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1. Introduction

The topological notions of the soft sets [1] first were introduced in two different studies in 2011. In the
first of these studies, Cagman et al. [2] have defined soft topology on a soft set. They have proposed basic
topological concepts, such as soft open set, soft interior, soft closure, soft limit point, and soft boundary
with elements of a soft set and investigated some of their basic properties. On the other, Shabir and Naz
[3] have described the concept of soft topology on a universal set. Moreover, they have suggested the
basic definitions and properties of the concept regarding a universal set’s elements. Afterwards,
Enginoglu et al. [4] have updated the definition of the soft closed set provided in [2] and several
theorems related to it to eliminate inconsistencies between definitions and theorems. So far, many
researchers have conducted studies [5-14] on various topological concepts ranging from soft separation
axioms to soft compactness.

Recently, the researchers have focused on soft a-open sets [15], soft pre-open sets [16], soft semi-open
sets [17], and soft B-open sets [16]. Akdag and Ozkan [15] have defined soft a-continuous and soft a-
open functions and investigated their relationships among the other soft continuous structures. After
that, Akdag and Ozkan [18] have introduced soft a-separation axioms by using the elements of a
universal set. Moreover, they have studied some of their fundamental properties and compared the soft
a-separation axioms with the soft separation axioms. Khattak et al. [19] have propounded soft a-
separation axioms in terms of soft points. Saleh and Sur [20] have proposed novel separation axioms
called soft a-R,, soft a-symmetric, and soft a-R; using soft points.
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The present study’s primary goal is to study some relationships concerning the soft interior and soft
closure of a soft set in a soft topological space and its soft subspace to avail from them in the next
research. The second one is to define soft a-T, space by using the soft element’s concept [5] and the soft
topological notions provided in [2,4] and analyse some of its fundamental properties.

In Section 2 of the present paper, we present the soft topological notions, such as soft element, soft open
set, soft interior, and soft closure, and some of their basic properties to be utilised in the following
sections. In Section 3, we study the relationships related to soft interior and soft closure concepts
between soft topological space and its soft subspace. In Section 4, as different from the literature, we
propose some properties related to soft a-open sets and soft a-closed sets via the concept of the soft
element. Furthermore, we describe soft a-T,, space via the soft element concept and investigate several
of its basic properties. In Section 5, we discuss soft a-separation axioms for further research.

2. Preliminaries

In this section, firstly, we present the concepts of soft sets [1,21] and soft element [5] and some of their
basic properties [4,8,21] to be employed in the following sections. Throughout this study, let U be a
universal set, E be a parameter set, and P(U) be the power set of U.

Definition 2.1. [1] Let f be a function from E to P(U). Then, the set F := {(x, f(x)) : x € E} is called a
soft set parameterized via E over U (or briefly over U).

Definition 2.2. [21] Let A € E and f, be a function from E to P(U) such that f,(x) = @ if x € A. Then,
the set Fy := {(x, f4(x)) : x € E} is called a soft set parameterized via E over U (or briefly over U).

In the present paper, the set of all the soft sets over U is denoted by S(U). Besides, as long as it causes
no confusion, we do not display the elements (x, @) in a soft set.

Definition 2.3. [21] Let F4 € S(U). For all x € 4, if f,(x) = @, then F, is called empty soft set and is
denoted by Fy, and if f,(x) = U, then F, is called A-universal soft set and is denoted by F ;. Moreover,
E-universal soft set is called universal soft set and is denoted by F3.

Definition 2.4. [21] Let F,, Fz € S(U). For all x € E, if f4(x) S fg(x) then, Fy is called a soft subset of Fg
and is denoted by F, € Fg, and if f,(x) = fz(x), then F, and Fy are called equal soft sets and is denoted
by FA = FB'

Proposition 2.5. [21] Let F,, Fg, F; € S(U). Then, F;, E Fg, Fpy SF,, F4,SF,, (F4,CFy A FgCF)=>
FA ch,(FA :FB AN FB :Fc)ﬁFA =Fc,and(FA §FB A FB gFA)@FA =FB'

Definition 2.6. [21] Let F,, Fg, Fe € S(U). For all x € E, if f-(x) = f4(x) U fz(x), then F, is called soft

union of F, and Fz and is denoted by F, U F, and if fz(x) = f4(x) N fz(x), then F. is called soft
intersection of F, and Fg and is denoted by F, N Fy.

