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ABSTRACT. Let R be a commutative ring with identity and N(R) and J (R)
denote the nilradical and the Jacobson radical of R, respectively. A proper
ideal I of R is called an n-ideal if for every a,b € R, whenever ab € I and
a ¢ N(R), then b € I. In this paper, we introduce and study J-ideals as a new
generalization of n-ideals in commutative rings. A proper ideal I of R is called
a J-ideal if whenever ab € I with a ¢ J(R), then b € I for every a,b € R.
We study many properties and examples of such class of ideals. Moreover,
we investigate its relation with some other classes of ideals such as r-ideals,
prime, primary and maximal ideals. Finally, we, more generally, define and
study J-submodules of an R-modules M. We clarify some of their properties

especially in the case of multiplication modules.
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1. Introduction

We assume throughout this paper that all rings are commutative with identity.
By a proper ideal I of a ring R we mean an ideal I # R. For a ring R, the set of units
in R, the nil radical of R, the Jacobson radical of R and the set of zero divisors in R
are denoted by U(R), N(R), J(R) and Z(R) respectively. For undefined notations
or terminologies in commutative ring theory, we refer the reader to [11].

Over the years, several types of ideals have been developed in order to let us fully
understand the structures of rings in general. Examples of such types include prime,
primary and maximal ideals which play a key role in the theory of commutative
algebra. In the last three decades, many generalizations and related types of such
ideals have been studied such as weakly prime (primary), almost prime (primary),
e-prime (primary) and semi-prime, see [1], [5], [6], [7], [9]-

Recently, [10] Rostam Mohamadian has introduced the concept of r-ideals in
commutative rings. A proper ideal I of a ring R is called an r-ideal if whenever
a,b € Rwith ab € I and Ann (a) = 0, then b € I where Ann (a) = {r € R: ra = 0}.

He investigated the behavior of r-ideals and compare them with other classical ideals
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such as prime and maximal ideals. In [13], Tekir et al., defined and studied some
subclass of r-ideals, namely, the class of n-ideals. A proper ideal I of a ring R is
called an n-ideal if whenever a,b € R with ab € I and a ¢ N(R), then b € I.

In the second section of this paper, we continue to pursue this approach and
present J-ideals as a generalization of n-ideals. A proper ideal I of a ring R is called
a J-ideal if whenever a,b € R with ab € I and a ¢ J (R), then b € I. We will first
justify that this generalization is proper by giving examples of J-ideals which are not
n-ideals in certain rings. Indeed, we prove that while every proper ideal in a quasi-
local ring R is a J-ideal, the ideal J(R) is not an n-ideal if N(R) # J(R). We also
give some examples to show that in general J-ideals are not comparable with prime,
maximal and r-ideals. However, if a ring R is presimplifiable (Z (R) C J (R)), then
we prove that any r-ideal in R is a J-ideal. In particular, if a ring R is balanced
domainlike (R~ Z(R) C U(R) and Z (R) C N (R)), then the classes of n-ideals,
r-ideals and J-ideals are coincide. Next, we give several characterizations of J-ideals
and Proposition 2.10 is devoted to some of such characterizations. We, moreover,
clarify that an ideal of a ring contained in the Jacobson radical is a J-ideal if and
only if it is J-primary.

Among many other results in this section, it is shown (Proposition 2.18) that
whenever R is a ring and I is a proper ideal of R, then I [|z|] is a J-ideal of R [|z]]
if and only if I is a J-ideal of R. For a multiplicatively closed subset S of a ring
R, we discuss in Proposition 2.26 certain conditions under which the extension
(contraction) of a J-ideal of R (of S™!R) is a J-ideal of S™'R (of R).

For a ring R, an R-module M and a submodule N of M, we set (N : M) =
{reR:rme N for all m € M}. This set is an ideal of R called the residual
ideal of N in M. For an ideal I of R, it is well-known that the set IM =

{iaimi ca; € I,m; € M,n € N is a submodule of M. More generally, in Sec-
tigll?), we define and study J-submodules of R-modules. A proper submodule N of
an R-module M is called a J-submodule of M if for a € R and m € M, whenever
am € N and a ¢ (J(R)M : M), then m € N. By Nakayama’s Lemma, if M is a
finitely generated R-module, then the ideal (J (R) M : M) is proper. In the case
(J(R)YM : M) = R, it is clear by the definition that every submodule of M is a
J-submodule. We investigate many properties and examples concerning the class
of J-submodules. As a special case, we study such submodules in multiplication
R-modules M where every submodule is of the form IM for some ideal I of R.
Finally, for an R-module M, we consider the idealization ring R(M) of M in
R. Let I be an ideal of R and N be a submodule of M such that IM C N. We
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prove (Proposition 3.14) that I is a J-ideal and N is a J-submodule whenever the
homogeneous ideal I(N) of R(M) is a J-ideal. We also justify some conditions for

which the converse is true (Proposition 3.12).

