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Abstract. In the present investigation we study a subclass of multivalent

harmonic functions involving multiplier transformation. An equivalent con-
volution class condition and a sufficient coefficient condition for this class is

acquired. We also show that this coefficient condition is necessary for functions

belonging to its subclass. As an application of coefficient condition, a neces-
sary and sufficient hypergeometric inequality is also given. Further, results on

bounds, inclusion relation, extreme points, a convolution property and a result

based on the integral operator are obtained.

1. Introduction

A continuous complex-valued function f = u + iv which is defined in a simply-
connected domain D is said to be harmonic in D if both u and v are real-valued
harmonic in D. In any simply-connected domain D ⊂ C we can write f = h + g,
where h and g are analytic in D, where h is called the analytic part and g is called
the co-analytic part of f . A necessary and sufficient condition for f to be locally
univalent and orientation preserving in D is that |h′(z)| > |g′(z)| in D (see [6]). Let
H denote a class of harmonic functions f = h + g which are harmonic, univalent
and orientation preserving in the open unit disc ∆ = {z : |z| < 1} so that f is
normalized by f(0) = h(0) = fz(0)− 1 = 0.
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It should be worthy to note that the family H reduces to the well known class
S of normalized univalent functions if the co-analytic part of f is identically zero,
that is if g = 0.

The concept of multivalent harmonic complex valued functions by using argu-
ment principle, was given by Duren et al. [8]. Using this concept, Ahuja and
Jahagiri [1], [2] introduced a class H (m) of m-valent harmonic and orientation pre-

serving functions f(z) = h(z) + g(z) , where h(z) and g(z) are m-valent functions
of the form

h(z) = zm +

∞∑
n=m+1

anz
n, g(z) =

∞∑
n=m

bnz
n, |bm| < 1,m ∈ N = {1, 2, 3....} (1)

which are analytic in ∆ = {z : |z| < 1} . For p, q ∈ N0 = N∪{0} complex pa-
rameters αi (i = 1, 2, ..., p) and βi(̸= −n, n ∈ N) (i = 1, 2, .., q), the generalized
hypergeometric function pFq(α1, ....αp, β1, ....βq; z) = pFq ((αi) ; (βi) ; z) is defined
by

pFq ((αi) ; (βi) ; z) =

∞∑
n=0

(α1)n ... (αp)n
(β1)n ...

(
βq

)
n
n!

zn (p ≤ q + 1; z ∈ ∆) (2)

where (λ)n represents the Pochhammer symbol defined, in terms of Gamma func-
tion, by

(λ)n =
Γ (λ+ n)

Γ (λ)
=

{
1, n = 0, λ ̸= 0

λ (λ+ 1) (λ+ 2) ... (λ+ n− 1) , n ∈ N

}

The convolution of two analytic functions ϕ (z) =
∑∞

n=o anz
n and ψ (z) =∑∞

n=0 bnz
n defined on ∆ is an analytic function given by

ϕ (z) ∗ ψ (z) =

∞∑
n=0

anbnz
n = ψ (z) ∗ ϕ (z) .

For αj ∈ C (j = 1, 2, . . . , p) and βj ∈ C\ {0,−1, 2, . . .} (j = 1, 2, . . . , q), Dziok and
Srivastava [9] introduced the following operator for an analytic function h(z) of the
form (1) is given by

Hp,q
m [α1]h (z) = zm pFq(α1, ....αp;β1, ....βq; z) ∗ h (z) (3)

= zm +

∞∑
n=m+1

θn([α1] ; p, q)anz
n (4)
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where

θn([α1] ; p, q) =

p∏
i=1

(αi)n−m

q∏
i=1

(βi)n−m

1

(n−m)!
, n ≥ m. (5)

Several results on harmonic functions by involving generalised hypergeometric func-
tions and involving certain linear operator have recently been studied in [3–5, 11–
16, 18, 19, 22]. Motivated with the operator defined by Srivastava et al. in [20], we

define a mutiplier operator £
t,[α1]
λ,p,q for an analytic function h(z) of the form (1) as

follows:
£

0,[α1]
λ,p,q h(z) = h(z)

£
1,[α1]
λ,p,q h(z) = £α1

λ,p,qh(z) = (1− λ)Hp,q
m [α1]h(z) +

λz
mz′ (H

p,q
m [α1]h(z))

′
, (λ ≥ 0)

£2,α1

λ,p,qh(z) = £α1

λ,p,q

(
£

1,[α1]
λ,p,q h(z)

)
and in general for t ∈ N,
£t,α1

λ,p,qh(z) = £α1

λ,p,q

(
£t−1,α1

λ,p,q h(z)
)
.