Definition 2.7. [21] Let F4, Fg, Fc € S(U). For all x € E, if fo(x) = fa(x) \ fz(x), then F; is called soft
difference between F, and Fj and is denoted by F, \ Fp.

Definition 2.8. [21] Let F4, Fg € S(U). For all x € E, if fz(x) = f5 (x), then Fy is called soft complement
of F, and is denoted by F£. Here, f{(x) == fz(x) \ fa(x).
Proposition 2.9. [21] Let Fy, Fp, F- € S(U). Then,

i.F,UF,=F andF, A F, = F,

ii. F, UF, = F,and F, A\ Fz = F,

lii. [, UF; = Fzand Fy A Fp = Fy

iv. F,UF; =Fz UF,and F, N Fy = Fy A F,
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v.(FyUFg)UF,=F,0(Fg UF;)and (F, AN Fg) NF, = F, 0 (Fg A F,)
vi.Fy,U(Fg A F)=(FyUFg) A (FyUF)and Fy N (Fg UF,) = (Fa N Fp) U (Fy N Fe)
vii. Fy UF{ = Fgand F; D F§ = Fp
viii. (F, U Fg)¢ = F{ A F and (F, N Fp)¢ = F§ U F§
ix. (F§)* = F,
x.Fy \Fg = F,0NF§
Proposition 2.10. [4,8] Let F,, Fg, F¢, Fp € S(U). Then,
L(FA\CFg ANF,EF)=>F,NF. EFN0F,
ii. (FA€F3 ANF,SF)=>F,UF. SF;UF,
iii. (Fg, Fc EFyAFg N Fe = Fp) © Fp € (F; \ F¢)

Example 2.11. [2] Let F; = {(xq, {uq, u3}), (x5, {u,, u3}} such that U = {uq,uy, us}, E = {xq, x5, x3}, and
A = {x4,x,}. Then, all the soft subsets of F, are as follows:

Fay = {(Cer, {us )} Fag = {(x1, {fur}), (2, {uz, usH}
Fy, = {Cer, {u2)} FA10 = {(x1, {uz}), Cez, {ux )}
Fpy = {Cer, {ug, ux D} Fpie = {Cer, {uz}), (ez, {usH}
Fpy = {Cez (w2} Fpip = {Cer, {uzd), (xo, {ug, us )}
Fag = {(x2, {us}} Fayg = {Con, {ug, u2}), (2, {u2 1)}
Fpre = {(x2, {uz, ush)} Fria = {Cen, {ug, uz), (g, {ush}
Fyp = {0, {us}), (x2, {uz 1} Fay5 = Fa
Fprg = {Cey, {urd), (g, {usH} Frie = Fo

Definition 2.12. [22] Let F, € S(U) and Fyz € F,. If, for x4 € B, fz(xy) # @, and for all y € B\ {x,},
fs(y) = @, then Fy is called a soft point of F, and is denoted by Fz € F,.

Definition 2.13. [5] Let F, € S(U) and Fg € F,. If, for x4 € B, f5(x,) is a single point set and for all y €
B\ {x0}, f5(y) = @, then Fy is called a soft element of F, and is denoted by F € F,.

This study exploits Definition 2.13. Throughout this paper, the set of all the soft elements of F, is denoted
by §(F,) or briefly S. It is clear that Fz € F, and Fz € §(F,) are the same.

