(t) verifies, along solution of (1),

I'(t) < & E(t) + & [(h1 o Vu)(t) + (hz o Vo) (¢)] (19)
forsome & > 0, (i =1,2).

Proof: As references [9]-[5]-[1], it is easy to obtain desired result. We omit it. O

Now, we are ready to state our stability result.

Theorem 10. Assume that (4), (A1) — (A3) hold and that (ug,u1) € H (Q) x L*(Q) and (vo,v1) € HE(Q) x L*(Q) and satisfy E (0) <
FE1 and

1
(1 IIvuol® + 12 9o )*) * < aun. (20)

Then for each , there exist two positive constants K and k such that the energy of (1) satisfies

—kﬁo é(s)dsj

E(t) < Ke t>to @21)

where §(t) := min {01(t),2(t)}.
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Proof: Multiplying (19) by §(t), we have
(L' (8) < —E16(D)E(t) + £26(t) [(h1 o Vu)(t) + (hz o Vo) (¢)].-
Since (A2) and §(t) := min {61 (t), 62(t)} and using the fact that — [(h] o Vu)(t) + (kb o Vo) ()] < —2E'(t) by (11), we get

SOI'(t) < —&8(OE(t) — &26(t) [(h1 o Vu)(t) + (hz o Vo)(t)]

< —GS()E() - 26E(t), Vit > to. (22)

That is
G'(t) < —cx6(t)E(t) < —k6(t)G(t), Vt > to, (23)
where G(t) = §(¢)['(t) + CE(t) is equivalent to E(t) due to (17) and k is a positive constant. A simple integration of (23) leads to

G(1) < Glto)e #1102 gy > 4 24)

This completes the proof. |

5 Conclusion

As far as we know, there is not any global existence and general decay results in the literature known for quasilinear viscoelastic equations with
degenerate damping terms. Our work extends the works for some quasilinear viscoelastic equations treated in the literature to the quasilinear
viscoelastic equation with degenerate damping terms.
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