http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 3, Pages 731-{751] (2022)
DOI:10.31801 /cfsuasmas.962040

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: July 4, 2021; Accepted: February 22, 2022 SERIES Al

MULTIVALENT HARMONIC FUNCTIONS INVOLVING
MULTIPLIER TRANSFORMATION

Vimlesh Kumar GUPTA!, Saurabh PORWALZ2, and Omendra MISHRA?

IDepartment of Mathematics and Applied Science, B. N. College of Engineering
and Technology Lucknow-226201, (U.P.), INDIA
2Department of Mathematics, Ram Sahai Government Degree College
Bairi-Shivrajpur, Kanpur-209205, (U.P.), INDIA
3Department of Mathematics and Computer Science, Babu Banarasi Das
University, Lucknow, (U.P.), INDIA

ABSTRACT. In the present investigation we study a subclass of multivalent
harmonic functions involving multiplier transformation. An equivalent con-
volution class condition and a sufficient coefficient condition for this class is
acquired. We also show that this coefficient condition is necessary for functions
belonging to its subclass. As an application of coefficient condition, a neces-
sary and sufficient hypergeometric inequality is also given. Further, results on
bounds, inclusion relation, extreme points, a convolution property and a result
based on the integral operator are obtained.

1. INTRODUCTION

A continuous complex-valued function f = u + ¢v which is defined in a simply-
connected domain D is said to be harmonic in D if both w and v are real-valued
harmonic in D. In any simply-connected domain D C C we can write f = h + g,
where h and g are analytic in D, where h is called the analytic part and g is called
the co-analytic part of f. A necessary and sufficient condition for f to be locally
univalent and orientation preserving in D is that |h/(z)| > |¢'(2)] in D (see [6]). Let
H denote a class of harmonic functions f = h 4+ g which are harmonic, univalent
and orientation preserving in the open unit disc A = {z : |z| < 1} so that f is
normalized by f(0) = h(0) = f,(0) — 1 =0.

2020 Mathematics Subject Classification. 30C45, 30C50.

Keywords. Multivalent harmonic functions, uniformly starlike functions, generalized hyperge-
ometric functions, convolution.

Hvim987Q@gmail.com; “20000-0001-7050-494X

Hsaurabhjcb@rediffmail.com-Corresponding author; “20000-0003-0847-3550

S mishraomendra@gmail.com “20000-0001-9614-8656.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

731



732 V. K. GUPTA, S. PORWAL, O. MISHRA

It should be worthy to note that the family H reduces to the well known class
S of normalized univalent functions if the co-analytic part of f is identically zero,
that is if g = 0.

The concept of multivalent harmonic complex valued functions by using argu-
ment principle, was given by Duren et al. [8]. Using this concept, Ahuja and
Jahagiri [1], [2] introduced a class H (m) of m-valent harmonic and orientation pre-
serving functions f(z) = h(z) + g(z) , where h(z) and g(z) are m-valent functions
of the form

h(z) =2"+ Z anz”, g(z) = Z bpz", [bm| <1,meN={1,2,3...} (1)
n=m-+1 n=m

which are analytic in A = {z:]z| <1}. For p,q € Ny = NU{0} complex pa-
rameters «; (1 =1,2,...,p) and B;(# —n,n € N) (i = 1,2,..,q), the generalized
hypergeometric function ,Fy (a1, ....ap, By, ....B452) = pFy ((ai);(B;) 5 2) is defined
by

= (a I (ap)n n
qu((ai)é(ﬁi)W):;mz (p<g+lz€A) (2)

where (\),, represents the Pochhammer symbol defined, in terms of Gamma func-
tion, by

) _T'(A+n) 1, n=0,A#0
" T LA+ A+2)..(A+n—1),nEN
The convolution of two analytic functions ¢ (z) = > 02 a,2" and ¢ (z) =

Yoo o bnz™ defined on A is an analytic function given by

G(2) %0 (2) =D anbp2" =1 (2) x ¢ (2).