Example 214‘ For Example 211' {(xli {ul})}' {(xli {uZ})}' {(xZ' {uZ})}' {(xZ! {u3})} é FA and {(xll {ul})}:
{Ce2, {ua D} {2, {usH} € Fpo

Proposition 2.15. [8] Let F4, Fz € S(U). Then, F, € Fg iff € € Fg, for all € € F,. Besides, S(F; U Fg) =
{e:e€F; Vv e€F}. Namely, e€EF,UFg & c¢€F, Vec€Fg Similarly, e€EF,NFz & c€F; A
e€Fpe€F\Fp©c€F, ANe@&Fgande €EF{ ©e&F, N e EFp.
Secondly, we provide some of the soft topological notions [2,4,5,7,15,23], such as soft open sets, soft
interior, soft closure, and soft a-open sets and some of their basic properties to be used in the next
sections.
Definition 2.16. [2] Let F, € S(U) and T be a collection of soft subsets of F. If

i.Fp,Fp €T

ii. Countable soft unions of the soft subsets of T belong to 7.

iii. Finite soft intersections of the soft subsets of 7 belong to 7.

then 7 is called a soft topology on F,. Moreover, the ordered pair (F,, T) is referred to as a soft topological
space.
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Here, this study utilizes the arbitrary soft unions instead of the countable soft unions provided in
Definition 2.16.

Definition 2.17. [2,4] Let (Fy4, T) be a soft topological space. Then, every element of 7 is called a -soft
open set (or briefly soft open). Furthermore, if F5 € £, then F, \ Fj is referred to as a #-soft closed set
(or briefly soft closed).

From now on, set of all the soft closed sets of (Fy4, 7) is denoted by zk,
Proposition 2.18. [2,4] In (F,4, ), Fp and F4 are both soft open and soft closed.

Example 2.19. For Example 2.11,7 = {Fd,, Fp,Fp ) Fass FA14} is a soft topology on F4 and so (Fy, ) is a soft
topological space.

Definition 2.20. [2] Let (F,,¥) be a soft topological space and Fz € F,. Then, the collection
{FAi NFg: Fp, €T, 1€ I} is called a soft subspace topology on Fg and is denoted by 7, . Moreover,
(FB, fFB) is referred to as a soft topological subspace of (F,, T).
Proposition 2.21. [2] Let (F,, ¥) be a soft topological space and Fz € F,. Then, a soft subspace topology
on Fy is a soft topology on Fj.
Example 2.22. For Example 2.19, Tr,, = {F(p, Fpo) FAl] and Trp, = {Fd,, Faip0Fay FA11} are soft subspace
topologies on Fy, and F,, ,, respectively. Therefore, (FA7,fFA7) and (FA12’fFA12) are soft topological
subspaces of (Fy, 7).
Theorem 2.23. [4] Let (FB, fFB) be a soft topological subspace of (Fy, ©). If F; € T, then there exists at
least one Fj, € % such that F; € Fp,.
Theorem 2.24. [4] Let (F,, T) be a soft topological space. Then, £¥ provides the following conditions:

i. Fy and F, are soft closed.

ii. Arbitrary soft intersections of the soft closed sets are soft closed.

iii. Finite soft unions of the soft closed sets are soft closed.

Definition 2.25. [5] Let (Fy4, T) be a soft topological space, Fg € F4, and & € Fp. If there exists at least one
F; € ¥such that ¢ € F; and F € Fp, then ¢ is called a T-soft interior point (or briefly soft interior point)
of Fz. Moreover, the soft union of all the soft interior points of Fy is called #-soft interior (or briefly soft

interior) of Fz and is denoted by Fj .

Definition 2.26. [2] Let (Fy4, T) be a soft topological space and Fz € F,. Then, the soft intersection of all
the soft closed sets containing Fy is called 7-soft closure (or briefly soft closure) of Fz and is denoted by
Fg.

Proposition 2.27. [2] Let (F,, ) be a soft topological space and Fz € F,. Then, the soft interior of Fg is
soft union all the soft open subsets of Fg. In other words, Fj is the biggest soft open set contained by
Fg. Moreover, Fy is the smallest soft closed set containing Fj.

