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Highlights
« This paper is about the modification of bivariate (p, q)-Bernstein operators.
* We demonstrate some important approximation properties like a rate of convergence, moments etc.
» We establish a two-dimensional version of (p, q)-Bernstein operators can be used in applied fields.

Article Info Abstract

Here, we construct a modification of the (p, q)-Bernstein operators for the two-dimensional case.
Received: 26 Jan 2021 We study some important properties of these new operators. We estimate the rate of convergence
Accepted: 28 Mar 2022 of these operators using modulus of continuity then we give these estimation for functions

belonging to class Lipy (a4, a,).
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1. INTRODUCTION

Bernstein described called Bernstein polynomials, which he used in the Weierstrass theorem in [1]. New
generalizations and applications of Bernstein operators introduced by many authors. For example, g-
Bernstein polynomials were defined [2] by Phillips in 1997. Some generalizations of Bernstein operators
using g-integers can be found in [3-6]. Then g-calculus is extended to (p, g)-calculus in approximation
theory. Firstly, Mursaleen et al. carried this concept to the approximation theory [7]. After then, (p, q)-
operators have been studied by different authors for examples [8-17]. Karaisa [18] defined bivariate form
of (p,q)-Bernstein operators. Karahan and lzgi gave generalized (p,q)-Bernstein operators and
constructed their important properties in [19]. Cevik studied over a certain interval the approach properties
of this operator given in [20].

The purpose of our paper is to investigate two dimensional generalized (p, g)-Bernstein operator given in
[19]. This generalization is aimed to be used in applied areas such as computational methods in applied
mathematics and numerical analysis.

The paper is designed as following: After giving the necessary basic information, in the second section
[n+1]yq
[n+3]pq
to that given in [20]. We introduce Korovkin type approximation properties of our operator for every f €
C(I?) where I? = [O, [n+1]”"’] X [0, [m+1]p"’] in Section 3. We work out the rates of convergence using
[n+3]pq [m+3]p4

modulus of continuity and Lipschitz type function in fourth section. In the last section, results and
references are given.

Let us recall some representation of (p, g)-analysis. (p, q)-integer [n], 4 is introduced by

some fundamental results are examined on [0, ] for generalized (p, q)- Bernstein operators similar

*Corresponding author, e-mail: nazmiyegonul@beun.edu.tr


http://dergipark.gov.tr/gujs
https://orcid.org/0000-0001-6300-6889
https://orcid.org/0000-0002-2479-5368

846 Nazmiye GONUL BILGIN, Melis EREN/ GU J Sci, 36(2): 845-860 (2023)

[n]p'q = :Zn,0<q <pS 1,n=0,1,2... .

For every n € N, (p, q)-factorial is defined as:

[n]p,q [Tl - 1]p,q [Z]p,q [1]p,q ’ n=1
[n]yq! = .
1 , n=20
The (p, g)-binomial expansion is

(x+ "= (x+y)(px + q)P*x + ¢%y) .. (p" x + q"ty)

and (p, g)-binomial coefficients are given as

[n]
[k]pq [n— k] pq[k],,,q! B [nik]p.q

Details related to (p, g)-calculus can be found in [21]. In [7], (p, q)-Bernstein operators were introduced
by Mursaleen et al. Karaisa [18] defined bivariate (p, q)- Bernstein operator for D := [0,1] X [0,1],f €

n+a pq]
[n+b]pq

C(D). Karahan and lzgi gave generalized (p, q)-Bernstein operators in [19] for every f € C [O

Motivated by these studies, we give a generalized (p, q)-Bernstein operators, We will use as follows for

every f € C[ [n+1]pq] Let0 x < et and
" [n+3lpq [ Sl
n n-k-1
(p 9 [n+ 3]p,q> n LD k < * n ﬂp,q ) >
Dy (x):= <— P 3, 1
RS [k]p‘qp ] P n+ 3lpaq !
[n+1]pQ]
forevery f € C [0 [n+31pq
o [n+1],40k], 4 (p )
B0V — z ( — | DPD (). (D
f; n(n 1) [n+ 3]pq[ ]p.qpk

p
2. SOME PRELIMINARY RESULTS

This section contains Lemma and Theorems as a preparation for the main section. Proofs can be easily done
with the method in [19, 20]. Therefore, they will be given without proof.