2. J-ideals in commutative rings

In this section, we introduce the class of J-ideals and investigate some of their
properties. Moreover, we clarify their relation with some other types of ideals such

as n-ideals, r-ideals, prime and maximal ideals.

Definition 2.1. A proper ideal I of a ring R is called a J-ideal if whenever a,b € R
with ab € I and a ¢ J(R), then b € I.

Proposition 2.2. If I is a J-ideal of a ring R, then I C J(R).

Proof. Suppose I is a J-ideal but I ¢ J(R). Then there exists a € I such that
a¢ J(R). Nowa- 1€ and a ¢ J(R) implies that 1 € I, a contradiction. Hence,
I C J(R) as needed. O

However, we can find an ideal I of a ring R with I C J(R) which is not a J-ideal.
For example, consider the ring Zsg. Then J(Z3g) = <6> and [ = <ﬁ> C J(Zsg)-
But I is not a J-ideal since 3.4 € T with 3 ¢ J(Zss) and 4 ¢ I.

Next, we characterize rings in which every proper ideal is a J-ideal.

Proposition 2.3. Let R be a ring. The following are equivalent.
(1) R is a quasi-local ring.
(2) Ewery proper ideal of R is a J-ideal.
(3) Ewery proper principal ideal of R is a J-ideal.

Proof. (1) = (2) Let I be an ideal and a,b € R with ab € I and a ¢ J(R) = M
(the unique maximal ideal of R). Then a € U(R) and so a*(ab) € I. Therefore,
be I and I is a J-ideal.

(2) = (3) Clear.

(3) = (1) Suppose that every proper principal ideal of R is a J-ideal. Let M
be a maximal ideal of R and let « € M. Now, (a) is a J-ideal and l.a € (a). If
a ¢ J(R), then 1 € (a), a contradiction. Thus, a € J(R) and M = J(R) is the

unique maximal ideal of R. Therefore, R is a quasi-local ring. (]
Proposition 2.4. In any ring R, every n-ideal I of R is a J-ideal.

Proof. Let a,b € R such that ab € I and a ¢ J(R). Since N (R) C J(R),
a ¢ N(R) and so b € I as I is an n-ideal. Therefore, I is a J-ideal of R. O
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However, the converse of Proposition 2.4 is not true in general as we can see in

the following example.

Example 2.5. Consider the quasi-local ring Zy = {% ra,beZ, 2{1)}. Since
any ideal in Z) is a J-ideal by Proposition 2.3, (6),, = {%:a€6),2 )[ b} is a
J-ideal of Zy which is not an n-ideal. Indeed, we have for example € Zyy

and 2.2 =5 € (6 )2y but 2¢ N (Zp)={0}and £ ¢ (6 )2y

’375

The previous example is a special case of the following proposition.

Proposition 2.6. Let R be a quasi-local ring for which N (R) G J(R). Then J(R)

is a J-ideal which is not an n-ideal of R.

Proof. Since R is a quasi-local ring, J(R) is a J-ideal by Proposition 2.3. Choose
a € J(R)\N (R). Thena =a.1 € J(R) wherea ¢ N (R) and 1 ¢ J(R). Therefore,
J(R) is not an n-ideal of R. O

In particular, the formal power series ring F [[x]] over any field F is a quasi-local
ring for which N (F'[[z]]) = {0} & (x) = J(F [[x]]). Therefore, (x) is a J-ideal that
is not an n-ideal in F' [[z]].

We recall that a ring R is called a Jacobson ring if J(R) = N(R). It is clear that
n-ideals and J-ideals coincide in Jacobson rings.

In general, the class of J-ideals is not comparable with the classes of r-ideals,

prime ideals and maximal ideals.

Example 2.7. (1) Consider the ring Z1o. Then the ideal (5) is a prime (max-
imal) ideal and an r-ideal of Z;o. Indeed, if for nonzero a,b € Z, ab € <5>
and Ann(a) = 0, then a is a unit and so b € (5). On the other hand, (5)
is not a J-ideal of Z1g as (5) € J(Z19) = (0).
(2) The ring Zs is a quasi-local ring, and so the ideal (1) is a J-ideal of Zg that
is not prime (maximal).
(3) Theideal (6) s, is a J-ideal of the qua51 -local ring Z 5

(2) {% a, 6Z,2fb}
€Z<> ith %

b
= % S <6><2> and

m\w Il

that is not an r-ideal. For example, 2
Ann(3) =0but 2 ¢ (6) (2y-

’ 513
Recall that a ring R is called presimplifiable if Z (R) C J(R). A subclass of
presimplifiable rings is the class of Domainlike rings where Z (R) C N(R) ([4]).

Proposition 2.8. Let R be a presimplifiable (Domainlike) ring. Then any r-ideal
in R is a J-ideal (n-ideal).
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Proof. Suppose R is presimplifiable and let I be an r-ideal of R. Let a,b € R such
that ab € I where a ¢ J(R). Then a ¢ Z (R) and so clearly, Ann (a) = 0. Since
I is an r-ideal, b € I and so [ is a J-ideal. If R is Domainlike, then similarly, we

conclude that any r-ideal is an n-ideal. O

A proper ideal I in a ring R is called superfluous if whenever J is an ideal of R
with I +J = R, then J = R.