For a; € C (j=1,2,...,p) and B; € C\{0,-1,2,...} (j = 1,2,...,q), Dziok and
Srivastava [9] introduced the following operator for an analytic function h(z) of the
form is given by

HETag]h(z) = 2™ pFy(an,....ap; By, By 2) x h(2) (3)

Y On(lon]spsg)anz” (4)
n=m-+1
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where

P
1)m
i=1

q

T (B ™

=1

n > m. (5)

gn([al] D5 q) =

Several results on harmonic functions by involving generalised hypergeometric func-

tions and involving certain linear operator have recently been studied in [3H5)/11}-

16,/181|19}22]. Motivated with the operator defined by Srivastava et al. in |2% we
(1

define a mutiplier operator £f\’7[;‘7 ;] for an analytic function h(z) of the form as
follox(z)v?: |
£/\’7Z(11 h(z) = h(z)
1, (03 6% z !
£30I0(=) = £33, h(z) = (1= NHE [l h(z) + 25 (HE [a] h(2))' (A > 0)
2, a 1,
Lipal2) = £, <"€A,£0,tlz]h(z))
and in general for t € N,
t,a a t—1,«
L0 h(2) = £, 4 (£ (=)
The series expression is given by
oo
L3 Gahlz) = 2" + Z 0% (a1; A ps q)anz", (6)
n=m-1
where
p t
[T (ai),,_
1 n—m A(n —
0L ([oa]s Nipsg) = | 5 [mnj(n(fm;l)} ,(neN,n>m,teNp). (7)
l:ll(ﬁi)nf ’

Similarly for the analytic function g(z) given in 7

oo

£57,902) = 3 Bl Xirs 5)bn” (3)

n=m

where

=

oL ([ya]s hms8) = |

(2

i [m + A(n —m)]
(5i)n—m+1 m(n —m+ 1)!

Il
-

,(neN,n>m,t eNy).

—,

1
(9)
We note that when ¢ = 1 and A = 0 the linear operator £ t)\ol‘f a would reduce to the
operator HE;9 [c1] which includes (as its special cases) various other linear operators
introduced and studied by Hohlov et al. |7], Owa [17] and Ruscheweyh [21].
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Now, for f = h+g € H(m) (where h(z) and g(z) are of the form (1)), in terms of
the operators defined in @ and (8)) we defined a linear operator £ ﬁ\pr‘i ([ea] s [v1)) ==
Z:H(m)— H(m) by

If(2)=£35,h(2) + £571,9(2)- (10)

For the purpose of this paper, on applying the linear operator Zf(z), moti-

vated with the class defined in [10] we define a class R, ([al]p’q vl Bi A k;) of
functions f € H (m) if it satisfy the condition

%{(1)\)1‘;(5) I(ffn))) + Mk ( m)//

Where/\>00<k;§1,O§B<mandz:rei9(r<1,9€R),z’:a%(z),z”z

o (2), (Tf(2)) = & (Tf(2)) and (Tf(2))" = $5= (Tf(2)).

Based on some particular values of A and k, we denote following classes:
(1) for A = 0’ an ([al]pq’ Y1 re’B’O k) (al pq?[vl]rs75 k)

(2) forAzLan([al]pq,ms,ﬁ,l B) = Bl ([01],05 Dl 8 F)
(3) 0) cm(alpq,mm,ﬁ,)
) for k=1, ([aﬂpqmﬂmml) D ([0 (1], 50
(5) for A =1 and k=0 R, ([nl,, o D], 58:1,0) = B2, ([oal, g s 1), 8)
(6) for \=1and k=1 R, ([oq g MlpsiBi L, 1) = Fy, ([m]m [l ;5)

Let H (m) be a subclass of H(m) whose members f = h+g are such that, h
and g are of the form

+A(1 - k)( > —

(If(Z))”} LR,

3

h(z)=2"— Y lan|2", g(z) = > |bul 2" [bm| < 1. (12)
n=m-+1 n=m

We further denoteﬁfn),~c <[a1]p,q il s B )\) =R . ([al]pﬂ slesi B )\) NH (m).

In this paper, an equivalent convolution class condition is derived and a coeffi-
cient inequality is obtained for the functions f = h +g € H(m) to be in the class

an’k ([al]p 4 V1,43 5; A). It is also proved that this inequality is necessary for
f=h+7tobein Efnk ([al]pq NI ;B;)\) class. As an application of coeffi-

cient inequality a necessary and sufficient hypergeometric inequality is also given.
Further, based on the coefficient inequality, results on bounds,inclusion relations,
extreme points, convolution and convex combination and on an integral operator
are obtained.