Lemma 2.1. Let f € C [0, g:g”q]n >1and 0 < g <p < 1. Then the operators BP? (f; x) are linear
p.q
and positive.
[n+1]yq
Lemma2.2.Let0 < g <p <1landx € [0,——==|. Then we get
[n+3]pq

i BPD(1;x) =1,

ii. E,(lp’q)(t; x) = x,
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Pt n+1],, qln—1lpq ,
[Tl p.q [Tl + 3] x " [n]p,q *
iv. BPD(¢3;x) = < n+1] pq) <Pn_1 >2 [n+1],4p" %qln —1],,2p + q)x2
+3lpq [n+3],, [n]74
q3[n — 1]p_q[n pqx3
[n]3.q ’

50.9) . 4. _ [n+1]pﬂ>3<pn_1>3
v o “"”‘([ 7+ 3le) \Inlpa)

iii. BPV(t2x) =

)

]P,q

<[n + 1],,,q>2p2n '~ 11pqaGp* +3pa +4?) ,
+
[n+3],, [n]3 4

<[Tl + 1]p,q>pn_3[n - 1]pq[n 2]p qq (3p + qu + q2)
+

[n+3],4 [n]pq
4 q°[n — 1], 4[n — 2], 4[n = 31,4 ot

[n]3 4

n-—1
[n+1lpg given below and the case of lim —22— = 0 in the
[n+3lpq n—oo [Mlpy.qn

following rate of convergence of operators should be taken into account.

The approximation theorem for the space C [0

Theorem 2.1. Let lim p,, = lim q, = 1,with 0 <q, <p, <1. Then for each f €C [O
n—oo n—oo

[n+1]p,q]
(n+3]pq]

[n+1],
[n+3], ]

BPw) (£ %) converges uniformly to £ on [0,
Lemma 2.3. The following formulas for moments are easily obtained using Lemma 2.2
i BPP((t—x)%x) =1,

i. BPP((t—x)4%) =0,

- n+1 n-1 n—1
iii. Br(lp‘q)((t —-x)%x) = [ lpa P x + (ﬂq — 1> x?,
[Tl + 3]p,q [n]p q [n]p,q

iv.

BPD (e — xytix) = {p”‘3[n]§,q(—p2 +2pq — q*) + p"°[nlp 4 (=p® + 3pq® + ¢*)
" S [n]3,q
P 4P+ 2pg® + q3)} . ([n + 1]p,q> {p”‘3[n]§,q(p2 —2pq +q*)
[n]?)q [n+3lpq [n]3q
p?"*[nlyq(=q* — 4pq® — 3p®q + 2¢%) — p**°(3p® + 3pq® + 5p°q + q3)}
[n]3.q
) { P *[nlpq(=p* + 3pq + q*) — p>"~°[n], ,Bp* + 3pq + qz)} 2
[n]3,q

+
4 n+1
n+3

[ Ing

[ Ip

[n+ 1,4\ p3"3
([n+31 )Hpq"'

We illustrate an approximation of the operators E,Sp”'q”) (f, x) for a function f(x) by Maple programs.
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Example 2.1. Let f(x) = x? + 1.In Figure 1 a) and b) the graphs of the approximation of operator

E,(f’"'q")(f, x) to the function £ is given. We demonstrate n = 2(green), n = 4 (red), n = 6 (black), n = 8
(cyan), n = 10 (magenta) in operators. In Figure 1 a) take q = 0.8,p = 0.9 and in Figure 1 b) take q =
0.5,p = 0.9.

