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Abstract

This work aims, to perform a complexity in the Perrin sequence, to present the two-
dimensional, three-dimensional, and n-dimensional recurrence relations of this sequence.
Thus, from the one-dimensional relationship of this sequence, we will discuss the increase
of its dimensionality and the insertion of imaginary units in the Perrin sequence, which is a
recursive sequence of third order and presents large similarities with the Padovan sequence,
differing only its initial values. Moreover, we will present a relationship between the Perrin
numbers and the Padovan numbers, which will be used to perform the complexity of this
sequence.

1. Introduction

Perrin sequence was discovered by French engineer François Olivier Raoul Perrin (1841-1910), [1] affirms that this sequence
was implicitly mentioned by mathematician Édouard Lucas in 1876, but only in 1899, François Perrin defined the Perrin
sequence. This is linear sequence of third order is very similar to the Padovan sequence, since their recurrence formula are
equal, changing only its initial values, so we will denote the Perrin numbers by Pe(n) and Padovan numbers by Pd(n).
The recurrence of the Perrin sequence is given by Pe(n) = Pe(n− 2)+Pe(n− 3), n ≥ 3, being Pe(0) = 3, Pe(1) = 0 and
Pe(2) = 2 its initial values, presenting the first ones as: 3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17. On the other hand, the Padovan initial
values are Pd(0) = Pd(1) = Pd(2) = 1, maintaining the same recurrence than the Perrin sequence, we have that the first terms
of this sequence is given by: 1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12. Thus, from the similarity between these two sequences, [2] presents
a relation between the Perrin numbers and the Padovan numbers given by:

Pe(n) = 2Pd(n−4)+3Pd(n−5),n≥ 5.

It is noteworthy that this equation is derived from their respective matrix formulas of the Padovan and Perrin numbers [1] and
[3]-[5] and will be used in the following sections.
In this sense, in this work, we will present the process of complexity of the Perrin sequence, which is associated with the
insertion of the imaginary unit, the dimensional increase and its corresponding algebraic representation. The complexity
process of this sequence is based on the work of [2] and [6]-[9]. Thus, the following sections will present the two-dimensional,
three-dimensional, and n-dimensional relations of the Perrin sequence.

2. Two-dimensional Perrin relations

Initially, Harman [6] explores the two-dimensional relations or Gaussian numbers, denoted by (n,m) = n+mi, where n and m
are integers and i2 =−1. Thus, from the one-dimensional Perrin recurrence and based on [2], in this section, we will increase
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the dimensionality of this sequence and insert the imaginary unit i, presenting then the two-dimensional relation of the Perrin
sequence.

Definition 2.1. The numbers described in the form Pe(n,m) will be represented by the numbers of the two-dimensional Perrin
sequence, thus satisfying their respective two-dimensional recurrence conditions, where n,m ∈ N:

{
Pe(n+1,m) = Pe(n−1,m)+Pe(n−2,m)
Pe(n,m+1) = Pe(n,m−1)+Pe(n,m−2)

Presenting the initial values defined as: Pe(0,0) = 3,Pe(1,0) = 0,Pe(0,1) = 3+2i,Pe(0,2) = 3+3i,Pe(2,0) = 2,Pe(2,1) =
2+2i,Pe(1,2) = 3i,Pe(2,2) = 2+3i,Pe(1,1) = 2i where i2 =−1 and Pe(0) = 3,Pe(1) = 0,Pe(2) = 2.

Lemma 2.2. Given the following properties:
(i) Pe(n,0) = Pe(n),
(ii) Pe(0,m) = 3Pd(m)+Pe(m+1)i,
(iii) Pe(n,1) = Pe(n)+2Pd(n)i,
(iv) Pe(1,m) = Pe(m+1)i.

Proof. According to Pe(n+ 1,m) = Pe(n− 1,m)+Pe(n− 2,m), having defined the initial values and applying the second
principle of finite induction on n, where it fixes m = 0 and varies n = 0,1,2, . . . ,k, we observe:

Pe(n+1,0) = Pe(n−1,0)+Pe(n−2,0) :
Pe(3,0) = Pe(1,0)+Pe(0,0) = 3 = Pe(3);
Pe(4,0) = Pe(2,0)+Pe(1,0) = 2 = Pe(4);
Pe(5,0) = Pe(3,0)+Pe(2,0) = 5 = Pe(5);

...
Pe(k−3,0) = Pe(k−5,0)+Pe(k−6,0) = Pe(k−3);
Pe(k−2,0) = Pe(k−4,0)+Pe(k−5,0) = Pe(k−2);
Pe(k−1,0) = Pe(k−3,0)+Pe(k−4,0) = Pe(k−1);

Pe(k,0) = Pe(k−2,0)+Pe(k−3,0)
= Pe(k−2)+Pe(k−3) = Pe(k).