Throughout in this paper, we consider that the parameters involved in the opera-
tor £529 [m, [on]; [y,]] suchas oy (i = 1,2,...,p) ,v; (i =1,2,...,r), B, (i = 1,2, ... q),

A,r,8
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8; (i=1,2,..,s), are positive real and 0", (a1; \; p; q),
are bounded with 67 (cy; \; p; q) > -, O (13 N 73 8)

oL (v13 A7 ) given by (@), (@)
> (n>m).
2. COEFFICIENT INEQUALITY

Theorem 1. Let A > 0,0 <k <1,0< 8 <m,m e N. If the function f =h+7g €
H(m) (where h and g are of the form (1)) satisfies

i |m2 + A(n —m)(kn + m)}

0 (13 \ip; @) |an| +

L m (m — )
o) 2 A kn —
2 i ﬁ:(;m)(ﬂ)n m)|¢2(71;A;7‘;8)\bn\ <1, 13)

n=m

then f is sense-preserving, harmonic multivalent in A and f € an,k ([al]p’q , [vl]m | 3; )\) )

Proof. Under the given parametric constraints, we have
’m2—|—)\(n—m)(kn+m)| n fm2—|—)\(n+m)(kn—m)|
0, and — <
m (m — ) m m (m — f3)

Thus, for f =h+g € H(m), where h and g are of the form (1], we get

o0 oo
W) = mle™ = Y nlan] 2" 2 mle™ [1— > :llanI]

<

¢, 1 > M.

(14)

n
m

n=m-+1 n=m-+1
el 2 m? + M —m)(kn + m)|
me1 | o= |m?+ X(n +m)(kn —m) > e
> mlz ' |J;n‘ m(m — ) ’¢n|b”|‘| >7;nn|bn|‘z| '
> |g'(2)|

which proves that f(z) is sense preserving in A. Now to show that
feRt ([al]pq ) s ;6;)\,k> , we need to show , that is

%(,f) - TR, (If(z))”} - %Z €A (15)

(Zm)/ (Z'm>”

R {(1 —-A) —
Suppose

Zf(2)

A) = (1= N =2 + AL K) (1) | IR

(zm) (zm)"

It is suffices to show that
A(z) -1

<L
Az) -2 41
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Series expansion of A(z) is given by

S k
1+ ) 92([@1];A;p;q){1+A(;1)(£+1}anznm+

n=m-+1
} b,z"z"™

> dhbulires) {14 + 1)

A(z)

kn 4
m
and we have
2

A(z) - 22 41— A(z) -1

‘(2) m+‘ |A(2) = 1
‘2(1 — 2+ 30 O] i p ) {1+ A2 - D(A2 + 1} a2

50 (Dl Xsmis) {14 A + (5 = D} bz

S O (en] s xipsg) {1 AR — DA 1)z
F300 b () A s) {14+ A (2 + 1) (A2 — 1) b,z

> T}llQ(m—ﬂ)—néﬂﬁ([al];)\;p;q) m+>\(n—m)(%”+1) Jn] |2
= 3 bl xr) mo+ Mo my (2 = ) o 272 -
i 192([a1];/\;p;q) m+/\(n—m)(%"+1) lan] |7
nmt
- i On([1]5 Ai73 8) m+A(n+m)(%” — 1) 1ol 27 |Zm{]
N % [Q(m_ﬁ)_2n§:+192([041];/\;p;q)‘m+>\(n—m)(’j:+1 Jan [
—2 i On (il Airss) m+)\(n+m)(%” _ 1)‘ bl 2] |Z_m}]
> 0

by when z = r — 1 and this proves Theorem ([l

In our next result we show that tile above sufficient coefficient condition is also
necessary for functions in the class R}, ([a1], ., [v1], i85 MK )

Theorem 2. Let A > 0,0 < k < 1,0 < 8 < m,m € N.and let the func-
tion f = h+g € H(m) be such that h and g are given by . Then f €
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Eﬁn ([al]p’q , [%]ns 1B A, k) if and only if holds. The inequality 1s sharp
for the function given by

S m (m — )

flz) = 2" - |zn| 2" (16)

n:zm:H m? + A(n — m)(kn +m)| 07, ([a1] ; \s ps q)

3 m (m — j3) :
oo M2+ A+ m) (kn —m)| &, ([v1]5 As7s )