0.97 094

071 / 07-
pnst

0.6 U'B-/-

0501 0102 0104 0106 0108 011 0112 0114 0.5-01 0102 0104 0,105 0108 011 0112 0114

Figure 1. a) and b) Approximation of BP9 (£, x) to f for different values of p and g

Example 2.2. Let g(x) = %(ﬁ(e("z“) + cos (x)) + 23 1.1In Figure 2. a) and b) the graphs of the

approximation of operator E,(lp"'q") (g, x) to the function g is given. We demonstrate n = 5(green),n =6
(red), n = 7 (black), n = 9 (cyan), n = 10 (magenta) in operators. In Figure 2. a) take q = 0.9,p = 0.95
and in Figure 2. b) take ¢ = 0.85,p = 0.88.
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Figure 2. a) and b) Approximation of B (g, x) to g for different values of p and g

The modulus of continuity given with w(f; §), it is given by the following relation in litearature



849 Nazmiye GONUL BILGIN, Melis EREN/ GU J Sci, 36(2): 845-860 (2023)

w(f,8) = sup 5If(x1)—f(xz)l.xbxz€1-

[xq—x5] <
Theorem 2.2. Let f € C [Om] then
[n+3]p'q
- [n+1],,
BV (f;2) - f()| < (1 P o (f; ),
n+ 3]p q

B p=1 [n+1lp 4 2 aln-1lpq )
where 6n_\/<<[n]p'q[n+3]p,q> (2 [nlp,q 1)

Theorem 2.3. Let C? [0 [n+1]”] {f € C[O [n+1]”"] fl,.f"e C[O [n“”]} the sequences (p,),

[n+3]pq [n+3]
(qn) satisfying 0 < q, <pp, < 1lsuchthatasn-sop, =1, q,—1and p} = a, qr = [ where 0 <

a,fp<land0<y<1. ForeveryfeCz[ ]’”’] we get

x(y — ax)

lim [, q, (B (30 = () = ==

n—>oo

f" 0.

We recall a function belongs to Lipy («) if |[f(t) — f(x)| < M|t — x|%,forM > 0, t,x € [0%} and
p.q
a € (0,1].

Theorem 2.4. Let f € Lipy (), 0 < q, < p, < 1 then the following inequality holds

2\ 2
pn=1 [n+ 1lp,q,
" [n + 3]pnrQn

[n] Pn.dn

IR

|BP 0 (f;2) - f()| < M

3. MAIN RESULTS

LetI? = |0, n+2lpg] o 0, m+1lpq ,f:1> > R%?andfori € {1,2}0 < q; < p; < 1. Then a modification of
[n+3]pq [m+3]lp4q

the two-dimensional (p, q)-Bernstein operator be described as follows:

n m
~ 1
Br(f#l,%),@z,%)(f; X, y) = n(n-1) m(m-1) Z Z Dn,k (plr ai; x)Dm,j (p2: az; y)
2 2 k=0 j=0

2 b,
x f( [Tl + 1]p1,Q1 [k]pyfh [m +1 P2.92 [i]pz qz ) (2)
k_ )
[n+3]p,q,[Mprq,Pi " M+ 3lppa:[mlp,, qué "
where
n-k—-1
Dy s (p1,q1; %) = <—1' : p, 2 x* 1_[ Pir—= —4ix )
n [n + 1]191,611 [k]pp‘h 1 S=0 [n + 3]131,%
L. m—j-1
[m+3],,4 ™ m G-y [m+1],,4
D i) = (IS P T (it ey
mj\P2. 42 [m + 1]P2rCI2 [] ]Pz qz P2 Y & [m + 3]172'(12 12
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Let I%2= [o,%] X [O,m], 0<q;<p;<1, wherei€e {12} and f:I>—>RZ% For

[n+3]pq [m+3]p4

E,Ef’,;‘l’ql)’(pz’q”(f ; x,y), we can do the following demonstrations:

x5 (P1.491) _ [n + 1]P1 a1 [k]P1 a1 .

B (f X, y) n(n 1) Z ( Tl + 3]p1 0 [Tl]pqulpk n Y n,k (plv q1; X) (3)

P,
and
m

_ 1 [m +11,,.4,Ulp,,

VB2 (£ x,y) = WZJC(% Rt qzj_m D, j(02, G2; ¥)- 4)
2 j=0 [m + 3]P2"I2 [m]Pz.qsz

2
Theorem 3.1. The operators *BP9), ¥ pP242) gefine on € (12). Then the following results holds.
BT (fx, ) = BV (f5,) VB (52, 9)
= YBF(f;x,y) "BV (f%,9).
Proof

xgr(lpplh) (f; X, y) J’gr(fz‘lh)(f; X, y) — xgépb(h) ( J’Br(ri’zﬂz); X, }’)