Thus, we can verify the property Pe(n,0) = Pe(n). Analogously, one can prove the validity Pe(0,m) = 3Pd(m)+Pe(m+1)i,
considering the relation Pe(n,m+1) = Pe(n,m−1)+Pe(n,m−2) also verifying the relation of the Perrin sequence with the
Padovan sequence, and the initial Padovan numbers Pd(0) = Pd(1) = Pd(2) = 1. By analysing the recursiveness for n = 0
and varying m = 0,1,2,3, . . . ,k, we see that:

Pe(0,m+1) = Pe(0,m−1)+Pe(0,m−2) :
Pe(0,3) = Pe(0,1)+Pe(0,0) = 6+2i = 3Pd(3)+Pe(4)i;
Pe(0,4) = Pe(0,2)+Pe(0,1) = 6+5i = 3Pd(4)+Pe(5)i;
Pe(0,5) = Pe(0,3)+Pe(0,2) = 9+5i = 3Pd(5)+Pe(6)i;

...
Pe(0,k−3) = Pe(0,k−5)+Pe(0,k−6) = 3Pd(k−3)+Pe(k−2)i;
Pe(0,k−2) = Pe(0,k−4)+Pe(0,k−5) = 3Pd(k−2)+Pe(k−1)i;
Pe(0,k−1) = Pe(0,k−3)+Pe(0,k−4) = 3Pd(k−1)+Pe(k)i;

Pe(0,k) = Pe(0,k−2)+Pe(0,k−3)
= 3Pd(k−2)+Pe(k−1)i+3Pd(k−3)+Pe(k−2)i = 3Pd(k)+Pe(k+1)i.

Validating the property Pe(0,m) = 3Pd(m)+Pe(m+1)i. To demonstrate the following property, the same principle of induction
is used, with: Pe(n,m+ 1) = Pe(n,m− 1)+Pe(n,m− 2) and with the initial values established at the beginning. We also
verify a relationship between the Perrin sequence and the Padovan sequence, thus fixing m = 1 and varying n = 0,1,2,3, . . . ,k,
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it follows that:

Pe(n+1,1) = Pe(n−1,1)+Pe(n−2,1) :
Pe(3,1) = Pe(1,1)+Pe(0,1) = 3+4i = Pe(3)+2Pd(3)i;
Pe(4,1) = Pe(2,1)+Pe(1,1) = 2+4i = Pe(4)+2Pd(4)i;
Pe(5,1) = Pe(3,1)+Pe(2,1) = 5+6i = Pe(5)+2Pd(5)i;

...
Pe(k−3,1) = Pe(k−5,1)+Pe(k−6,1) = Pe(k−3)+2Pd(k−3)i;
Pe(k−2,1) = Pe(k−4,1)+Pe(k−5,1) = Pe(k−2)+2Pd(k−2)i;
Pe(k−1,1) = Pe(k−3,1)+Pe(k−4,1) = Pe(k−1)+2Pd(k−1)i;

Pe(k,1) = Pe(k−2,1)+Pe(k−3,1)
= Pe(k−2)+2Pd(k−2)i+Pe(k−3)+2Pd(k−3)i = Pe(k)+2Pd(k)i.

Proving that Pe(n,1) = Pe(n) + 2Pd(n)i. Concluding the properties demonstrations, we have that, analogously, we can
consider the relation Pe(n,m+1) = Pe(n,m−1)+Pe(n,m−2), the values established initially, and fixing n = 1 and varying
m = 0,1,2,3, . . . ,k. We note that:

Pe(1,m+1) = Pe(1,m−1)+Pe(1,m−2) :
Pe(1,3) = Pe(1,1)+Pe(1,0) = 2i = Pe(4)i;
Pe(1,4) = Pe(1,2)+Pe(1,1) = 5i = Pe(5)i;
Pe(1,5) = Pe(1,3)+Pe(1,2) = 5i = Pe(6)i;

...
Pe(1,k−3) = Pe(1,k−5)+Pe(1,k−6) = Pe(k−2)i;
Pe(1,k−2) = Pe(1,k−4)+Pe(1,k−5) = Pe(k−1)i;
Pe(1,k−1) = Pe(1,k−3)+Pe(1,k−6) = Pe(k)i;

Pe(1,k) = Pe(1,k−2)+Pe(1,k−3)
= Pe(k−1)i+Pe(k−2)i = Pe(k+1)i.

Theorem 2.3. For the two integers, n,m ∈ N, the numbers in the form Pe(n,m) are described by:

Pe(n,m) = Pe(n)Pd(m)+Pe(m+1)Pd(n)i.