Proposition 2.9. Any J-ideal in a ring R is superfluous.

Proof. Assume J is an ideal of R such that I +J = R. Then 1 =i + j for some
ie€landjeJandsol—j=1ielCJ(R). It follows that j € U(R) and hence,
J = R as required. O

Proposition 2.10. Let R be a ring and I be a proper ideal of R. The following
are equivalent.

(1) I is a J-ideal of R.

(2) I=(I:a) for every a ¢ J(R).

(3) For ideals A and B of R, AB C I and A ¢ J(R) implies that B C I.

(4) (I:a) CJ(R) for everya ¢ 1.

Proof. (1) = (2) Assume that I is a J-ideal of R. For every a € R, the inclusion
I C(I:a)always holds. Let a ¢ J(R) and b € ( : a). Then ab € I. Since I is a
J-ideal, b € I and so I = (I : a).

(2) = (3) Suppose that AB C I and A ¢ J(R) for ideals A and B of R. Since
A ¢ J(R), there exists a € A such that a ¢ J(R). Then we have aB C I and so
BC({I:a)=1.

(3) = (1) Let a,b € R with ab € I and a ¢ J(R). Take A = (a) and B = (b).
Then AB = (a) (b) = (ab) C I and A ¢ J(R) and so B = (b) C I. Hence, b € T
and [ is a J-ideal.

(1)=(4) Let a ¢ I and let b € (I : a). Then ab € I. Since I is a J-ideal, we get
b € J(R) and the result follows.

(4) = (1) Take a,b € R such that ab € I with a ¢ J(R). If b ¢ I, then by (4),
a € (I:b) C J(R) a contradiction. Thus, we have b € I and so I is a J-ideal of
R. ]

An ideal M of a ring R is called Jacobson if it is an intersection of maximal
ideals. For example in the domain of integers any ideal generated by a product of

distinct prime integers is Jacobson. Now, if I is a Jacobson J-ideal, then clearly
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J(R) C I. Since also I C J(R) by Proposition 2.2, we conclude that the only
Jacobson J-ideal, if there is any, is J(R).

Let R be a ring and let S be a nonempty subset of R. For an ideal I of R, the
set (I:S)={re€ R:rS CI}isclearly an ideal of R.

Lemma 2.11. Let R be a ring and S be a nonempty subset of R. If I is a J-ideal
of R with S € I, then (I:S) is a J-ideal of R.

Proof. If (I:S) =R, then 1 € (I:5) and so S C I, a contradiction. Therefore,
(I : S) is a proper ideal in R. Let ab € (I : S) and a ¢ J(R). Then we have
abs € I for every s € S. Since [ is a J-ideal of R, we conclude that bs € I and so
be (I:59). O

Definition 2.12. A J-ideal I of R is called a maximal J-ideal if there is no J-ideal

which contains I properly.

If an ideal I of a ring R is prime with I C J(R), then clearly I is a J-ideal. In

the following proposition, we determine a condition on I when the converse holds.

Proposition 2.13. Let I be a mazimal J-ideal of R. Then I is a prime ideal. If,

in particular, I = J(R), then the converse is true.

Proof. Suppose I is a maximal J-ideal. Let a,b € R such that ab € I and a ¢ I.
Then (I : a) is a J-ideal by Lemma 2.11 and I C (I : a). By maximality of I, we
have b € (I : a) = I and so [ is a prime ideal of R. Now, suppose I = J(R) is a
prime ideal of R. Let a,b € R such that ab € I and a ¢ J(R). Then b€ J(R) =1

and so [ is a J-ideal. Moreover, I is maximal by Proposition 2.2. [
Next, we determine all integers n > 2 such that the ring Z,, has J-ideals.

Corollary 2.14. For any integer n > 2, the ring Z,, has J-ideals if and only if n

18 a power of a prime integer.

Proof. <) If n is a power of a prime integer, then Z,, is quasi-local and the result
follows by Proposition 2.3.

tr - .. .
k¥ is a distinct prime

=) Suppose Z,, has a J-ideal. Suppose that n = ptllpé2 Lop
decomposition of n where k > 2. Then J(Z,) = (pip2...px) is not a J-ideal of
Z,, since it is not prime. Let I be a maximal J-ideal of Z,. Then I C J(Z,)
and by Proposition 2.13, I is also a prime ideal. Therefore, I = J(Z,,) which is a

contradiction. O
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We recall that a ring R is called semiprimitive if J(R) = 0. Moreover, R is
called a von Neumann regular ring if for every a € R, there exists © € R such that
a = a?z. Tt is well known that the ring of integers and a von Neumann regular ring
are semiprimitive. The proof of the following proposition can be achieved simply

by using Proposition 2.2.

Proposition 2.15. Let R be a ring.

(1) If R is a semiprimitive ring which is not an integral domain, then R has
no J-ideals.