[m+ 1] Ulp,,
= xp@uan) m(m 1)2 ( Pt Pede | Doy (P2, 42 )3 %, Y
m + 3 pz:Qz [m]pZ:quz

m
1 . [m + 1], o [j]
= m(m—l)ZDm,j(Pz'qziY) "B (f ("'[ ey el LR

p 2 j=0 m+ 3]p2rQZ[ ]Pz azP2
2

m n
= n(n— 1) m(m— 1)ZZDn,k(p1vQ1;x) Dm,j(Pz'QZiY)

D, 2 D, 2 j=0k=0
( [Tl + 1]171,% [k]P1.CI1 [m + 1]192"12 U]Pz qz )
[Tl + 3]p1,Q1 [n]plrchpf_n [m + 3]172.%[ ]pz qué "
Similarly,

}’Er(rfz'CIz)(f; X, y) xgr(lppih) (f, X, y) — J’Egi’zr‘h) ( XET(lPLCM); X, y)

[n+1] [k]
B(pz ) n(n 1)2 ( Ip,.0,[Klp, q}( n'3’> Dr (01,915 %) 5%,y
Tl + 3 p1 CI1[ ]p1,‘I1p
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1
= D m(m_l)zan,k(leql;x) D, j(P2,42;Y)
2 =0j=

P, 2 P,
( [Tl + 1]p1,q1 [k]pl,ql [m + 1]P2qu [j]PZ qz )
[Tl + 3]201'111 [n]ppfhpf_n [m + 3]1?2,‘12[ ]pz qué "

Therefore, we have the desired result.

Lemma3.1. Let f:1?2 - R? and for i € {1,2},0 < q; < p; < 1. Then we have next equality,
i. Er(f#l-fh)-(pz-fh)(l; X, y) — 1,
ii. ET(L?T#Q1)'(I)Z'QZ) (9; X, y) = x,

iii. B P (g x, ) = ,

-1
iv. E(PL%).(PZ'QZ)(QZ, x y) — p? <[n + 1]p1.¢h> x + [Tl - 1]p1.lh qle
e [n]l’b(h [Tl + 3]101,(11 [n]pl,q1

- m-1 /Im+1 m—1
V. BT(LPT:{‘h)'(PZ,QZ)(TZ;x’ y) — P2 <[ ]erq2>y + [ ]Pz'lh QZyz;

[m]Pz»QZ [m + ]PZ»QZ [m]erqZ
- 1 /ln+1 n—1
Vi BT(J’T}L‘%)‘(PZ‘QZ)(QZ + Tz;x, y) — P1 <[ ]p1:CI1>x + [ ]P1rQ1 qlxz
[n]PL‘h [n + 3]P1JQ1 [n]PL‘h
[m + 1]p2,q2 pgn—l [m — 1]172:612 2
[+ 31py0,) lay” T e, 2
DP2,42 D2,4q2 DP2,92
Proof Actually, by (2) we get
: (P1 q1),(v2,92) 1
i. By (Lx,y) = nG) m(m 5 z z Dr (1, 415 %) Dm,j (P2, G425 ¥)
p, 2 p, 2 K0T
_ 1 <[Tl + 3]p1"h>n <[ pz QZ>m i [Tl Mxk
—n(nz—l) L(nzl_l) [n + 1]201:611 [ Pz qz =0 k P11 1
b, p,
n—-k-1 m . m—j—-1
n+1 G-y m+1
x 1_[ <pfﬂ—qfx> Z[m] p, z y 1_[ (%ﬂ_q;y) =1.
$=0 [Tl + 3]171'% =0 J P2,42 =0 [m + 3]172;%

ii. From the (3), (4) we get

n m
BPLa P22 (g, o 1y = 1 z z < [n + 1, g, [Klpyay y)
nm n(nz—l) m(Trzl—l e Tl + 3 p1 a0 [n]m qlp{c n

121 p,

X Dy i (01, G415 X) Doy j (02, G423 Y)
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B 1 [n+3]p,.4, 1 m+ 31, m m(nzl—l) [(m+1],,4, "
=3 mnD\[n+ 1)y, ) \m+1lp,q) '2 [m + 3]