Proof. Fixing the value of natural number n, we can carry out the demonstration by induction on m. For m = 0, there is the
property Pe(n,0) = Pe(n) and Pe(n,1) = Pe(n)+ 2Pd(n)i, previously validated by Lemma 2.2, where Pe(0) = 3,Pe(1) =
0,Pe(2) = 2, whose initial values were defined previously. For this, some values of Pe(n,m) will be calculated, varying m.
For Pe(n,2), we use the recurrence Pe(n,m+1) = Pe(n,m−1)+Pe(n,m−2) with the initial values established, with m = 2
fixed and n = 0,1,2,3, . . . ,k, we have that:

Pe(n+1,2) = Pe(n−1,2)+Pe(n−2,2) :
Pe(3,2) = Pe(1,2)+Pe(0,2) = 3+6i = Pe(3)+3Pd(3)i;
Pe(4,2) = Pe(2,2)+Pe(1,2) = 2+6i = Pe(4)+3Pd(4)i;
Pe(5,2) = Pe(3,2)+Pe(2,2) = 5+9i = Pe(5)+3Pd(5)i;

...
Pe(k−3,2) = Pe(k−5,2)+Pe(k−6,2) = Pe(k−3)+3Pd(k−3)i;
Pe(k−2,2) = Pe(k−4,2)+Pe(k−5,2) = Pe(k−2)+3Pd(k−2)i;
Pe(k−1,2) = Pe(k−3,2)+Pe(k−4,2) = Pe(k−1)+3Pd(k−1)i;

Pe(k,2) = Pe(k−2,2)+Pe(k−3,2)
= Pe(k−2)+3Pd(k−2)i+Pe(k−3)+3Pd(k−3)i = Pe(k)+3Pd(k)i.

Rewriting the properties seen in the previous Lemma (i) and (ii), we have that:

Pe(n,0) = Pe(n)+Pe(1)Pd(n)i;
Pe(n,1) = Pe(n)+Pe(2)Pd(n)i;
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However, assuming that for m = 1,2, . . . ,k, the following identities are valid:

Pe(n,0) = Pe(n)Pd(0)+Pe(1)Pd(n)i;
Pe(n,1) = Pe(n)Pd(1)+Pe(2)Pd(n)i;
Pe(n,2) = Pe(n)Pd(2)+Pe(3)Pd(n)i;

...
Pe(n,k−3) = Pe(n)Pd(k−3)+Pe(k−2)Pd(n)i;
Pe(n,k−2) = Pe(n)Pd(k−2)+Pe(k−1)Pd(n)i;
Pe(n,k−1) = Pe(n)Pd(k−1)+Pe(k)Pd(n)i;

Pe(n,k) = Pe(n,k−2)+Pe(n,k−3)
= Pe(n)Pd(k−2)+Pe(k−1)Pd(n)i+Pe(n)Pd(k−3)+Pe(k−2)Pd(n)i

= Pe(n)Pd(k)+Pe(k+1)Pd(n)i

Demonstrating for m = k+1, from the recurrence Pe(n,k+1) = Pe(n,k−1)+Pe(n,k−2), we have that:

Pe(n,k+1) = Pe(n,k−1)+Pe(n,k−2)
= Pe(n)Pd(k−1)+Pe(k)Pd(n)i+Pe(n)Pd(k−2)+Pe(k−1)Pd(n)i

= Pe(n)Pd(k+1)+Pe(k+2)Pd(n)i

3. The three-dimensional Perrin relations

In this section, the three-dimensional Perrin relations will be presented, denoted by Pe(n,m, p), from its one-dimensional and
two-dimensional recurrence. For this, we will increase the dimensionality of this sequence and insert the imaginary unit i and
j, where i2 = j2 =−1.

Definition 3.1. The Perrin numbers, we can consider the initial values, defined as: Pe(0,0,0) = 3 = Pe(0),Pe(1,0,0) = 0 =
Pe(1),Pe(2,0,0) = 2 = Pe(2),Pe(0,1,0) = 3+2i,Pe(0,2,0) = 3+3i,Pe(0,0,1) = 3+2 j,Pe(0,0,2) = 3+3 j,Pe(1,0,1) =
2 j,Pe(1,0,2) = 3 j,Pe(1,1,0) = 2i,Pe(1,2,0) = 3i,Pe(0,1,1) = 3+ 2i+ 2 j,Pe(0,1,2) = 3+ 2i+ 3 j,Pe(0,2,1) = 3+ 3i+
2 j,Pe(0,2,2)= 3+3i+3 j,Pe(2,1,1)= 2+2i+2 j,Pe(2,2,1)= 2+3i+2 j,Pe(2,0,1)= 2+2 j,Pe(2,0,2)= 2+3 j,Pe(2,1,0)=
2+2i,Pe(2,2,0) = 2+3i,Pe(1,1,1) = 2i+2 j,Pe(1,2,1) = 3i+2 j,Pe(1,1,2) = 2i+3 j in which i2 = j2 =−1, forming the
numbers as Pe(n,m, p) satisfying the following three-dimensional recurrence conditions, where n,m, p > 0: Pe(n,m, p) = Pe(n−2,m, p)+Pe(n−3,m, p)

Pe(n,m, p) = Pe(n,m−2, p)+Pe(n,m−3, p)
Pe(n,m, p) = Pe(n,m, p−2)+Pe(n,m, p−3)

Lemma 3.2. The following properties are valid for Perrin numbers:
(a) Pe(n,0,0) = Pe(n),
(b) Pe(n,1,0) = Pe(n)+2Pd(n)i,
(c) Pe(n,0,1) = Pe(n)+2Pd(n) j,
(d) Pe(n,1,1) = Pe(n)+2Pd(n)i+2Pd(n) j.