Z:’)LO:m-‘,-l |1’n| + Zzo:m |yn| = 1

Proof. The if part, follows from Theorem [T} To prove the "only if part” let f = h+
g € H (m) be such that h and g are given by and f € R, ([al]p7q SVl B5 A k) ,

then for z = re® in A we obtain

8?{(1—)01‘;5;2)

[Yn| 27,

LA S LS (A B

(=Y (zm)”
£ 1)) — = (£700)

L)+ 000 e

AL mz™

2 (55,0 2 (£5,0) + 2 (E7106) + = (B90))’

m2z™m

‘an‘ |Z" m|

PORUACHEPY )’1+A(—1)(’m+1

n=m-+1
- 13 k’fL n —m
ZQS,L ([v1]; X575 9) 1—|—)\( +1)(E_1) by [Z ||z |
.8
m

The above inequality must hold for all z € A. in particular z = r — 1 yields
the required condition (13). Sharpness of the result can easily be verified for the
function given by

(9). O

Corollary 1. f € gtm ([al]nq [V1ly3 85 k) if and only if

> =gy Pnllealipia) lan] +

n=m-+1
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; m(bn(hﬁ] ;7’;5) |bn| < 1

n=m

holds.
Corollary 2. f € Bt, ([al]p,q [l ;ﬁ,k) if and only if

I~ |m2+(n—m)(l€n+m)| ¢ (oo o) la
n:zm:-i,-l m(m—,@) gn([ 1]7paQ)| n""
2L |m? + (n 4+ m)(kn —m)| , e

Y g (bl <

holds.
Corollary 3. f e C?, ([al]p,q 71l 3 55 )\) if and only if

[e%s} m2 " — m)m
n;;;1| ;122-—5)) |9iﬁaﬂ;A;pun|anw+
0o |m2—|—/\(n—|—m)m} ; s
7; mm—p)  ‘nlbnlidiris)lal <1

holds.
Corollary 4. f € D, ([al]p’q il s Bs )\) if and only if

- m2 + A ’I’L2 — m2
Z ‘ ( )|9;([a1];)\;p;q) |an|+
n=m+1 m (m — 3)
= m2 4 A(n? —m?)| ,
i\ 7;8) [ba| <1
; mm—p ol ) [ba|
holds.
Corollary 5. f € Eﬁn ([011],,,,1 ) [’71]T75 ;ﬂ) if and only if
= m2 + n—mm
Z ‘ m(gn_ﬁ)) ’9;([041] iD;q) lan| +
n=m-+1
.- |m2+(n+m)m’ .
. <
;n m(m— ) ¢n(['yl]>7"73)‘bn‘ <1
holds.

Corollary 6. f ¢ ﬁfn ([al]p,q vl ;ﬂ;) if and only if

(oo}

|m? + (n? — m?)|
2 m (m — f3)

0! ([a1] ;13 @) |an| +

n=m-+1
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2 L r:(: __57;1 )|¢Z([vl] i738) by < 1

holds.

On applying coefficient inequality , we get a sufficient condition in the form
of hypergeometric inequality for certain function f = h+ g € H(m) to be in

Rt ([al]pﬂ TVl s 385 k) class and it is proved that this inequality is necessary
for certain f € R, ([al]p,q Jlesi B A k)

Corollary 7. Let A > 0,0 < k < 1,0 < 8 <m,m € N, and let the function
f=h+ge€ H(m) where h and g are of the form be such that

m(m — )

L Y rgmmpeny v rpeny AL L (17)
and (18)
b | m (m — 5) n>m. (19)

S R Amrm)n—m) "

If incasep=q+1) > 8, — > a; >0 and (in caser =s+1)
21 0i— 27 >0,

the hypergeometric inequality

(b (a0 (85 - 1 EA=mD (20)
EIOROBIEE LRI
holds, then f € Rt ([Ofl]p?q Jlesi B /\,k) . Further, if
fe) = = Y m (m = 8) 2 (21)

|m? + A(n — m)(kn 4+ m)|

n=m+1

N m (m — )
+ ) 7
= Im? + A(n+m)(kn —m)|
e B, (o) g il s BiNK),
then (@ holds.
Proof. To prove the result, we need to show by Theorem [I| the inequality:

oo

o ’m2+)\(n—m)(kzn+m)‘
D m(m =)