DP2.9
p1 2 pz 2 2,42
X[Z K p 2 ik ]_[ (pf plql—qfx>] ko k+1
k=1 plQl s=0 p1Q1

(k+1)(k 2) n—k-2

n—-1[n-1 k-
— 1 <[Tl p1 Q1 Z [n - 1] k+1 1_[ ( pl 91
n(nz—3) [ k P1.91 1

P1 Ch P1 q1

k=0

1 -1 (n-2)(n—
B x <[n + 3]p1,q1>n (M)n pmzéﬂ =x
GDED\[n+ Upyq,) \0+30prar)

1

s=0

Similarly, Eff’r};q”‘(”z‘q”(r; x,y) = vy is obtained.

B(P1 q1),(p2, QZ)(QZ

iv. xX,y)

S
q1x

N [+ 113, 4, [K]3
= n(n 1) m(m—1 )ZZf( P1Q1 plg;{ 2n’y> nk(plr‘h;x)Dm,j(pZIQZ;y)

n + 3 p1 Ch[ ]P1 (hpl

(k-3)k

n-—2
_ x [Tl P1 ‘h n—1 2 k
- (n_l)Z(n_4) <[Tl + 1 P1 ‘h z[k " 1]p1,¢h [ k L’l:‘h p1 ¥
[n]PMhpl =0

n—k-2

1
] (e -a)|

s=0 P1.91

Using the fact that [k + 1], 4, = p¥ + q1[k],, 4, We get

-1
g(pp%),(pzm)(gz. X y) — p? [n + 1]1’1"11 x + [n B 1]p1:CI1 qlxz.
w [nlp,,q, [0+ 3lp,q, [n]p,,q,

In a similar way we get B,(f,gql)'(pz'q”(rz ;x,y). Hence we can write

- n+1 n-1 n—1
Br(fng‘h),(pz,‘h)(gz + Tz;x, y) — <[ 3]191"11> P1 x + [ ]P1r‘h qlxz
[n+3lp,.q,/ [Mlp,.q, [nlp,.q,

m+1 m-1 m-—1
+ ({m m 3}2&#2) (%) y + [ ]pz»QZ quz-

P2,92 [m]Pz'CIZ [m]pz,‘h

Remark 3.1. Let0< g1, <p1n =1, 0<qym <pzm < land

lim p; , = hm QGin=1,limpypm = lim gy =1
n—oo n-— m—oo m-—oo
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then following equalities are hold

n-1 m-—1
limpl’—n: lim pz—m=0.
n—e [n]p1_nZQ1,n m=oo [ ]pz,m;qz,m
_[n— 1]p1,n:q1,n o m - 1]1’2.m?q2.m
lim ——————¢q;, = lim q2m = 1.
noo nlp, moo M, igsm

Theorem3.2.Let0 < g1, <p1n <1, 0< qym <Pam <landlimp;, = limq;, =1, lim pp,, =
n—-oo n—oo m-oo

lim q,,, = 1. Then for every f € C(I*) we have

m—oo

lim ||B(P1Q1)(P2‘IZ)(f xy) f( y)” —

n,m—oo C(Iz)
Proof In accordance to VVolkov's theorem, since it is easy to show the case i-iii in Lemma 3.1, it is sufficient

to show only following equality

lim ||B(p1n ‘hn) (pZmQZm)(HZ + Tz;x,y) _ (xz + y2)|| , =0
n,m-oo c(1?)
By definition of the norm, we get

(pl nd1 n) (Pz md2 m)

max nm (92+72;x:y)_(x2+y2)|

(x.y)er?
n+ 1,0\ PPt (Im+1l,,,,\° pi!