Proposition 2.28. [2] Let (F,, T) be a soft topological space and Fg, F; € F,. Then,
LFseteFz=F5
ii.Ffpett o Fy =T
iii. (Fy") = Fy" and (Fp) = Fy
iv. (F EF, > Fy € F;')and (F3 € F; > Fz £ F)

v.Fy AF, = (FgAF)and (Fs N F,) EFg N F,
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Vl FBO U FCO g (FB O Fc)o andE 0 F_C = (FB U Fc)

vii. FBO g FB g E
Theorem 2.29. [2,4] Let (F,, T) be a soft topological space and Fg, F; € F,. Then, € € Fy iff, for all F; € %
such that ¢ é Fc, FB ﬁ FC * F,p.

Proposition 2.30. [7] Let (Fj, Tf, ) be a soft topological subspace of (Fy, #) and F; € Fy € F,.
i. Fo € fFBk iff there exists at least one Fj, € ¥ such that F. = Fp, N Fj.
ii. If F¢ € %, then F¢ € 5.
iil. If F¢ € £, then F; € %"

Proposition 2.31. [23] Let (F,, %) be a soft topological space and Fg, F; € F,. If Fy is soft open, then
FyAF; € FzNF,.

o

Definition 2.32. [15] Let (F,, ) be a soft topological space and Fz € F,. If F5 € (E) , then Fj is called
a soft a-open set in %. If Fy is a soft a-open set, then F, \ Fj is called a soft a-closed set in .

Hereinafter, the set of all the soft @-open sets and all the soft a-closed sets in (F4, ) are denoted by
Sa0(7) and SaC(T), respectively.

Proposition 2.33. [15] In a soft topological space, the arbitrary soft unions of soft a-open sets are soft
a-open set. Moreover, the arbitrary soft intersections of soft a-closed sets are soft a-closed set.

Definition 2.34. [15] Let (F,, ) be a soft topological space and Fgz € F,. Then, -soft a-interior (or
briefly soft a-interior) of Fy is defined by U{F; € Sa0(%) : F, € Fg} and is denoted by (Fg),, and #-soft
a-closure (or briefly soft a-closure) of Fg is defined by N{F; € SaC(%) : Fg € F;} and is denoted by
(F—B)Cl'
Proposition 2.35. [15] Let (Fy4, T) be a soft topological space and Fg, F € F,. Then,

i. Fg € SaC(¥) & (Fg)y = F3

ii. Fg € Fe = (Fp)a € (Fo)a
Theorem 2.36. [15] Let (F,4, %) be a soft topological space and Fy € F,. Then, Fz € SaC (%) iff (Fz)° € Fp.

Theorem 2.37. [23] Let (F,, T) be a soft topological space and Fg, F; € F,. Then, Fg € Sa0(%) iff there
exists at least one F € ¥ such that F; € Fz € (F,)".

3. Relationships between Soft Interior and Soft Closure in Soft Topological Spaces and
Their Soft Subspaces

This section studies several properties containing relationships between the soft interior and soft
closure of a soft set according to a soft topological space and its soft subspace.

Theorem 3.1. Let (Fy, T) be a soft topological space and Fz € F,.
i. If Fp is soft open, then Fp € E.
ii. If Fy is soft closed, then (Fg)° € Fj.
Proof. Let (F,, T) be a soft topological space and Fg € F,.
i. If Fy is soft open, then Fy = Fj . Moreover, from Proposition 2.28 (vii), Fz € Fg. Thus, F5 & E.

ii. If Fp is soft closed, then Fy = F;. Moreover, from Proposition 2.28 (vii), FBo € Fg. Thus,
(Fz)" € Fp.
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The converse of the propositions provided in Theorem 3.1 is not always correct. This situation is proved
with the following example.

Example 3.2. For Example 2.19, F,,” = F,, = F4. Thus, Fy, € F,,, but Fy, is not soft open. Similarly,

(ﬁs) =F,,, = Fop.Thus, (E) € Fj,, but F, . is not soft closed.

Theorem 3.3. Let (F,, ) be a soft topological space and Fg, F; € F,. If Fg is soft open, then Fg A F; =
Fy AFc.