Proof. To demonstrate property (a) Pe(n,0,0) = Pe(n), we will consider the relation Pe(n,m, p) = Pe(n−2,m, p)+Pe(n−
3,m, p) and the initial values first defined. Thus, for m = p = 0 and varying n = (0,1,2,3, . . . ,k). We can see that:

Pe(n,0,0) = Pe(n−2,0,0)+Pe(n−3,0,0) :
Pe(3,0,0) = Pe(1,0,0)+Pe(0,0,0) = 3 = Pe(3);
Pe(4,0,0) = Pe(2,0,0)+Pe(1,0,0) = 2 = Pe(4);
Pe(5,0,0) = Pe(3,0,0)+Pe(2,0,0) = 5 = Pe(5);

...
Pe(k−3,0,0) = Pe(k−5,0,0)+Pe(k−6,0,0) = Pe(k−3);
Pe(k−2,0,0) = Pe(k−4,0,0)+Pe(k−5,0,0) = Pe(k−2);
Pe(k−1,0,0) = Pe(k−3,0,0)+Pe(k−4,0,0) = Pe(k−1);

Pe(k,0,0) = Pe(k−2,0,0)+Pe(k−3,0,0)
= Pe(k−2)+Pe(k−3) = Pe(k).
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Now, to validate property (b) Pe(n,1,0) = Pe(n)+2Pd(n)i, we use the relation Pe(n,m, p) = Pe(n−2,m, p)+Pe(n−3,m, p).
Therefore, the recursiveness for m = p = 1, where n = (0,1,2,3, . . . ,k), is such that:

Pe(n,1,0) = Pe(n−2,1,0)+Pe(n−3,1,0) :
Pe(3,1,0) = Pe(1,1,0)+Pe(0,1,0) = 3+4i = Pe(3)+2Pd(3)i;
Pe(4,1,0) = Pe(2,1,0)+Pe(1,1,0) = 2+4i = Pe(4)+2Pd(4)i;
Pe(5,1,0) = Pe(3,1,0)+Pe(2,1,0) = 5+6i = Pe(5)+2Pd(5)i;

...
Pe(k−3,1,0) = Pe(k−5,1,0)+Pe(k−6,1,0) = Pe(k−3)+2Pd(k−3)i;
Pe(k−2,1,0) = Pe(k−4,1,0)+Pe(k−5,1,0) = Pe(k−2)+2Pd(k−2)i;
Pe(k−1,1,0) = Pe(k−3,1,0)+Pe(k−4,1,0) = Pe(k−1)+2Pd(k−1)i;

Pe(k,1,0) = Pe(k−2,1,0)+Pe(k−3,1,0)
= Pe(k−2)+2Pd(k−2)i+Pe(k−3)+2Pd(k−3)i = Pe(k)+2Pd(k)i.

To demonstrate the third property (c) Pe(n,0,1) = Pe(n)+ 2Pd(n) j with Pe(n,m, p) = Pe(n− 2,m, p)+Pe(n− 3,m, p) we
evaluate the recurrence for m = 0 and p = 1, where n = (0,1,2,3, . . . ,k). Thus:

Pe(n,0,1) = Pe(n−2,0,1)+Pe(n−3,0,1) :
Pe(3,0,1) = Pe(1,0,1)+Pe(0,0,1) = 3+4 j = Pe(3)+2Pd(3) j;
Pe(4,0,1) = Pe(2,0,1)+Pe(1,0,1) = 2+4 j = Pe(4)+2Pd(4) j;
Pe(5,0,1) = Pe(3,0,1)+Pe(2,0,1) = 5+6 j = Pe(5)+2Pd(5) j;

...
Pe(k−3,0,1) = Pe(k−5,0,1)+Pe(k−6,0,1) = Pe(k−3)+2Pd(k−3) j;
Pe(k−2,0,1) = Pe(k−4,0,1)+Pe(k−5,0,1) = Pe(k−2)+2Pd(k−2) j;
Pe(k−1,0,1) = Pe(k−3,0,1)+Pe(k−4,0,1) = Pe(k−1)+2Pd(k−1) j;

Pe(k,0,1) = Pe(k−2,0,1)+Pe(k−3,0,1)
= Pe(k−2)+2Pd(k−2) j+Pe(k−3)+2Pd(k−3) j

= Pe(k)+2Pd(k) j.