(2) Let R be a semiprimitive ring. Then R is an integral domain if and only if
the zero ideal is a J-ideal of R.

Proposition 2.16. Let R be a ring. Then the following statements are equivalent.
(1) R is a field.
(2) R is a von Neumann regular ring and 0 is an n-ideal in R.

(3) R is a von Neumann regular ring and 0 is an J-ideal in R.

Proof. (1) = (2) Theorem 2.15 in [13].

(2) = (3) Clear by Proposition 2.4.

(3) = (1) Suppose that R is a von Neumann regular ring and 0 is a J-ideal.
Let 0 # a € R. Since R is von Neumann regular, a = a?z for some = € R. Now,
a(l—az) =0and a # 0 = J(R) imply that az = 1 and thus a is unit. Consequently,
R is a field. 0

It is well known that if R is an integral domain, then J (R [z]) = 0 and so, R [z]
is a semiprimitive integral domain. By Proposition 2.15, we conclude that the zero
ideal of R [z] is the only J-ideal.

Lemma 2.17. [11] Let R be ring. Then J (R[|z|]) = J (R) + zR[|z|].

Proposition 2.18. Let R be a ring and I be a proper ideal of R. Then I [|z|] is a
J-ideal of R||x|] if and only if I is a J-ideal of R.

o] . oo .
Proof. <) Suppose I is a J-ideal of R. Let f(z) = > a;2*, g(x) = > ba* €
i=0 i=0

oo .
R [[z]] such that f (z) g (x) € I [|z]] and f (z) ¢ J (R[|z]]). Then Y ( > apbg)z’ €
=0 ptq=i
Iflz|] andso > aub, € I. Now, apby € I with ag ¢ J (R) by Lemma 2.17. Thus,
pHq=i
bg € I as I is a J-ideal in R. Also, agb; + a1by € I implies that agb; € I and so

again b; € I. Continuing this process, we get g (z) = 3. b;z® € I [|z|] and so I [|z|]
i=0
is a J-ideal of R [|z|].
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=) Suppose I [|z|] is a J-ideal in R[|z|] and let a,b € R such that ab € I with
a ¢ J(R). Then again by Lemma 2.17, ab € I[|z|] with a ¢ J(R]|x|]). Thus,
be I[|x|] and so b € I as required. O

Recall that for an ideal I of a ring R, the Jacobson radical of I (denoted by J (I))
is defined as the intersection of all maximal ideals of R containing /. The following
properties can be easily verified for any ideals I and K of R:

(1) 1S VI< .

(2) I C K implies that J(I) C J(K).
3) J(R) € J(I).

(4) J(J(I)) = J(I).

) J(D)/I = J(R/T).

Definition 2.19. Let I be a proper ideal of a ring R. Then, [ is called J-primary

K%

if whenever a,b € R, ab € I implies that a € J(I) or b € I.

In the following proposition, we prove that J-ideals and J-primary ideals that

contained in the Jacobson radical are the same.

Proposition 2.20. Let I be an ideal of a ring R such that I C J(R). Then I is a
J-ideal if and only if I is J-primary.

Proof. Let R be a ring, I be a proper ideal of R and a,b € R.

=) Suppose [ is a J-ideal in R and let ab € I with a ¢ J(I). Since J(R) C J(I),
we conclude that a ¢ J(R). Now, I is a J-ideal implies that b € I and so, [ is a
J-primary ideal of R.

<) Let I be a J-primary ideal of R and let ab € I with a ¢ J(R). Now, I C J(R)
implies that J(I) C J(J(R)) = J(R). Thus, a ¢ J(I) and so b € I as I is J-primary.
Therefore, I is a J-ideal. O

Proposition 2.21. Let R be a ring and K be an ideal of R with K ¢ J(R). Then
the following hold.

(1) If I and Iy are J-ideals of R with [ K = I, K, then I = I5.
(2) If I is an ideal such that IK is a J-ideal, then IK = 1.

Proof. (1) We have LK = I K C I;. Since I; is a J-ideal, Iy C I; by Proposition
2.10. Similarly, as I is a J-ideal, we get I3y C I5 and the equality holds.
(2) Since IK is a J-ideal, IK C IK and K ¢ J(R), we get I C IK. The other

inclusion is trivial. |

The proof of the following lemma is straightforward.
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Lemma 2.22. Let R and S be two rings. If f is a ring epimorphism from R onto
S, then f(J(R)) C J(S).

Proposition 2.23. If f: R — S is a ring epimorphism, then the following hold.
(1) If I is a J-ideal of R with ker (f) C I, then f(I) is a J-ideal of S.
(2) If K is a J-ideal of S with ker (f) C J (R), then f~Y(K) is a J-ideal of R.

Proof. (1) Let ¢,d € S such that c¢d € f(I) and ¢ ¢ J(S). As f is an epimorphism,
we can choose a,b € R such that ¢ = f(a) and d = f(b). Then cd = f(ab) € f(I).
Since ker f C I, we conclude that ab € I. Also, note that a ¢ J(R) since otherwise
if a € J(R), then f (a) = c € J(S) by Lemma 2.22 which is a contradiction. Since
I is a J-ideal of R, we conclude that b € I and so d = f(b) € f(I) as required.