Proof. Let (F,, T) be a soft topological space, Fg, F; € F,, and Fg be a soft open. Then, from Proposition
231, FAF,EFzNF, and from Proposition 228 (iv), FznF; € (Fz N Fc). Therefore,
Fg 0\ F. € Fz 0 F,. Moreover, since Fj is soft open, then Fy € Fj . From Proposition 2.28 (vii), F, € Fp.

Therefore, Fg 1\ Fe € Fy' A Fz and so Fz N Fz € Fg N F,.. Consequently, Fz N Fp = Fg N Fe.

Theorem 3.4. Let (Fp, #r, ) be a soft topological subspace of (F, ¥) and F; € Fp € F,.
i. If Fg € Tand F; € 75, then F; € T.
ii. If Fp € % and F; € #,", then F, € t*.

Proof. Let (Fj, F, ) be a soft topological subspace of (Fy, ) and F; € Fy € F,.

i. Let Fg € 7 and F; € 7. Then, there exists at least one Fj, € 7 such that F; = Fp N Fg. Moreover,
since Fg, F, € %, then Fj, N Fy € %. Therefore, F € .
ii. Let F; € % and F € fFBk. Then, from Proposition 2.30 (i), there exists at least one Fj, € ¥ such

that F, = Fp N Fg. Moreover, since Fg, Fj, € %, then F;, N\ Fy € £*. Therefore, F, € £*.

Henceforth, FB°T1 and ETlindicate 7,-soft interior and 7, -soft closure of Fg, respectively.

Theorem 3.5. Let (F4, ;) and (F,, T,) be two soft topological spaces and Fg € F,. Then,
L7, CT,oF 1 CFT
i, Cf,oF 2 Ch"
Proof. Let (F4, ;) and (F,, T,) be two soft topological spaces and Fz € F,.
i. (®): Let?; C 7, and € € F5 '*. Then, there exists at least one F € %, such thate € F. and F. € Fj.
Since #; € f,, then F, € f,. Thatis, there exists atleast one F; € ¥, such thats € F. and F; € Fp.
In other words, ¢ € F5 ** = ¢ € Fp 2. Hence, F5 °* € Fj 2.
(): Let Fg ™ € Fy™™2, for all Fz € F,. Then, for all F, € 7;, the hypothesis is valid. Since F, =
F.™1, then F, € F."2. Besides, F, > € F,. That is, F, > = F,. Therefore, F, € ¥, = F; € %,.
Hence, T; € T,.
ii. (®):Let?; S f,andc € Efz. Then, from Theorem 2.29, for all F. € T, suchthate € F, Fy 0N F, #
Fy.Since %, C %,, then for all F € %, such thate € F,, Fy I\ F. # Fy. Therefore, ¢ € F; *. Hence,
E‘fz - E‘T&.
(€): Let Efz c Eﬂ, forall Fy € F,. Then, forall F, \ F; € %, the hypothesis is valid. Since F, =
F. ', then F, ? € F,. Besides, F. € F, 2. Thatis, F, ? = F,. Therefore, F; \ F; € %,. Hence, 7, €
%,.
Theorem 3.6. Let (Fp, #r, ) be a soft topological subspace of (F, ¥) and F; € Fp. Then,

i. F,p SF; '8
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i. Fp "2 EFg
Proof. Let (Fp, fFB) be a soft topological subspace of (F,, ¥) and F, € Fp.

i. Let € € F,". Then, there exists at least one Fj, € ¥ such that € € F, and F,, € F. Therefore, from
Proposition 2.30 (ii), there exists at least one Fj, € Tf, such that ¢ € Fp and Fj, € F,. Therefore,

€ € F; 'F. Hence, F, € F, 'Fs.