Finally, by induction, we can demonstrate the property (d) Pe(n,1,1) = Pe(n)+2Pd(n)i+2Pd(n) j through the recurrence
Pe(n,m, p) = Pe(n−2,m, p)+Pe(n−3,m, p) for m = 1 and p = 1, with variation n = (0,1,2,3, . . . ,k). With this, we can see
that:

Pe(n,1,1) = Pe(n−2,1,1)+Pe(n−3,1,1) :
Pe(3,1,1) = Pe(1,1,1)+Pe(0,1,1) = 3+4i+4 j = Pe(3)+2Pd(3)i+2Pd(3) j;
Pe(4,1,1) = Pe(2,1,1)+Pe(1,1,1) = 2+4i+4 j = Pe(4)+2Pd(4)i+2Pd(4) j;
Pe(5,1,1) = Pe(3,1,1)+Pe(2,1,1) = 5+6i+6 j = Pe(5)+2Pd(5)i+2Pd(5) j;

...
Pe(k−3,1,1) = Pe(k−5,1,1)+Pe(k−6,1,1) = Pe(k−3)+2Pd(k−3)i+2Pd(k−3) j;
Pe(k−2,1,1) = Pe(k−4,1,1)+Pe(k−5,1,1) = Pe(k−2)+2Pd(k−2)i+2Pd(k−2) j;
Pe(k−1,1,1) = Pe(k−3,1,1)+Pe(k−4,1,1) = Pe(k−1)+2Pd(k−1)i+2Pd(k−1) j;

Pe(k,1,1) = Pe(k−2,1,1)+Pe(k−3,1,1)
= Pe(k−2)+2Pd(k−2)i+2Pd(k−2) j+Pe(k−3)+2Pd(k−3)i+2Pd(k−3) j

= Pe(k)+2Pd(k)i+2Pd(k) j.

Thus, the properties described above are verified.

Lemma 3.3. Given the following properties:
(a) Pe(0,m,0) = 3Pd(m)+Pe(m+1)i,
(b) Pe(0,m,1) = 3Pd(m)+Pe(m+1)i+2Pd(m) j,
(c) Pe(1,m,0) = Pe(m+1)i,
(d) Pe(1,m,1) = Pe(m+1)i+2Pd(m) j.
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Proof. (a) Given the recurrence, the second principle of induction on m at n = p = 0 applies. Thus, varying m = 1,2,3, . . . ,k,
we see that:

Pe(0,m,0) = Pe(0,m−2,0)+Pe(0,m−3,0) :
Pe(0,3,0) = Pe(0,1,0)+Pe(0,0,0) = 6+2i = 3Pd(3)+Pe(4)i;
Pe(0,4,0) = Pe(0,2,0)+Pe(0,1,0) = 6+5i = 3Pd(4)+Pe(5)i;
Pe(0,5,0) = Pe(0,3,0)+Pe(0,2,0) = 9+5i = 3Pd(5)+Pe(6)i;

...
Pe(0,k−3,0) = Pe(0,k−5,0)+Pe(0,k−6,0) = 3Pd(k−3)+Pe(k−2)i;
Pe(0,k−2,0) = Pe(0,k−4,0)+Pe(0,k−5,0) = 3Pd(k−2)+Pe(k−1)i;
Pe(0,k−1,0) = Pe(0,k−3,0)+Pe(0,k−4,0) = 3Pd(k−1)+Pe(k)i;

Pe(0,k,0) = Pe(0,k−2,0)+Pe(0,k−3,0)
= 3Pd(k−2)+Pe(k−1)i+3Pd(k−3)+Pe(k−2)i
= 3Pd(k)+Pe(k+1)i.

Validating the property (a) Pe(0,m,0) = 3Pd(m)+Pe(m+1)i.

(b) For the demonstration of item (b), the same principle on m at n = 0 and p = 1 follows. Hence, m = k:

Pe(0,m,1) = Pe(0,m−2,1)+Pe(0,m−3,1) :
Pe(0,3,1) = Pe(0,1,1)+Pe(0,0,1) = 6+2i+4 j = 3Pd(3)+Pe(4)i+2Pd(3) j;
Pe(0,4,1) = Pe(0,2,1)+Pe(0,1,1) = 6+5i+4 j = 3Pd(4)+Pe(5)i+2Pd(4) j;
Pe(0,5,1) = Pe(0,3,1)+Pe(0,2,1) = 9+5i+6 j = 3Pd(5)+Pe(6)i+2Pd(5) j;

...
Pe(0,k−3,1) = Pe(0,k−5,1)+Pe(0,k−6,1) = 3Pd(k−3)+Pe(k−2)i+2Pd(k−3) j;
Pe(0,k−2,1) = Pe(0,k−4,1)+Pe(0,k−5,1) = 3Pd(k−2)+Pe(k−1)i+2Pd(k−2) j;
Pe(0,k−1,1) = Pe(0,k−3,1)+Pe(0,k−4,1) = 3PdF(k−1)+Pe(k)i+2Pd(k−1) j;

Pe(0,k,1) = Pe(0,k−2,1)+Pe(0,k−3,1)
= 3Pd(k−2)+Pe(k−1)i+2Pd(k−2) j+3Pd(k−3)+Pe(k−2)i+2Pd(k−3) j

= 3Pd(k)+Pe(k+1)i+2Pd(k) j.

Validating the property (b) Pe(0,m,1) = 3Pd(m)+Pe(m+1)i+2Pd(m) j.