(2) Let a,b € R where ab € f~*(K) and a ¢ J(R). Then f(a)f(b) = f(ab) € K.
We prove that f (a) ¢ J(S). Suppose f (a) € J(S) and let M be a maximal ideal
of R. Then f(M) is a maximal ideal of S since ker (f) € J(R) € M. Thus,
f(a) € f(M) and so a € M as ker(f) € M. Hence, a € J(R) which is a
contradiction. Since K is a J-ideal, f (b) € K and so b € f~!(K). It follows that
fH(K) is a J-ideal of R. O

Corollary 2.24. Let R be a ring and let I, K be two ideals of R with K C I. Then
the followings hold.
(1) If I is a J-ideal of R, then I/K is a J-ideal of R/ K.
(2) IfI/K is a J-ideal of R/K and K C J(R), then I is a J-ideal of R.
(3) If I/K is a J-ideal of R/K and K is a J-ideal of R, then I is a J-ideal of
R.

Proof. (1) Assume that I is a J-ideal of R with K C I. Let 7 : R — R/K be the
natural epimorphism defined by 7 (R) = r + K. Note that kerm = K C I. Thus,
by Proposition 2.23 (1), it follows that 7 (I) = I/K is a J-ideal of R/K.
(2) Again consider the natural epimorphism 7 : R — R/K. Since K C J(R),
by Proposition 2.23 (2), I = 7= (I/K) is a J-ideal of R.
(3) This is clear by (2) and Proposition 2.2.

O

The converse of (1) of Corollary 2.24 is not true in general. For example, (0) =
(5) / (5) is a J-ideal in the field Z/ (5) = Z5 but (5) is not a J-ideal of Z as (5) ¢
J (Z) = (0).

Proposition 2.25. Let R be a ring and {I; : i € A} be a nonempty family of J-

ideals of R. Then (| I; is a J-ideal of R.
i€EA
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Proof. Let a,b € R such that ab € (| I; and a ¢ J(R). Then ab € I; for all

ieA
1 € A. Since I; is a J-ideal for all i € A, we conclude that b € I; for all 7 and so
be () I; . Therefore, (| I; is a J-ideal. O

i€A ieA
Proposition 2.26. Let R be a ring and S be a multiplicatively closed subset of R
such that J(ST'R) = S7YJ(R). If I is a J-ideal of R with INS = ¢, then S™'I
is a J-ideal of ST'R.

Proof. Let a,b € R and s,t € S such that 2.2 € S7'T and ¢ ¢ J(S™'R). Then
¢ ¢ S71J(R) and so clearly a ¢ J(R). Now, %) = + for some z € I and v € S and

so there exists u € S such that uab € I. Since I is a J-ideal of R, ub € I and so

% = Z—i’ e S~1I. Tt follows that S—!I is a J-ideal of S™1R. (I

We note that the converse of Proposition 2.26 need be true. For example while
(2)(9) is a J-ideal in the ring Zs), the ideal (2) is not a J-ideal of Z as (2) ¢ J(Z).

Definition 2.27. Let S be a nonempty subset of a ring R with R — J(R) C S.
Then S is called a J-multiplicatively closed subset of R if ab € S for alla € R—J(R)
and allbe S.

In the following proposition, we determine the relation between J-ideals and

J-multiplicatively closed subsets of R.

Proposition 2.28. For a proper ideal I of R, I is a J-ideal of R if and only if
R — I is a J-multiplicatively closed subset of R.

Proof. Suppose that I is a J-ideal of R. Then by Proposition 2.2, we have I C J(R)
andso R—J(R)C R—1I. Letae R— J(R) and b € R — I. Assume that ab € I.
Since a ¢ J(R) and [ is a J-ideal, we get b € I, a contradiction. Thus, we conclude
that ab € R — I and so R — I is a J-multiplicatively closed subset of R. For the
converse, suppose that [ is an ideal and R — [ is a J-multiplicatively closed subset
of R. We prove that I is a J-ideal. Let ¢,d € R and cd € I with ¢ ¢ J(R). Then
we have d € I since otherwise we would have c¢d € R — I which is contradiction.
So, I is a J-ideal of R. O

Recall that if I is an ideal which is disjoint from a multiplicatively closed subset
S of R, then there exists a prime ideal P of R containing I such that P NS = (.

The following proposition states a similar result for J-ideals.