ii. Let £ € F . Then, from Theorem 2.29, for all Fj, € g, such that & € Fy, F¢ N Fp, # Fyp. Besides,

for all Fj, € Tp,, there exists at least one Fy € ¥ such that F, = Fy 1 Fp. Since Fx N\ Fy € Fy and
Fy € %, then for all Fx € T such that ¢ € Fy, F; N Fx # F,. Therefore, ¢ € F.. Hence, F_C%FB C F.
Theorem 3.7. Let (FB, fFB) be a soft topological subspace of (F,, ¥) and F; € Fg. Then,
i.IfFg € 7, thenF,. 8 C F, .
ii. IfFy € 7, then Fy & F, 'B.
Proof. Let (Fj, Tf, ) be a soft topological subspace of (Fy, ) and F¢ € Fp.

i.Let Fpefand ¢ € FCO%FB. Then, there exists at least one Fp € 75, such that ¢ € Fp and F,, € F,.
Therefore, from Theorem 3.4 (i), there exists at least one Fj, € T such that ¢ € F, and F, € F.
Thus, € € F,; . Hence, F, F5 € F,".

ii. Let Fg € T and ¢ € F,. Then, from Theorem 2.29, for all F, € £ such thate € Fp, F. N F, # Fp.
Moreover, for all Fp N Fgz € T such thate € Fp N Fg, F; N (Fp N Fg) # Fp. Therefore, for all

Fp 0\ Fg € T, suchthat e € Fy, N Fp, Fg 0 (Fp 0 Fg) # Fp. Thus, € € F, "8, Hence, Fy & F, '®.

Corollary 3.8. Let (FB, fFB) be a soft topological subspace of (F,, ), Fz € £, and F; € Fg. Then,

iL.F. =F s

ii. Fp = Fo 'e
Corollary 3.9. Let (Fg, r,,) be a soft topological subspace of (F4, ) and F; € Fp € F,. Then,

i.F, NFy CF s

ii. Fp 78 = Fp 1 Fy
Proof. Let (Fj, Tf, ) be a soft topological subspace of (Fy, ) and F; € Fg € Fj. Then,

i. From Theorem 3.6 (i), F,’ A Fy € F, € F. s,

ii. rom  Theorem 3.6  (ii), F_C%FB CF.NFz. On the other hand, let
e EF,NFg Then, ¢€F;ande € Fz. That is, for all Fx € ¥ such thate € F, F. 0 Fy #
Fp and € € F. Therefore, for all Fy N Fp € 7z, such thate € Fi N Fp, Fc N (Fx N Fp) # Fyp and

so e € F, "8 Hence, F, 1 Fy € Fz "2, Consequently, Fz "8 = F (i F.
Theorem 3.10. Let (FB, fFB) be a soft topological subspace of (F,,%¥) and Fz,F. € F, . Then,
Fg P " € Fy A F.
Proof. Let (Fg, Tr, ) be a soft topological subspace of (Fy, ¥) and Fp, F¢ € F,. We have Fg 1 F; € Fp € F,.

Because of Corollary 3.9 (ii) and Fg € Fjg,
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4. Soft a-open Sets and Soft a-T, Spaces

In this section, we introduce some properties of soft a-open sets and soft a-closed sets. Moreover, we
define soft a-T,, space and study some of its basic properties.

Theorem 4.1. Let (F,, ) be a soft topological space and Fg, F; € F,. If F5 € T and F; € Sa0(%), then
Fy A Fq € Sa0(%).