(c) Following the same principle on m at n = 1 and p = 0. Therefore, for m = k, we have that:

Pe(1,m,0) = Pe(1,m−2,0)+Pe(1,m−3,0) :
Pe(1,3,0) = Pe(1,1,0)+Pe(1,0,0) = 2i = Pe(4)i;
Pe(1,4,0) = Pe(1,2,0)+Pe(1,1,0) = 5i = Pe(5)i;
Pe(1,5,0) = Pe(1,3,0)+Pe(1,2,0) = 5i = Pe(6)i;

...
Pe(1,k−3,0) = Pe(1,k−5,0)+Pe(1,k−6,0) = Pe(k−2)i;
Pe(1,k−2,0) = Pe(1,k−4,0)+Pe(1,k−5,0) = Pe(k−1)i;
Pe(1,k−1,0) = Pe(1,k−3,0)+Pe(1,k−4,0) = Pe(k)i;

Pe(1,k,0) = Pe(1,k−2,0)+Pe(1,k−3,0)
= Pe(k−1)i+Pe(k−2)i = Pe(k+1)i.

Demonstrating the property (c) Pe(1,m,0) = Pe(m+1)i.
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(d) Analogously, the same principle on m at n = p = 1 follows. Therefore, for m = k, we have that:

Pe(1,m,1) = Pe(1,m−2,1)+Pe(1,m−3,1) :
Pe(1,3,1) = Pe(1,1,1)+Pe(1,0,1) = 2i+4 j = Pe(4)i+2Pd(3) j;
Pe(1,4,1) = Pe(1,2,1)+Pe(1,1,1) = 5i+4 j = Pe(5)i+2Pd(4) j;
Pe(1,5,1) = Pe(1,3,1)+Pe(1,2,1) = 5i+6 j = Pe(6)i+2Pd(5) j;

...
Pe(1,k−3,1) = Pe(1,k−5,1)+Pe(1,k−6,1) = Pe(k−2)i+2Pd(k−3) j;
Pe(1,k−2,1) = Pe(1,k−4,1)+Pe(1,k−5,1) = Pe(k−1)i+2Pd(k−2) j;
Pe(1,k−1,1) = Pe(1,k−3,1)+Pe(1,k−4,1) = Pe(k)i+2Pd(k−1) j;

Pe(1,k,1) = Pe(1,k−2,1)+Pe(1,k−3,1)
= Pe(k−1)i+2Pd(k−2) j+Pe(k−2)i+2Pd(k−3) j

= Pe(k+1)i+2Pd(k) j.

Therefore, property (d) Pe(1,m,1) = Pe(m+1)i+2Pd(m) j.

Lemma 3.4. The following identities are valid:
(a) Pe(0,0, p) = 3Pd(p)+Pe(p+1) j,
(b) Pe(0,1, p) = 3Pd(p)+2Pd(p)i+Pe(p+1) j,
(c) Pe(1,0, p) = Pe(p+1) j,
(d) Pe(1,1, p) = 2Pd(p)i+Pe(p+1) j.

Proof. (a) By applying the second principle of induction on p for n = m = 0 and varying p = 1,2,3, . . . ,k, we have that:

Pe(0,0, p) = Pe(0,0, p−2)+Pe(0,0, p−3) :
Pe(0,0,3) = Pe(0,0,1)+Pe(0,0,0) = 6+2 j = 3Pd(3)+Pe(4) j;
Pe(0,0,4) = Pe(0,0,2)+Pe(0,0,1) = 6+5 j = 3Pd(4)+Pe(5) j;
Pe(0,0,5) = Pe(0,0,3)+Pe(0,0,2) = 9+5 j = 3Pd(5)+Pe(6) j;

...
Pe(0,0,k−3) = Pe(0,0,k−5)+Pe(0,0,k−6) = 3Pd(k−3)+Pe(k−2) j;
Pe(0,0,k−2) = Pe(0,0,k−4)+Pe(0,0,k−5) = 3Pd(k−2)+Pe(k−1) j;
Pe(0,0,k−1) = Pe(0,0,k−3)+Pe(0,0,k−4) = 3Pd(k−1)+Pe(k) j;

Pe(0,0,k) = Pe(0,0,k−2)+Pe(0,0,k−3)
= 3Pd(k−2)+Pe(k−1) j+3Pd(k−3)+Pe(k−2) j

= 3Pd(k)+Pe(k+1) j.

The property (a) Pe(0,0, p) = 3Pd(p)+Pe(p+1) j is, thus, validated.
(b) By using the second principle of induction on p for n = 0 and m = 1 and varying p = 1,2,3, . . . ,k, we have that:

Pe(0,1, p) = Pe(0,1, p−2)+Pe(0,1, p−3) :
Pe(0,1,3) = Pe(0,1,1)+Pe(0,1,0) = 6+4i+2 j = 3Pd(3)+2Pd(3)i+Pe(4) j;
Pe(0,1,4) = Pe(0,1,2)+Pe(0,1,1) = 6+4i+5 j = 3Pd(4)+2Pd(4)i+Pe(5) j;
Pe(0,1,5) = Pe(0,1,3)+Pe(0,1,2) = 9+6i+5 j = 3Pd(5)+2Pd(5)i+Pe(6) j;