Proposition 2.29. Let I be an ideal of R such that INS = () where S is a J-
multiplicatively closed subset of R. Then there exists a J-ideal K containing I such
that KNS = 0.
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Proof. Consider the set @ = {Q : Q is an ideal of R with QNS =0 }. Then  is
partially ordered by inclusion. Since I € (), we have QAP IfQ; CQz C -+ isany

chain in Q, then U Q; is an ideal of R with (U Qi) NS = 0. Hence, U Q; is an
=1 i=1 i=1
upper bound of the chain. By using Zorn’s Lemma, we get a maximal element K

of Q. Now, we show that K is a J-ideal of R. Suppose not. Then we have zy € K
for some z ¢ J(R) and y ¢ K. Thus, we get y € (K : z) and K G (K : z). By
the maximality of K, we have (K : ) NS # () and so there exists an s € S such
that s € (K : x). So, we have zs € K. Also, sz € S because x € R — J(R), s € S
and S is a J-multiplicatively closed subset of R. Thus, we have SN K # () and this
contradicts that K € Q. Hence, K is a J-ideal of R. ([l

Recall that if Ry and R, are rings, then (0,1g,),(1g,,0) ¢ J(R1x Rg). Indeed,
if, say (1,0) € J(Ry x Rg), then (0,1) = (1,1) — (1,0) € U (R; x Ry) which is

impossible.
Proposition 2.30. Let Ry and Ry be two rings. Then Ry X Ry has no J-ideals.

Proof. Assume that I = I; x Iy is a J-ideal of Ry x Ry where I, I are ideals of
Ry, Ry respectively. Since (0,1) (1,0) € I; x Iy with (0,1),(1,0) ¢ J(R1x Rz), we
get (0,1),(1,0) € Iy x Is =T and so I = Ry X Rg, a contradiction. O

3. J-submodules over commutative rings

In this section, we generalize the concept of J-ideal to submodules of R-modules.
We first clarify some analogous results to those of J-ideals with a focus on multi-
plication modules. Next, we study J-ideals in the idealization ring of modules in a
ring R and investigate some examples and properties concerning them.

For an R-module M and a submodule N of M, the residual ideal in R of N by M
is defined as (N : M) = {r € R:rm € N for all m € M}. Moreover, for an ideal T
of R and a submodule N of M, theset (N :py I) ={m € M : am € N for all a € I}

is a submodule of M.

Definition 3.1. Let M be an R-module. Then a proper submodule N of M
is called a J-submodule if for all @ € R and m € M, whenever am € N with
a ¢ (J(R)M : M), then m € N.

Clearly, if (J(R)M : M) = R, then our definition implies that any proper sub-
module of M is a J-submodule. However, by Nakayama’s Lemma, the only finitely
generated R-module M such that (J(R)M : M) = R is the trivial module {0}.
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Proposition 3.2. Let M be an R-module, N be a submodule of M and I be an
ideal of R.
(1) If N is a J-submodule of M and (J(R)M : M) = J(R), then (N : M) is a
J-ideal of R.
(2) If N is a J-submodule of M, then (N :pr I) is also a J-submodule of M.

Proof. (1) Let ab € (N : M) where a,b € R and a ¢ J(R). Then we have
abM C N and so abm € N for all m € M. Since N is a J-submodule of M and
a ¢ (J(R)M : M), bm € N for all m € M. Thus, bM C N and so b € (N : M).
Therefore, (N : M) is a J-ideal of R.

(2) Let rm € (N :p I) where r € R and m € M with r ¢ (J(R)M : M). Then
we have rmI C N and so rmi € N for all 4 € I. Since N is a J-submodule of M
and r ¢ (J(R)M : M), mi € N for all : € I. Thus, mI C N and so m € (N :p I).
Therefore, (N :ps I) is a J-submodule of M. O

If (J(R)M :M) ¢ J(R), then (1) of Proposition 3.2 need not be true. For
example, consider the Z-module M = Zy. Then 2Z = (J(Z)M : M) ¢ J(Z) = {0}.
Now, N = {0} is clearly, a J-submodule of Zy but 2Z = (N : M) is not a J-ideal
of Z.

We recall that an R-module M is called multiplication, [8] if each submodule of
M is of the form IM for some ideal I of R. Equivalently, M is multiplication if
and only if N = (N : M)M for every submodule N of M. Multiplication modules
has an important place in theory of modules and it has been widely studied in
many papers. See, for example [3] and [12]. Moreover, M is called faithful if
(Opr : M) = {0}, the zero ideal of R. It is well known that if M is a finitely
generated faithful multiplication R-module, then (IM : M) = I for any ideal I of
R ([8]).

Proposition 3.3. Let N be a submodule of a multiplication module M such that
(N : M) is a J-ideal of R. Then N is a J-submodule of M.

Proof. Let r € R and m € M such that rm € N and r ¢ (J(R)M : M). Then
r({m): M) C ({rm): M) C (N :M). Since J(R) C (J(R)M : M), r ¢ J(R) and
so ((m): M) C (N :M)as (N:M)is a J-ideal of R. Now, M is a multiplication
module implies that (m) = ((m) : M)M C (N : M)M = N. Thus, m € N and N
is a J-submodule of M. g

Corollary 3.4. Let M be a finitely generated faithful multiplication R-module and
N be a proper submodule of M. The following are equivalent.



160 HANI A. KHASHAN AND AMAL B. BANI-ATA

(1) N is a J-submodule of M.
(2) (N : M) is a J-ideal of R.
(3) N = LM where L is a J-ideal of R.