0% ([aa] ;s Aip3 @) |an|
n=m-+1
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On([71]5 X573 ) [ba

2 |m? 4 M+ m)(kn — m)|
X mm

< 1.
By and , we get by ,
o0 oo

S1< Y Ol hpa)+ Y dnlnlidirss)

n=m-+1 n=m

= |:[qu ((Oél) ; (ﬁz) ; 1) - ]‘]

m
m+ An —m))]"
A EACRORIRES L S
m .
where, under the given conditions

» t

00 oo I ()
e "1 m+ An—m

Y Onlalixpa) = || D F—-1 (m+An = m))

n! m
n=m+l1 n=0 Hl(ﬁz)n

m
Similarly
, t
i "1 (m+ An—m))
o (] Nirss) = =
Z; ' Z%H@%m m
=1

m+An—m))]"
= Rty A=)
m
Further, (20) holds by Theorem [2 if f(z) of the form (21) belongs to the class

Rt <[a1]p’q SVl s B85 k) . This proves the result. O

In particular if we take A = 0,t = 1 we get the following hypergeometric
inequality which is sufficient for certain function f = h+g € H(m) to be in

Rt ([al]pﬂ , [’yl]m 1 85 A, k) class, and this inequality is necessary for certain f €
Bl ([l s B0 )

Corollary 8. Let A > 0,0 < k< 1,0 < 8 <m,m € N, and let the function
f=h+ge€ H(m) where h and g are of the form be such that

m(m — )

> 1 22
2 xn—m)n+m) =" (22)

la,| <
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\m2+)\(n+m)(k‘n—m)|’n2m' (23)

If incasep=q+1) > 8, —>" a; >0 and (in caser =s+1)
S 18— > > 0, the hypergeometric inequality
pFo ()5 (8;)31) 4+ Fs ((7:)5(:) ;1) <2 (24)

holds, then f € R}, ([al]pﬂ vales s Bs )\) . Further, if

_ m - m(m_ﬁ) g
J@) = 2= ), Im2 + A(n — m)(kn + m)] (25)

n=m-+1

S mm-8)
*;ﬂ 1%+ An+ m) (kn —m)]

e R, (lonlygs il i B0 K)

then (@ holds.

3. INCLUSION RELATION
The inclusion relations between the classes BY, ([al]p,q V13 8s k:) and

At ([al] v 1lrs 3 Bs k) for different values of A In this section inclusion relation

between the classes and for different values of Bt, ([al] 2 laiB k) R, ([al]w il B A k)

Theorem 3. forn € {1,2,3..} and 0 < 8 < m, we have

(10t] s 1)y 3 8:K) © ALy ([a] g Dl 8 )

[al}p,q ) [Wl]ns 75? k) - E'Jtn ([al]p’q ) [Wl]ns 757 )‘7 k) 70 < A < 1
(@1 il 1B A ) € By ([0a]y g 1)y s Bk A 2 1.

Proof. (i) Let f(z) € B, ([aﬂp’q Jv1ly3 8 k;) . in view of corollaries and we
have

o

oo o

m 0y, ([a1]: p; ) lan| + e

n;:ﬂ(m_ﬁ) ol a) el ng;n(m_ﬁ)
o7} m2 n—m n m

< Z | +(m(m)(;) - )|92([041];p§Q) |an| +

&L ([71] 575 ) [bn

Z |m? + (n+m)(kn — m)|

o ([v1] 573 8) [bn] <1



742 V. K. GUPTA, S. PORWAL, O. MISHRA

(ii)Let f(z) € B, ([al]p,q vl 38 k;) For 0 < X\ < 1,we can write

i |m2+)\(n—m)(kn+m)‘92([al];)\;p;q)|Cbn|+
e m (m — 3)
oo m2 n m n—m
> I A O = ) v
n=m+1 m(m_ )
y bt Gl s
<1

by corollary [2[ and (ii) follows from Theorem
(iii) By the Theorem [2} if A > 1,we have

oo

m? n—m)(kn+m
> | +(m(m)(§) +m)]
.S Im +(:1(+mm_)(;;1m)|
n:% |m +A7(:(mﬂi)g§n+m)|
+n;@ m +A7(7;l(;ﬂz)(ﬁl§n—m)\

0% ([ea] ;13 q) |an|

n=m-+1

O ([11];755) |bn]

n=m

IA

0% ([c] s A p3 @) |an|

o ([71) 5 A3 8) |by|
< 1.