Proof. Let (F,, T) be a soft topological space, Fg, F. € F,, Fg € %, and F; € Sa0(%). Since
Fg €% A Fe €Sa0(8) = Fy=Fy A F € (F")
= Fy W EFy 1 (F)
= Fp AN F: € (Fg N F—C"), from Proposition 2.28 (v)
=>FgNF. C (W)o, from Proposition 2.31
= Fy N F, € (Fg° D Fe)
= Fy i Fy € ((Fg D Fp)°)
then Fgz N F; € Sa0(%).
Theorem 4.2. Let (Fp, Tz, ) be a soft topological subspace of (Fy, %) and F¢ € Fp € Fy. If F; € Sa0 (%),
then F¢ € Sa0(%ry).
Proof. Let (Fj, Tr, ) be a soft topological subspace of (Fy, ) and F; € Fg € Fj. Then,
F;. € Sa0(¥) = 3F, € 3 Fp € F; € (Fp)’, from Theorem 2.37
= 3F, NFg €Tp, 3 Fp NFz EF NFz € (Fp) NFp
= 3F, €Tr, 3 Fp SF. € (Fp) NFp
(Since F;, € F, € Fg, then F, N Fg = F;, and F; 0 Fg = F;.)
= 3Fp €Tp, D Fp EF; C (Fy) " A F, from Theorem 3.6 (i)
= 3F, €%, 3 Fy EF, EF, "5 A Fy rs
(Since Fg € Tp,, then Fp = FBO%FB 2
= 3AF, €tp, 3 F, EF, E(Fp N Fy) ™5, from Proposition 2.28 (v)
= 3F, €Etp, 2 Fp EF, € (Efpg)"%’ from Corollary 3.9 (ii)
(Since Fp € F, € Fy € F,, then F, "8 = F, 11 Fy)
= F¢ € Sa0(#r,)

The converse of the Theorem 4.2 is not always correct. In other words, a soft a-open set in a soft
subspace of a soft topological space is may not soft a-open set in a soft topological space. This situation
is shown in the following example.

Example 4.3. For (Fy,%) and (Fay,,r,,, ) provided in Example 2.19 and Example 2.22, Sa0(%) =

{Fo, Fay, Fag, Fay Fag Fags Fayy, Fay,o Fa} and Sa0 (Te, ) = {Fo, Fa, Fay,, Fay, ). Hence, Fa, € Sa0 (%, )
but F,, € Sa0 (7).

Theorem 4.4. Let (F,, T) be a soft topological space and Fg € F,. Then, Fz € SaC(%) if and only if there
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exists at least one F, € ¥ such thatF_Co C Fz CF,.
Proof. Let (F,, T) be a soft topological space and Fz € F,.
(=): Let Fz € SaC(%). From Theorem 2.36, (Fg)° € Fz.Since Fz € Fg and Fy € ¥, then (F5)° € Fz € Fp.

(€): Let there exists at least one F, € £% such that .~ € Fy € F,. Since F, € ¥, then F = F,. Thus,
(F¢)" € Fg € Fg. Since (F;)® € Fg, then Fy € SaC (D).

Definition 4.5. Let (F,, T) be a soft topological space, Fy € F,,and ¢ € Fg. If there exists at least one F; €
Sa0(%) such that ¢ € F; and F; € Fg, then ¢ is called a £-soft a-interior point (or briefly soft a-interior
point) of Fg.

Theorem 4.6. Let (F,, ) be a soft topological space and Fg, F; € F,. Then, Fy \ (Fg), = (FA \ FB);.

Proof. Let (F,, T) be a soft topological space and Fg, F; € F,. Then,

Fy i (FB)a =F, i ﬂ FAi = U (FA KFAL') = (FA iFB)a
FpEF4; Fa\F4,;EF4\Fp
Fa\F4;€Sa0(%) Fp\F4,€500(%)

Theorem 4.7. Let (F,, ) be a soft topological space and Fg, F; € F,. Then, € € (Fg), iff, for all F; €
SaO0 (%) such that e € Fg, Fg N F; # Fp.

Proof: Let (F,, T) be a soft topological space and Fg, F € F,.

(=): Let & € (Fg)q. Then, € € F4 \ (Fz),. From Theorem 4.6, ¢ € (F, KFB);. Thus, there exists at least
one F € Sa0(%) such that € € F, € F, \ Fg. From Proposition 2.10 (iii), there exists at least one F, €
Sa0(%) such that € € F- and Fg N F; = F,.

(€): Let there exists at least one F, € Sa0(%) such that e € F;, Fg N F; = F,. From Proposition 2.10
(iii), there exists F, \ F¢ € SaC(%) such that Fgz € F, \ F;. In this case, from Proposition 2.35,
(Fp)a € (Fa\ Fc), = Fa \ Fc. Hence, & & (Fp),-

Definition 4.8. Let (F,,7) be a soft topological space. For all &, €, € F, such that &; # &,, if there exists
at least one Fg, F; € Sa0(%) such that (&, € Fz A &, & Fg) or (& & F¢ A &, € F¢), then (F,, ©) is called
a soft a-T, space.