Proof. (1) & (2) Follows by Propositions 3.2 and 3.3 and the fact that (IM :
M) = I for any ideal I of R.
(2) & (3) We just choose L = (N : M). O

In the following proposition, we give a characterization of J-submodules.

Proposition 3.5. Let M be an R-module and N be a proper submodule of M. Then
N is a J-submodule of M if and only if for any ideal I of R and every submodule
K of M, we have IK C N with I ¢ (J(R)M : M) implies K C N.

Proof. =) Suppose IK C N and I ¢ (J(R)M :M). Let a € I with a ¢
(J(R)M : M) and k € K. Since ak € N and N is a J-submodule of M, k € N. It
follows that K C N as needed.

<) Let r € R and m € M such that rm € N and r ¢ (J(R)M : M). Then
clearly (r) (m) C N with (r) € (J(R)M : M). By assumption, we conclude that
(m) € N and so m € N. O

If M is a multiplication R-module and N = IM, K = JM are two submodules of
M, then the product NK of N and K is defined as NK = (IM) (JM) = (IJ) M.
In particular, if my,ms € M, then myms = (mq) (ma).

Recall that the Jacobson radical J(M) of an R-module M is the intersection of
all maximal submodules of M. Similarly, the prime radical rad (0ps) of M is the
intersection of all prime submodules of M. Since every maximal submodule of M is
prime, clearly, rad (0p7) C J(M). If M is finitely generated faithful multiplication,
then J(M) = J(R)M ([8)).

Proposition 3.6. Let M be a finitely generated faithful multiplication R-module.
If N is a J-submodule of M, then N C J(M).

Proof. We note that J(M) = J(R)M. Suppose N ¢ J(M). Then clearly, (N :
M) ¢ (J(R)YM : M) = J(R). But (N : M) is a J-ideal by Proposition 3.2 which
contradicts Proposition 2.2. Thus, N C J(M) as required. O

In [13], the concept of n-submodules has been defined. A submodule N of an R-
module M is called an n-submodule of M if whenever a € R, m € M and am € N
with a ¢ Nil(M), then m € N where Nil(M) = /(0: M).
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Proposition 3.7. Let M be an R-module satisfying J (M) C J (R) M. Then any

n-submodule of M is a J-submodule.

Proof. We first prove that Nil(M) = /(0: M) C (Rad (0) : M) C (J(M): M) C
(J(R)M : M). Let r € \/(0: M). Let Q be a prime submodule of M. Then (Q : M)
is a prime ideal of R and clearly (0: M) C (Q : M). Thus, r € (Q : M) and then
rM C @ for all prime submodules @ of M. It follows that M C rad(0) and so
r € (Rad (0) : M). Since any maximal submodule of M is prime, (rad(0) : M) C
(J(M): M) C(J(R)M : M). Now, let a € R and m € M such that am € N where
N is an n-submodule of M. If a ¢ (J(R)M : M), then a ¢ /(0: M) = Nil(M).
Thus, m € N and N is a J-submodule of M. ([

Corollary 3.8. Any n-submodule of a finitely generated faithful multiplication mod-

ule is a J-submodule.

Proposition 3.9. Let N be a proper submodule of a finitely generated faithful
multiplication R-module M. Then N is a J-submodule of M if and only if whenever
K and L are submodules of M such that KL C N and K ¢ J(M), then L C N.

Proof. =) Suppose K = IM and L = JM where I and J are ideals of R. Suppose
n k
on contrary that L ¢ N and choose z = Y rym; € K — J(R)M and y = Y a;t; €

L — N where r; € I, a; € J and my,t; 1671]\4 for all ¢. Then r; ¢ J(R) lf?)i" some
je{l,2,....,n}. Now, rjy € IJM = KL C N with r; ¢ (J(R)M : M). Since N
is a J-submodule, y € N, a contradiction. Therefore, L C N as required.

<) By Corollary 3.4, it is enough to prove that (N : M) is a J-ideal of R. Let
ab € (N : M) where a,b € R and a ¢ J(R). Let K = (a) M and L = (b) M.
Then KL = (a) (b) M C N. Moreover, K ¢ J(M) = J(R)M since otherwise (a) =
((ayM : M)=(K:M)C (J(R)M : M) = J(R), a contradiction. By assumption,
we have L C N and so (b) M C N. This givesb € (N : M) and (N : M) is a J-ideal
of R. ]

Corollary 3.10. Let N be a proper submodule of a finitely generated faithful mul-
tiplication R-module M. Then N is a J-submodule of M if and only if whenever
mi,mo € M such that myma € N and my ¢ J(M), then ma € N.

Proposition 3.11. Let f : M — N be an R-module epimorphism. Then

(1) If P is a J-submodule of M with ker (f) C P, then f (P) is a J-submodule
of N.