Therefore the result follows from corollary O

4. BOUNDS

Our next theorems provide the bounds for the function in the class

Rt ([al]p’q SVl s i85 k) which are followed by a covering result for this class.

Theorem 4. Let A\ >0,0<k<1,0<B8<m,meN. z'ffzh—kﬁeﬁ(m),where
h and g are of the form belongs to the class RE, ([aﬂp’q Sl B A k;) , then
for|z| =r <1,

m+1 142Xk -1
uﬂasu+wﬂwm+ﬁ;l<b-+gfﬁ N%Q, (26)

m
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and

IZf(2)| > (1 = |bp) r™ —

m 1+ 2X\(k —1) _—
m+1<1 — |bm|>r .2

m

The result is sharp.

Proof. Let f € ﬁfn ([Ofl]p,q , [Wl]m;ﬁ; A,k) , then on using , related to ,

by > we get for |z| =r < 1,

1Zf(2)]
< (@4 lbml)r Zl (0" (laa] s X 93 0) lan] + & ([va] s As s 8) [ba]) 7"
it
< (L4 b)) r™ 4+t iﬂ (O (loa] s Xs05.0) lan| + 63, ([71] 3 X 75 5) [ba])
< <1+bm|>rm+”;fi?< I e e AR
ni I X+ )0 =l s bn|>
< (1 o) WT; (1—1+12A_(kﬂ_ & |me>

which proves the result . The result can similarly be obtained. The bounds
and are sharp for the function given by

£2) =7 o 77+ " (1 S ')Zmﬂ

(m+1) ¢ g1 (1] 5 275 ) -2

m

for A>0,0<k<1,0<8<m, byl < O

1+2)\(k DR
Corollary 9. Let A >0,0<k<1,0<B8<m,meN. If f=h+gc H(m) with
h and g are of the form belongs to the class Efn ([al]p’q , [71],«,5 ;ﬂ;)\,kz), then

m_ m(1+2Xk—1))
m+1 (m+1)<17%)
Theorem 5. Let A > 0,0 <k<1,0<B8<m,méeN and let

Srosr(foa] s (vl Nipsgsris) < min (65, (Jea] s Asp3 @), 0 (1] A5 738)) ,n > m + 1

wilw| <1-—

— 1| lbml o C f(A).
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If f = h+7g € H(m), where h and g are of the form , belongs to the class
R, ([al]p,q SVl s B k) , then for |z| =1 <1,

142X (k—1) m
< W+ )™ + e (1= 2% ) e,

(28)
and
1+2A(k—1) m
FEN = (= 1ol 7™ = e e (1= g o) .
(29)

The result is sharp.

Proof. Let f € ﬁfn ([al]p,q , ['71]r,s 85 A, k) , then on using 7 from , we get

for |z| =r < 1,

FE € At + 3 (aal + e
n=m-+1
< (Ut D)™ ™ 3T (an] + [bal)
1+ b n:m+;m+l
< ml|) ™
> ( +‘ DT 5m+1([ ] b/l]’A’p’q,’/‘,S)
x> (0ol Xips @) lanl + 6L (1) As ) [bal)
n=m+1
3 , bm . m,,,m—i—l
< (L4 [bml)r Tt ) d (g )
oo 24 \n — k
(Z s (n(mm)é)wrm)'ei([%];/\;p;Q) |an|+
n=m-+1
A( kn —
Z [m? + ”;m)(ﬁ) m)|¢2([%];>\;r;8)bnl>
< ( +\bm\>

m—+1

(m+1) 8y, 1 ([ea] s [vi] s A pigs 7 ) l—g "

which proves . The result can similarly be obtained. The bounds and
are sharp for the function given by

7 m—+1
[ (2) = 2 b 7

mr 1 +2)\(k;6— 1) byl | 7T
(m+1)6p 1 ([l s 1] A ps 4573 8) 1-£=
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for |bm| < m U

Corollary 10. Let A > 0,0 <k<1,0< B8 <m,m €N and let

Omyr(laa]s bl Nipigsrys) < min (607, ([aa); A p3 @), dn, ([yals X 758)) , mo > m+ 1

If f =h+g € H(m) with h and g are of the form belongs to the class
I,

([: q’ ['71]r,s i85 A, k), then

{w:W|<1_Wm+U%HJdRhﬂﬂmmmﬂ+ A
m(1+2X(k—1)) bl C f(4A).
(m+1)( ) m+1([0‘1] [viliXipsasrs 3) m

5. EXTREME POINTS

In this section, we determine the extreme points for the class RY, ([al]p,q il Bi A k) .