The series expression is given by

£t,α1

λ,p,qh(z) = zm +

∞∑
n=m+1

θtn(α1;λ; p; q)anz
n, (6)

where

θtn([α1] ;λ; p; q) =


p∏

i=1

(αi)n−m

q∏
i=1

(βi)n−m

[m+ λ(n−m)]

m(n−m)!


t

, (n ∈ N, n ≥ m, t ∈ N0). (7)

Similarly for the analytic function g(z) given in (1),

£
t,γ1

λ,r,sg(z) =

∞∑
n=m

ϕtn([γ1] ;λ; r; s)bnz
n (8)

where

ϕtn([γ1] ;λ; r; s) =


r∏

i=1

(γi)n−m+1

s∏
i=1

(δi)n−m+1

[m+ λ(n−m)]

m(n−m+ 1)!


t

, (n ∈ N, n ≥ m, t ∈ N0).

(9)

We note that when t = 1 and λ = 0 the linear operator £t,α1

λ,p,q would reduce to the

operatorHp,q
m [α1] which includes (as its special cases) various other linear operators

introduced and studied by Hohlov et al. [7], Owa [17] and Ruscheweyh [21].
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Now, for f = h+g ∈ H(m) (where h(z) and g(z) are of the form (1)), in terms of

the operators defined in (6) and (8) we defined a linear operator£t,p,q
λ,r,s ([α1] ; [γ1]) :=

I : H (m) → H (m) by

If(z)=£t,α1

λ,p,qh(z) +£
t,γ1

λ,r,sg(z). (10)

For the purpose of this paper, on applying the linear operator If(z), moti-

vated with the class defined in [10] we define a class Rt
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
of

functions f ∈ H (m) if it satisfy the condition

ℜ
{
(1− λ)

If(z)
zm

+ λ(1− k)
(If(z))′

(zm)
′ + λk

(If(z))′′

(zm)
′′

}
>

β

m
(11)

where λ ≥ 0, 0 ≤ k ≤ 1, 0 ≤ β < m and z = reiθ (r < 1, θ ∈ R) , z′ = ∂
∂θ (z) , z

′′ =
∂2

∂θ2 (z) , (If(z))′ = ∂
∂θ (If(z)) and (If(z))′′ = ∂2

∂θ2 (If(z)) .
Based on some particular values of λ and k, we denote following classes:

(1) for λ = 0, Rt
m

(
[α1]p,q , [γ1]r,s ;β; 0, k

)
= At

m

(
[α1]p,q , [γ1]r,s ;β, k

)
(2) for λ = 1, Rt

m

(
[α1]p,q , [γ1]r,s ;β; 1, k

)
= Bt

m,k

(
[α1]p,q , [γ1]r,s ;β, k

)
(3) for k = 0, Rt

m

(
[α1]p,q , [γ1]r,s ;β;λ, 0

)
= Ct

m,

(
[α1]p,q , [γ1]r,s ;β;λ

)
(4) for k = 1, Rt

m

(
[α1]p,q , [γ1]r,s ;β;λ, 1

)
= Dt

m

(
[α1]p,q , [γ1]r,s ;β;λ

)
(5) for λ = 1 and k = 0 Rt

m

(
[α1]p,q , [γ1]r,s ;β; 1, 0

)
= Et

m

(
[α1]p,q , [γ1]r,s ;β

)
(6) for λ = 1 and k = 1 Rt

m

(
[α1]p,q , [γ1]r,s ;β; 1, 1

)
= F t

m

(
[α1]p,q , [γ1]r,s ;β

)
Let H̃ (m) be a subclass of H(m) whose members f = h + g are such that, h

and g are of the form

h(z) = zm −
∞∑

n=m+1

|an| zn, g(z) =
∞∑

n=m

|bn| zn, |bm| < 1. (12)

We further denoteR̃t
m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
= Rt

m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
∩ H̃ (m) .

In this paper, an equivalent convolution class condition is derived and a coeffi-
cient inequality is obtained for the functions f = h + g ∈ H(m) to be in the class

Rt
m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
. It is also proved that this inequality is necessary for

f = h + g to be in R̃t
m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
class. As an application of coeffi-

cient inequality a necessary and sufficient hypergeometric inequality is also given.
Further, based on the coefficient inequality, results on bounds,inclusion relations,
extreme points, convolution and convex combination and on an integral operator
are obtained.