< < i P1‘Q1> b1 + < m pz:Qz) (&)

B [Tl + 3]P1v‘h [n]PL‘h [m + 3]p2"h [m]pz"h

2 2
[Tl B 1]P1v‘h Gin — 1] ([Tl + 1]p1"h> + [[m B 1]p2,q2 Qom — 1] <[m + 1]p2,q2>
n ,m .
[n]ppfh [TL + 3]171:611 [m]p2,CI2 [m + 3]132,%

Here, using the equations

[Tl - 1]p1_n,q1,nq1,n = [n]pl,n'ql,n - pﬁgl

and
[m - 1]p2,m“h,mq2ﬂm = [m]pz,m:QZ,m pgnml
we write
max B(plnqln) (pszIzm)(Qz +T2'X y) _ (xz _|_y2)|
(xyerz - nvm n
_ 2 _ 2
zp{l:nl <[n + 1]p1,n:‘h,n> ZPZlml <[m + 1]p2,mrQZ,m>
= + .
[n]pl,nrch,n [Tl + 3]p1,nr‘h,n [m]pz,m"h,m [m + 3]p2,m:‘h,m

For each f € C(I?) according to definition of sequences of p; ,, 1, and P2, G2.m it can be get
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lim [|BERT P (2, y) - £,y =0,

nm-co c(r?)
Hence, the proof of theorem is complete.

Lemma 3.2. For E,(f,};‘“)'(”z'%)(f ; x, ) the following equations are true.

-1 _
B(p1:Q1):(pZJQZ)((9 _ x)z. X }/) — le [TL + 1]P1r‘h x + <[n 1]171"11 g, — 1> x2
wm [n + 3]171'611 [n]ppﬁh [n]lh’(h

-1
Er(g?%ﬂﬂ'(pz'%)((.[ _ y)Z; X, y) — pén [m + 1]172'CI2 + <[m — 1]p2:Q2

Q2 1) y2.
[m + 3]Pz.qZ [m]Pzqu [m]Pz"h

Proof

ET(fT#Q1)'(pZ'QZ)((9 —x)2x,y) = ET(fT#QDI(pZ’QZ)(QZ; x,y) — 2xx + ngﬁf;%ql),(pz,qz)(l;x’ ¥)

p?_l[n + 1]p1,q1 x + <q1[n - 1]p1,q1 _ 1) le

[Tl + 3]171'511 [n]lh"h [n]phfh
Similarly,
-1
5 (11.41),(P2.92) 2 _ m+1], 4,07 [m —1lp,q, 2
B (T=»)5xy) = ———q2— 1|y~
wm [m + 3]772:‘12 [m]Pz,QZ [m]pzlﬁh

Example 3.1. In Figure 3. a) for f(x,y) =yi. and in Figure 3.b) for f(x,y) = sin?(x? —3) —

xy+1
cos?(y? — 2) — 4 the graphs of the approximation of operator Bflf’nyQ1)'(p2'q2)(f,x, y) is given. We
demonstrate in Figure 3. a) f(blue), (m,n) = (3,2)(green), (m,n) = (4,4)(red), (m,n) = (4,5)(cyan) and
in Figure 3. b) (m,n) = (1,2)(violet), (m,n) = (2,2)(plum), (m,n) = (3,4)(magenta), (m,n) =
(4,4)(aquamarine). In Figure 3. a) and b) take (p4,q1) = (0.65,0.57) = (p2,q>).

X

Figure 3. a) and b) Approximation to ﬁ and sin?(x? — 3) — cos?(y?2 —2) — 4
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Example 3.2. In Figure 4. a) and Figure 4. b) the graphs of the approximation of operator
E,Sf’,;‘;ql)’(pz’q”(f, x,y) to f(x,y) = e*’*1is given. We demonstrate in Figure 4. a) (m,n) = (3,2)(khaki),
(m,n) = (4,4)(violet), (m,n) = (4,5)(cyan) and in Figure 4. b)(m,n)=(3,2)(red), (m,n) =
(4,4)(plum), (m,n) = (4,5)(cyan). In Figure 4. a) take (p1,q1) = (0.65,0.57) = (p,,q,).and b) take
(p1,q91) = (0.52,0.51) and (py,q,) = (0.51,0.50).

\\\\\\\\\

T

1 X x

L T T VI W W T —

| o T ok T B T A v VAT = ——
| T T T T CEL A SEA WD

13
Y

Figure 4. a) and b) Approximation of E,(lp”'q”) (f, x) to f for different values of (p;, q1) and (p,, q2)

4. RATES OF CONVERGENCES

Now, we give some convergence properties of E,(,f’nl{ql)'(pz'qﬁ(f; x,y) by the following well known
definitions of complete and first, second modulus of continuity.