Theorem 6. let f = h+g € H (m) and

hm(z) = 2™,

z) = 2" — m (m = ) 2" (n>m
) R Yo e A P P e R
gn(z) = 2™+ m (m — ) Z" (n>m),

[m? + Mn +m)(kn —m)| ¢r, ([71]; A 75 5) a

then the function f € Rﬁn ([al]pﬂ il s Bi A k) if and only if it can be expressed
as f(z) = Y00, (Tnhn(2) 4+ Yngn(2)) where x, > 0,y > 0 and > oo (zn + yn) =
1. In particular, the extreme points of R!, ([al]p’q [l ;ﬁ;hk) are {h,} and

{gn}-
Proof. Suppose that

=Y (@nhn(2) + Yngn(2))

n=m

oo

= 3 T — m (m — ) Tp2"
e = ;n AEOLEPD m2 + A(n — m)(kn +m)| 0%, (Jaa] s s psq) "

n=m-+1
+,;ﬂlmumwn)(lm m)| (s xris)

= Lm_ m(miﬂ) . 2"
- §:1Wﬂ+kmgﬂﬂ@n+mﬂﬂﬂmhkpm)n

n=m-+
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c- <m B)
nz;n m? + A(n +m)(kn —m)| ¢y, ([y,); A 73 8)

€ B ([l la i BAK)

by Theorem [2] since,

Yn 2™

0y, ([en] s As p3 q)

2 m? + An = m)(kn+ m)|
>
m (m — )

n=m-+1

X( m-5 )
Im2 + Mn — m)(kn + m)| 0}, (Jon] ; \ipsq)

2L |m? + M+ m)(kn —m)| , -
Y ey el

“ m (m — )
<|m2+>\(n+m)(kn— m)| ¢, ([y ];A;T;S)yn)

= Zl'n+zyn—1 T < 1

n=m-+1

Conversely, let f € R!, ([ Upgs V1)ys3 B A k) and let

n=m

m(m — B) x,

Ap| =
el = 2 = ) o+ ) 0] %)
and
|b | _ m (m B 5) Yn

" m? + A+ m)(kn —m)| 6y, ([11]5 A 5)

and
Z Tn — Z Yn,s
n=m+1 n=m
then, we get
flz2) = 2"= ) anlz"+ > |balZ"
n=m-+1 n=m
= hn(z) — Z m (m — B) $nt Ty 2"
ey Im2 4+ A — m) (kn +m)| 6;, ([ea] s As ps )

+§:mﬂ+xn+mx m) &4 (] hrss) "

oo

= hm(z) + Z (hn(z) - hm(z)) Tn + Z (gn(z) - hm(z)) Yn

n=m-+1
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= () (1 - > =y yn> + ) ha(2)an+ Y gn(2)yn
n=m-+1 n=m n=m-+1 n=m

= > (@nhn(2) + Yngn(2)) .

n=m

This proves the Theorem [6] O

6. CONVOLUTION AND CONVEX COMBINATIONS

In this section, we show that the class ]?ZIR ([al]p’q , ['yl]r’s B3 A, k:) is invariant

under convolution and convex combinations of its members.
Let the function f = h+7g € H (m) where h and g are of the form and

F(z)=2"— > 0h(loa]s Nipiq) [Anl 2"+ Y ¢ (315 A7 8) [Ba| 27 € H (m).
n=m-+1 n=m

(30)
The convolution between the functions of the class H (m) is defined by

(f*F)(2) = f(2)* F(2) = 2™ = 32071 On([oa] s Xipiq) an An] 27 + 3207, én, (1] A3 ) [0 B | 27
Theorem 7. Let A > 0,0< k<1,0< B <m,meN, if f € R, ([al]pﬂ [l ;B;)\,k)
and F € B, ([0, g0 (il s B0 K)  then f 5 F € B, (o], g [l s B0 K) -