(2) If Q is a J-submodule of N with ker (f) C J(R)M, then f~1(Q) is a
J-submodule of M.
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Proof. (1) Let r € R and n € N such that rn € f(P) with r ¢ (J(R) N : N).
Choose m € M such that f(m) = n. Then rn = rf(m) = f(Rm) € f(P).
Thus, f(Rm —a) = 0 for some @ € P and so rm —a € ker (f) C P. It follows
that rm € P. Moreover, we have r ¢ (J(R) M : M). Indeed, if rM C J(R) M,
then rN =rf (M) = f(rM) C f(J(R)M) = J(R) f(M) = J(R) N which is a
contradiction. Since P is a J-submodule, m € P and so n = f(m) € f(P) as
required.

(2) Let r € R and m € M such that rm € f~1(Q) and r ¢ (J (R) M : M). Then
rf(m)=f(Rm) € Q. We prove that r ¢ (J (R) N : N). Suppose on contrary that
*N C J(R)N. Thenrf (M) C J(R) f (M) and so f (RM) C f (J (R) M). Now, if
x €rM, then f(x) € f(RM) C f(J(R)M) and hence x —t € ker (f) C J(R) M
for some ¢t € J(R) M. It follows that x € J(R) M and rM C J(R) M which is a
contradiction. Since @ is a J-submodule of N, f(m) € Q and som € f~1(Q). O

Let R be aring and M be an R-module. The idealization ring R(M) of M in R is
defined as the set {(r,m) : r € R,m € M} with the usual componentwise addition
and multiplication defined as (r,m)(s,n) = (rs,rn + sm). It can be easily verified
that R(M) is a commutative ring with identity (1r,0p7). If I is an ideal of R and
N is a submodule of M, then I(N) = {(r,m) : r € I,m € N} is an ideal of R(M) if
and only if IM C N. In this case, I(N) is called a homogeneous ideal of R(M), see
[2]. In [2], the Jacobson radical of R(M) is characterized as J(R(M)) = J(R)(M).

Proposition 3.12. Let I be a J-ideal of R, M be an R-module and N be a sub-
module of M. Then

(1) I(M) is a J-ideal of R(M).
(2) If (J(R)M : M) = J(R) and N is a J-submodule of M with IM C N, then
I(N) is a J-ideal of R(M).

Proof. (1) Let (Ry,m1),(R2, ma) € R(M) such that (Ry,my) (Ra,mz2) € I(M)
with (Ry,m1) ¢ J(R(M)). Then we have riro € I and 71 ¢ J(R). Since [ is a
J-ideal of R, we conclude that 7o € I and so (Ra,mg) € I(M). Consequently, (M)
is a J-ideal of R(M).

(2) Let (R1,mq),(R2,m2) € R(M) such that (Ry,mq)(Rg,mz) € I(N) and
(Ry,mq) ¢ J(R(M)) = J(R)(M). Then we have riro € I and 1 ¢ J(R). As I is a
J-ideal of R, then we have ro € I and so romy € IM C N. Since rymg+romy € N,
rimg € N. But, ry ¢ (J(R)M : M) and so my € N as N is a J-submodule of M.
Therefore, (R, m2) € I(N) and I(N) is a J-ideal of R(M). O
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If I is a J-ideal of a ring R and N is a submodule of an R-module M with
IM C N, then I(N) need not be a J-ideal of R(M). For example, {0} is a J-
ideal of the ring of integers Z and 0 is a submodule of the Z-module Zg. But
0(0) is not a J-ideal of Z(Zg) since (2,0)(0,3) € 0(0) and (2,0) ¢ J(Z(Zg)) but
(0,3) ¢ 0(0). Also, the condition (J(R)M : M) = J(R) in Proposition 3.12 (2)
can not be discarded. For example, consider the Z-module Zy. Put I = (0) and
N = (0). Then I is a J-ideal of Z and N is a J-submodule of Zy. Also note that
(J(R)M : M) = (2) # J(R) = (0). However, I(N) is not a J-ideal of Z(Z2) because

(2,0)(0,1) € I(N), (2,0) ¢ J(R)M and (0,1) ¢ I(N).

Corollary 3.13. Let M be a finitely generated faithful multiplication R-module. If
I is a J-ideal of R and N is a J-submodule of M with IM C N, then I(N) is a
J-submodule of R(M).

Proposition 3.14. Let I be an ideal of a ring R and N a proper submodule of an
R-module M. If I(N) is a J-ideal of R(M), then I is a J-ideal of R and N is a
J-submodule of M.

Proof. Suppose that I(N) is a J-ideal of R(M). First, we show that I is a J-ideal
of R. Let ab € I with a ¢ J(R). Then we have (a,0x7) (b,05) = (ab,0pr) € I(N)
with (a,0p) ¢ J(R)(M) = J(R(M)). Since I(N) is a J-ideal of R(M), we conclude
that (b,057) € I(N) and so b € I. Now, we show that N is a J-submodule of M. Let
am € N with a ¢ (J(R)M : M). Then we have (a,0ys) (0,m) = (0,am) € I(N)
with (a,0p7) ¢ J(R(M)). Since I(N) is a J-ideal of R(M), we conclude that
(0,m) € I(N) and so m € N, as needed. O
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