...
Pe(0,1,k−3) = Pe(0,1,k−5)+Pe(0,1,k−6) = 3Pd(k−3)+2Pd(k−3)i+Pe(k−2) j;
Pe(0,1,k−2) = Pe(0,1,k−4)+Pe(0,1,k−5) = 3Pd(k−2)+2Pd(k−2)i+Pe(k−1) j;
Pe(0,1,k−1) = Pe(0,1,k−3)+Pe(0,1,k−4) = 3Pd(k−1)+2Pd(k−1)i+Pe(k) j;

Pe(0,1,k) = Pe(0,1,k−2)+Pe(0,1,k−3)
= 3Pd(k−2)+2Pd(k−2)i+Pe(k−1) j+3Pd(k−3)+2Pd(k−3)i+Pe(k−2) j

= 3Pd(k)+2Pd(k)i+Pe(k+1) j.

Thus, the property (b) Pe(0,1, p) = 3Pd(p)+2Pd(p)i+Pe(p+1) j is validated.
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(c)Through the second principle of induction on p for n = 1 and m = 0 and varying p = 1,2,3, . . . ,k, we have that:

Pe(1,0, p) = Pe(1,0, p−2)+Pe(1,0, p−3) :
Pe(1,0,3) = Pe(1,0,1)+Pe(1,0,0) = 2 j = Pe(4) j;
Pe(1,0,4) = Pe(1,0,2)+Pe(1,0,1) = 5 j = Pe(5) j;
Pe(1,0,5) = Pe(1,0,3)+Pe(1,0,2) = 5 j = Pe(6) j;

...
Pe(1,0,k−3) = Pe(1,0,k−5)+Pe(1,0,k−6) = Pe(k−2) j;
Pe(1,0,k−2) = Pe(1,0,k−4)+Pe(1,0,k−5) = Pe(k−1) j;
Pe(1,0,k−1) = Pe(1,0,k−3)+Pe(1,0,k−4) = Pe(k) j;

Pe(1,0,k) = Pe(1,0,k−2)+Pe(1,0,k−3)
= Pe(k−1) j+Pe(k−2) j = Pe(k+1) j.

Validating property (c) Pe(1,0, p) = Pe(p+1) j.

(d) According to the second principle of induction on p for n = m = 1 and varying p = 1,2,3, . . . ,k, we have that:

Pe(1,1, p) = Pe(1,1, p−2)+Pe(1,1, p−3) :
Pe(1,1,3) = Pe(1,1,1)+Pe(1,1,0) = 4i+2 j = 2Pd(3)i+Pe(4) j;
Pe(1,1,4) = Pe(1,1,2)+Pe(1,1,1) = 4i+5 j = 2Pd(4)i+Pe(5) j;
Pe(1,1,5) = Pe(1,1,3)+Pe(1,1,2) = 6i+5 j = 2Pd(5)i+Pe(6) j;

...
Pe(1,1,k−3) = Pe(1,1,k−5)+Pe(1,1,k−6) = 2Pd(k−3)i+Pe(k−2) j;
Pe(1,1,k−2) = Pe(1,1,k−4)+Pe(1,1,k−5) = 2Pd(k−2)i+Pe(k−1) j;
Pe(1,1,k−1) = Pe(1,1,k−3)+Pe(1,1,k−4) = 2Pd(k−1)i+Pe(k) j;

Pe(1,1,k) = Pe(1,1,k−2)+Pe(1,1,k−3)
= 2Pd(k−2)i+Pe(k−1) j+2Pd(k−3)i+Pe(k−2) j

= 2Pd(k)i+Pe(k+1) j.

Demonstrating property (d) Pe(1,1, p) = 2Pd(p)i+Pe(p+1) j.

Theorem 3.5. For the three integers, n,m, p ∈ N, the numbers in the form Pe(n,m, p) are described by:

Pe(n,m, p) = Pe(n)Pd(m)Pd(p)+Pd(n)Pe(m+1)Pd(p)i+Pd(n)Pd(m)Pe(p+1) j.

Proof. Hence, for p = 0 and m = 2, we have that:

Pe(3,2,0) = Pe(1,2,0)+Pe(0,2,0) = 3+6i = Pe(3)+3Pd(3)i;
Pe(4,2,0) = Pe(2,2,0)+Pe(1,2,0) = 2+6i = Pe(4)+3Pd(4)i;
Pe(5,2,0) = Pe(3,2,0)+Pe(2,2,0) = 5+9i = Pe(5)+3Pd(5)i;

...
Pe(n−3,2,0) = Pe(n−5,2,0)+Pe(n−6,2,0) = Pe(n−3)+3Pd(n−3)i;
Pe(n−2,2,0) = Pe(n−4,2,0)+Pe(n−5,2,0) = Pe(n−2)+3Pd(n−2)i;
Pe(n−1,2,0) = Pe(n−3,2,0)+Pe(n−4,2,0) = Pe(n−1)+3Pd(n−1)i;

Pe(n,2,0) = Pe(n−2,2,0)+Pe(n−3,2,0)
= Pe(n−2)+3Pd(n−2)i+Pe(n−3)+3Pd(n−3)i
= Pe(n)+3Pd(n)i.
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In addition, are stimulated other properties inherent to this process, for m = 1,2,3, . . . ,k, and we obtain:

Pe(n,0,0) = Pe(n)+Pe(1)Pd(n)i;
Pe(n,1,0) = Pe(n)+Pe(2)Pd(n)i;
Pe(n,2,0) = Pe(n)+Pe(3)Pd(n)i;
Pe(n,3,0) = Pe(n,1,0)+Pe(n,0,0) = 2Pe(n)+Pe(4)Pd(n)i

= Pd(3)Pe(n)+Pe(4)Pd(n)i;
...