Proof. Let f = h+g € H (m) ,where h and g are of the form and F € H (m)

of the form be in ﬁfn ([O‘l]p,q , ['yl]m B A, k) class. Then by theorem , we
have

= m2 4+ A(n—m)(kn+m
s A mEn ) 4l
n=m+1 m(m_ﬁ)
2L |m? + A(n+m)(kn —m)| ,
+ n s\ 13 8) | By,
ol ()i 1B
< 1
which in view of , yields
m(m — 3) m
A, <—<1ln>m-+1
4| |m2 4+ X(n —m)(kn +m)| 0% ([ca] ; \;p;q) — n
|Bn‘ m(m—ﬂ) , §T<1’n>m
[m? + An +m)(kn —m)| ¢, (In1]; A;rss) = 7

Hence, by Theorem

(oo}

|m? + Mn — m)(kn +m)|
2 m (m — f3)

0! ([a1] s N ps ) lan Ay

n=m-+1
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+n§;n m(m— B) qbn([’}/I] 7>\7T1 S) |ann|
= mE A - m)(kntm)|
<L m(m—5) ([ X ps ) lan|
> |m2 4+ A(n + m)(kn —
+,§n|m r(:(mm)(g)n m)’¢i([71];/\;r;s)|bn|
< 1
whieh prove that f *F < Eﬁn ([al}qu ’ [’yl]r,s 7ﬁ7 )\7 k) . O

We prove next that the class Efn ([al]p,q , [71}“5 1By, k) is closed under convex

combination.

Theorem 8. Let A > 0,0 <k<1,0< 8 <m,m €N, the class

Rt ([al]p’q SVl s 1B k) is closed under convex combination.

Proof. Let f; € Rt ([al]p’q il B /\,k;) , 7 € N be of the form

fi(z)=2" = Y |Ajalz"+ ) [BjalZj €N
n=m+1 n=m

Then by Theorem [2] we have for j € N,

oo

m2 n—m n m
i ”fn (m>g~; g (o) N Al (31)
n=m+1
0o m2 n m n—m
o 3 P 5

IN
—

For some 0 < t; < 1, let 3°72, t; = 1, the convex combination of f; (2) may be
written as

Sotifi)=2"— > S A+ DD 4Bl
j=1

n=m+1 j=1 n=m j=1
Now by ,

oo 2 _ .

3 |m? + AT(:(mM)(ﬂl;n +m)’0;([a1] Aipa) St A
n=m+1 2
o0 2 + )\ + k B t N

X e S AN i) 2t Bl
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.th m +Ar(:(;mﬂi)g§n+m)’92([a1];A;p;Q) [Ajnl+
Z|m +>\n+m)(ﬁl§n—m)’¢t([ Ji s 8) Bl Z

and so again by Theorem we get D07ty fi(2) € R, ([al]p,q [l s Bs /\,k) .
This proves the result. O

7. INTEGRAL OPERATOR

In this section, we study a closure property of the class Efn ([al]uq vl s 1B k)
involving the generalized Bernardi Libera-Livingston Integral operator L,, . which
is given for f = h+g € H (m) by

Li.o(f) = ¢ —;m /tc_lh(t)dt + C—;m/tcflg(t)dt, c>—-m,z€A. (32)

Theorem 9. Let A >0,0<k<1,0<B<m,meN,if f € R, ([al]p’q sl ;,6;)\,]6) ,
then Lino(f) € Ry ([0, [11],.03 B3 A )

Proof. Let f = h+g € H (m),where h and g are of the form , belongs to the
class Efw ([al]p’q , [%]ns 1B, k‘) . Then, it follows from that

Lm,c(f) = 2" - Z <C+m> |an‘z +Z(C+m) |bn|ZT

n=m-+1

e Rby ([onlpy s il B0 K)
by,since,
= | m?2+ An—m)(kn+m c+m
S Al ”( )il pia) ] +

S m(m — 3) ctn
00 ’m2+/\(n+m)(kn—m)‘ ct+my\ Ny s
r; m (m — B) <c+n)¢n(h1],>\v 5) [bn|
> |m? + A(n —m)(kn+m)]| , A:piq)la
S 2T ey iAol
Z N O )

IN
—



750

V. K. GUPTA, S. PORWAL, O. MISHRA

This proves the result. O
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