Example 4.9. Let us consider Example 4.3. Since F4 = {(xq, {us,u;}), (x2, {uz, us} and Fy, Fay, Fag €
Sa0 (%), then

{C, {u D} E Fpy and {(xq, {u, )} [ Fpq {C, D} E Fyq and {(x,, {u,})} ¢ Fyq
{Cen, {fu D} E F,, and {Ce2 {uz D} é Fay {Cx, {1} € Fygq and {(x,, {u,}} ¢ Fygq
{(x, {u} € Fy, and {(x2, {us))} € Fyq {(ra, {u )} € Fpg and {2, {usH} € Fpg

Therefore, (F4, ©) is a soft a-T, space. On the other hand, for {(x;, {u;}}, {(x2, {u3s})} € F,_,, there do not
exist Fg,F; € Sa0(%) such that ({(xl,{uz})} €EFz A {(xy,{usD} € FB) or ({(xl,{uz})} éF; A
{(x5,{usP} € FC). Hence, (FA12' fFAu) is not a soft a-T, space.
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Corollary 4.10. Every soft subspace of a a-T space is not always a soft a-T; space. Therefore, being soft
a-Ty space is not a hereditary property.

Theorem 4.11. Let (Fy4, T) be a soft topological space. Then, (F,, ) is a soft a-T,, space if and only if for all
£1,& € Fysuchthate; # &5, (1) g # (62)4-

Proof.

(=): Let (F4, ) be a soft a-T, space. Then, for all &;, &, € F, such that &; # &,, there exists at least one
Fg,Fc € SaO(%) such that (& EFg A &, € Fg) or (& € Fc A &, EF;). Let & € Fz and ¢, & Fp. Since
&, & Fg, then &, N Fg = Fy. Thus, there exists at least one Fg € Sa0(%) such that&; € Fg and &, N Fp =
Fp.Because of Theorem 4.7, &; & (&,),. Moreover, since &; € (&), then foralle;, e, € F, suchthate; #
€2, (8—1)05 it (S—Z)a-

(): Let for all &;,&, € F; such that &; # &, (£])4 # (£2)4- Since &; € (1), and (g1)4 # (£2)4, then
g & (e_z)a. Because of Theorem 4.7, there exists atleast one Fz € Sa0(%) suchthate; € Fyande, N Fg =

Fg. Thus, there exists at least one Fg € SaO(%) such that &; € Fg and €, & Fp. Therefore, (F4, T) is a soft
a-T, space.

Example 4.12. For (FA7,fFA7) provided in Example 2.22, Sa0O (fFA7) = {F¢,,FA1,FA7} and SaC (fFA7) =

{F¢;FA4;FA7}- For {(xq, {u D}, {(x2, {u D} € Fy,, since {(xr, {lwD}e = Fy, and {Ce2 {u2P}e = Fy,, then
{(x1, {u1D}a # {(x2, {uzD) 3o Therefore, (FA7, fFA7) is a soft a-T, subspace of (Fy, ).

5. Conclusion

This paper studied relationships between the soft interior and soft closure of a soft set in soft topological
spaces and their soft subspaces through the concept of the soft element. Thus, the validity of many
propositions on various generalizations of soft open sets can be proved easier. We then provided a few
theorems concerning soft a-open sets and soft a-closed sets. Moreover, we defined soft a-T, space and
investigated its basic properties. We showed that every soft subspace of a soft a-T,, space is not always
a soft a-T, space.

In the future, researchers can study that every soft subspace of a soft a-T, space is a soft a-T, space
under which condition or conditions. Moreover, they can define through the concept of the soft element
the other soft a-separation axioms, i.e., soft a-T; space, soft a-T, space (soft a-Hausdorff space), soft a-
regular space, and soft a-normal space.
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