For every f € C(I?) and (6,1), (x,y) € I?> complete and partial modulus of continuity are defined as
following respectively in for examples [11]

O(f,6nm) = sup{If(6,7) = F YV (O = )7 + (T = )% < S},
1 (f; 8) = sup{lf (x1,y) — F G, )y € I ve Iy — x| < 6},

a’z(fi 8) = sup{lf(x,y1) — f(x,y2)|: x € I ve |y, — y,| < &}

Theorem 4.1. For sufficiently large n,m and every f e C(I?), rate of convergence of
E,(f,yql)'(pz'%)(f; x,y) is calculated by the following inequality using the modulus of continuity

Er%;#Q1)r(pZIQZ)(f; x,y) — f(x, y)| < Zw(f; 6n,m),

where
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_ 2
5 — ( p{l ! [Tl + 1]771,¢Z1> <2 [Tl B 1]771;% g, — 1)
" \[lpya, [+ 31pya, Mgy

1
m—1 2 — /2
+ <[Pz [m + 1]pz.q2> (2 [m —1lp,q, 4z — 1)

Mlp,.q, M+ 3lp,q, [mlp,.q,

Proof Definition of complete modulus of continuity we get

n m
BRI P (2,3 — £t,y)| < s PIPICCHNLL IR

p1 2 2 2 k=0 j=0
x |f [n+ 1]p1,q1 [k]pl,ql [m + 1]192,% [i]l’z a2 —f(x,y)
[0+ 3l gy [l g PE ™ + 3 ) I
P1,91 p1.91P1 [m + ]erqZ [m]Pz azP2

n m

JO=T+ =)

< n(n 5 D Pue Pt 5 00D 0, 425) (f 5nm)( . +1
2 k=0 '= 4

Py p,

1 (. Y
< o(f; 6n,m){1 5 B0 - 07 + - 0% y)) 2}

nm
<[Tl + 1]P1.Q1>2< p?_l >2 (2 [Tl B 1]p1"h q, — 1>
m [Tl + 3]191»(11 [n]l’b(h [n]l’bfh !
1
1 1\2 /
+ <[m + 1]172,‘12>2 < pgn ! ) <2 [m - upz"h q, — 1) ’ .
[m + 3]772'% [m]Pz»Ch [m]pzlﬂh
Using Remark 3.1. and choosing
- 2
5 — < p{l ! [Tl + 1]P1'Q1> <2 [n — 1]p1"h g, — 1)
nm
[n]PL‘h [n + 3]201:611 [n]p1:CI1

1/
+<ﬁ$1[m+ummf<gm—u%%%_lﬂz,

]Pz“h [m + 3]772'% [m]pzlﬂh

1
< o(f; anm){1 +
) 671’

we get our desired result.

Theorem 4.2. For f € C(I?), the following inequality is true

| B P2 (6, ) — £ ()| < 2! (3 80) + 02(f3 8)),

where

- 2
p— < P? tn+ 1]171,‘I1> <2 [n — 1]171,‘11 _ 1)
n=— q1 ,
[nlp,,q, [+ 3lp, 4, [nlp,.q,

—
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J<pyﬂ[m+ummf<[m—ﬂmm )
[mlp,q, [+ 3lp, q, [mlp,q,
Proof Applying the Cauchy-Schwarz inequality

[BER P (f2,y) - £ y)| < BERW P (1£(0,7) — ()%, )

[ 1/ 1/2
<w'(fid)|1+ = (BE @ (0 - )% x,)) ]

6
(P1a1):(P2,d2) 1/2
+w2(f:5m) o (BEEW 0 (@ = )23, ]

5m
1 [n+ 1] 27 n-1]
< a)l(f; S ) _\/ P1r‘h> <2 D191 g, — 1)
" 571 nlp,q, M+ 3lp, 0, [nlp.q

2
1]772:612> (2 [m — l]pZIQZ g — 1> )
Mlp,,q, M+ 3lp,q, [mlp,.q,

+w?(f;8,,) |1 i
m 5

m

Choosing

- 2
5 _J<p?1[n+umm)(2m—1bmuh_1>
n - )
[n]PLlh [n + 3]271:611 [n]p1:CI1

— p;n—l [m + 1]202:612 ’ [m B 1]202:612
om = \Gnlypy m + 3] Sl )
P2.,92 P2,92 P2.,92

then ends the proof of theorem.