Pe(n,k−3,0) = Pe(n,k−5,0)+Pe(n,k−6,0) = Pd(k−3)Pe(n)+Pe(k−2)Pd(n)i;
Pe(n,k−2,0) = Pe(n,k−4,0)+Pe(n,k−5,0) = Pd(k−2)Pe(n)+Pe(k−1)Pd(n)i;
Pe(n,k−1,0) = Pe(n,k−3,0)+Pe(n,k−4,0) = Pd(k−1)Pe(n)+Pe(k)Pd(n)i;

Pe(n,k,0) = Pe(n,k−2,0)+Pe(n,k−3,0)
= Pd(k−2)Pe(n)+Pe(k−1)Pd(n)i+Pd(k−3)Pe(n)+Pe(k−2)Pd(n)i

= Pd(k)Pe(n)+Pe(k+1)Pd(n)i.

With this, the veracity of Theorem 3.5, is proven, through its application to m = 1,2,3, . . . ,k, in the situation presented below:

Pe(n,m,0) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i;
Pe(n,m,1) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i+2Pd(n) j;
Pe(n,m,2) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i+3Pd(n) j;

...
Pe(n,m,k−3) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k−2)Pd(n) j;
Pe(n,m,k−2) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k−1)Pd(n) j;
Pe(n,m,k−1) = Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k)Pd(n) j;

;
Pe(n,m,k) = Pe(n,m,k−2)+Pe(n,m,k−3)

= Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k−1)Pd(n) j

+ Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k−2)Pd(n) j

= Pd(m)Pe(n)+Pe(m+1)Pd(n)i+Pe(k+1)Pd(n) j.

4. The n-dimensional Perrin relations

From the two-dimensional and three-dimensional relations discussed above, it is possible to generalise the insertion of
imaginary units up to the n order, thus obtaining the n-dimensional relations of the Perrin sequence. Thus, we have a
generalised expression for the hypercomplex numbers described in the form Pe(n1,n2, . . . ,nn), where n represents the amount
of imaginary variables inserted.

Theorem 4.1. Given Pe(n1,n2, . . . ,nn) the numbers in Perrin n-dimensional form, with n ∈ N and the imaginary units
represented by µ1 = i,µ2 = j, . . . ,µn. Hence, they are given by:

Pe(n1,n2, . . . ,nn) = Pe(n1)Pd(n2) · · ·Pd(nn)+Pd(n1)Pe(n2 +1) · · ·Pd(nn)µ1 + · · ·+Pd(n1)Pd(n2) · · ·Pe(nn +1)µn

Proof. Thus, it has already been demonstrated that the two-dimensional and three-dimensional relations are valid, which can
be verified by the inductive process:

Pe(n1,n2) = Pe(n1)Pd(n2)+Pe(n2 +1)Pd(n1)µ1

Pe(n1,n2,n3) = Pe(n1)Pd(n2)Pd(n3)+Pd(n1)Pe(n2 +1)Pd(n3)µ1 +Pd(n1)Pd(n2)Pe(n3 +1)µ2

Pe(n,n2,n3,n4) = Pe(n1)Pd(n2)Pd(n3)Pd(n4)+Pd(n1)Pe(n2 +1)Pd(n3)Pd(n4)µ1

+Pd(n1)Pd(n2)Pe(n3 +1)Pd(n4)µ2 +Pd(n1)Pd(n2)Pd(n3)Pe(n4 +1)µ3

...
Pe(n1,n2,n3, . . . ,nn) = Pe(n1)Pd(n2)Pd(n3) · · ·Pd(nn)+Pd(n1)Pe(n2 +1)Pd(n3) · · ·Pd(nn)µ1 + · · ·+

Pd(n1)Pd(n2)Pd(n3) · · ·Pe(nn +1)µn
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5. Conclusion

Starting from the one-dimensional Perrin recursive model and the relationship between the Perrin numbers and the Padovan
numbers, the recurrence two-dimensional, three-dimensional relations, and the inductive n-dimensional relation are explored
concerning aspects of the complexity of the Perrin model. The process of complexity of the Perrin sequence was discussed
through investigations around the addition of the imaginary unit, the dimensional increase, and its corresponding algebraic
representations.
For future work, it is possible to develop mathematical properties around numbers Pe(n,m), Pe(n,m, p) and Pe(n1,n1,n2, . . . ,nn),
extend it to the integer indexes, and identify possible applications in the domain of science.
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