Let f be a continuous real valued function a4, a, € (0,1] and (6,1), (x,y) € I?. There exists M > 0:
I (6,7) — f(x, ¥)| < M|6 — x|“1|T — y|*?,

then f is named Lipschitz continuous function. The set of Lipschitz continuous functions demonstrated by
Lipy (a1, ay) [18, 22].

Theorem 4.3. Let (x,y) € I? and f € Lipy (a;, a,). (8,) and (5,,) are the sequences defined in the
Theorem 4.2., then we get the following inequalities for the operators E,(l’f’,};ql)’(pz’%)(f X, Y)

~ a a
|BER TP (0, y) — £ )| < MJ8,) " (Vo)™
Proof Let f € Lipy (ay, ay). Using linearity and positivity of E,(f;;ql)’(pz’q”(f; x,y), we have
B(pl ,q1),(P2,92) < B(pl ,q1),(D2,92) 2] _ .
(fix,y) = f(x,y) (16, 7) = f(x, 2, qn; %, ¥)

< Mgr(f#l,%),(pz,%)(le _ xlal;x)gr(fr#%).(pz.%)(lr |o.'2 )

Taking



858 Nazmiye GONUL BILGIN, Melis EREN/ GU J Sci, 36(2): 845-860 (2023)

and pll :i , qll —

2—a, a, 2-a,

! 2 !
p:—q:

a,’

BPuaP292)(1; 5, y) = 1, we have

then applying Holder’s inequality and using

|§T(I%Q1)'(P2'QZ)(]C; X, y) _ f(x, y)l

~ a /2 ¢ a,/2
<M {Br(lﬁ#%)'(pz'%)(le _ xlz;x)} 1 {BT(J’T#CIﬂ,(pz,CIz)(l; X)} 1

- ay/2 ¢ a,/2
X {875?77:71{‘11):(1:’2"12)(',[ _ }/|2} y)} {Br(f#{%)r@z'%)(l; y)}

< M(JE)“ (/)"

Thus, Theorem 4. 3. is proved.

Example 4.1. We give the
(0.92,0.59) and (p;, g2) = (0.96,0.65) in Table 1.

error estimates for

Table 1. Error estimates for different values of (n, m)

n,m error estimates with error estimates with
complete modulus of partial modulus of
continuity continuity

10, 10 0.1683982664 0.1683469057

102,102 0.1695933260 0.1695451434

103,103 0.1695933262 0.1695451436

104, 10* 0.1695933261 0.1695451435

105,105 0.1695933262 0.1695451436

105,105 0.1695933261 0.1695451435

10°,10° 0.1695933262 0.1695451436

107,107 0.1695933260 0.1695451434

108,108 0.1695933262 0.1695451436

Example 4.2. We give the error estimates for g(x,y) =

(p2,q3) = (0.95,0.64) in Table 2.

Table 2. Error estimates for different values of (n, m)

3x2+5y2+16

n,m error estimates with | error estimates with
complete modulus of | partial modulus of
continuity continuity

10, 10 0.08422241720 0.1334602607

102,102 0.08458555582 0.1341653560

103,103 0.08458555582 0.1341653560

104, 10* 0.08458555580 0.1341653559

105,10° 0.08458555578 0.1341653558

105,10° 0.08458555582 0.1341653559

10%,10° 0.08458555572 0.1341653556

107,107 0.08458555582 0.1341653559

108,108 0.08458555582 0.1341653559

_ (xt+y+V2)
5

= o when  (py,q1) =

when (p1,4q1) = (0.90,0.54) and
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5. RESULTS

In this paper, a generalized of bivariate (p,q)-Bernstein operators are constructed. Then, rate of
convergence of our operators was given. With these results, an example is given about the studies for
approximation of bivariate (p, q) analogs of operators.
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