Throughout in this paper, we consider that the parameters involved in the opera-
tor£t,p,q

λ,r,s [m, [α1] ; [γ1]] such as αi (i = 1, 2, ..., p) , γi (i = 1, 2, ..., r) , βi (i = 1, 2, .., q) ,
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δi (i = 1, 2, .., s) , are positive real and θtn(α1;λ; p; q), ϕ
t
n(γ1;λ; r; s) given by (7), (9)

are bounded with θtn(α1;λ; p; q) ≥ n
m , ϕ

t
n(γ1;λ; r; s) ≥ n

m (n ≥ m) .

2. Coefficient Inequality

Theorem 1. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N. If the function f = h+ g ∈
H(m) (where h and g are of the form (1)) satisfies

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn(α1;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn(γ1;λ; r; s) |bn| ≤ 1, (13)

then f is sense-preserving, harmonic multivalent in ∆ and f ∈ Rt
m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
.

Proof. Under the given parametric constraints, we have

n

m
≤
∣∣m2 + λ(n−m)(kn+m)

∣∣
m (m− β)

θn and
n

m
≤
∣∣m2 + λ(n+m)(kn−m)

∣∣
m (m− β)

ϕn, n ≥ m.

(14)
Thus, for f = h+ g ∈ H(m), where h and g are of the form (1), we get

|h′(z)| ≥ m |z|m−1 −
∞∑

n=m+1

n |an| |z|n−1 ≥ m |z|m−1

[
1−

∞∑
n=m+1

n

m
|an|

]

≥ m |z|m−1

[
1−

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θn |an|

]

≥ m |z|m−1

[ ∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕn |bn|

]
>

∞∑
n=m

n |bn| |z|n−1

≥ |g′(z)|
which proves that f(z) is sense preserving in ∆. Now to show that

f ∈ Rt
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, we need to show (11), that is

ℜ
{
(1− λ)

If(z)
zm

+ λ(1− k)
(If(z))′

(zm)
′ + λk

(If(z))′′

(zm)
′′

}
>

β

m
, z ∈ ∆. (15)

Suppose

A(z) = (1− λ)
If(z)
zm

+ λ(1− k)
(If(z))′

(zm)
′ + λk

(If(z))′′

(zm)
′′ .

It is suffices to show that ∣∣∣∣∣ A(z)− 1

A(z)− 2β
m + 1

∣∣∣∣∣ < 1.
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Series expansion of A(z) is given by

A(z) = 1 +

∞∑
n=m+1

θtn([α1] ;λ; p; q)

{
1 + λ(

n

m
− 1)(

kn

m
+ 1

}
anz

n−m +

∞∑
n=m

ϕtn([γ1] ;λ; r; s)

{
1 + λ(

n

m
+ 1)(

kn

m
− 1

}
bnz

nz−m

and we have ∣∣∣∣A(z)− 2β

m
+ 1

∣∣∣∣− |A(z)− 1|

=

∣∣∣2(1− β
m ) +

∑∞
n=m+1 θ

t
n([α1] ;λ; p; q)

{
1 + λ( n

m − 1)(knm + 1
}
anz

n−m

+
∑∞

n=m ϕtn([γ1] ;λ; r; s)
{
1 + λ( n

m + 1)(knm − 1)
}
bnz

nz−m
∣∣

−
∣∣∑∞

n=m+1 θ
t
n([α1] ;λ; p; q)

{
1 + λ( n

m − 1)(knm + 1
}
anz

n−m

+
∑∞

n=m ϕtn([γ1] ;λ; r; s)
{
1 + λ( n

m + 1)(knm − 1
}
bnz

nz−m
∣∣

≥ 1

m

[
2(m− β)−

∞∑
n=m+1

θtn([α1] ;λ; p; q)

∣∣∣∣m+ λ(n−m)(
kn

m
+ 1)

∣∣∣∣ |an| ∣∣zn−m
∣∣

−
∞∑

n=m

ϕtn([γ1] ;λ; r; s)

∣∣∣∣m+ λ(n+m)(
kn

m
− 1)

∣∣∣∣ |bn| |zn| ∣∣z−m
∣∣−

∞∑
n=m+1

θtn([α1] ;λ; p; q)

∣∣∣∣m+ λ(n−m)(
kn

m
+ 1)

∣∣∣∣ |an| ∣∣zn−m
∣∣

−
∞∑

n=m

ϕtn([γ1] ;λ; r; s)

∣∣∣∣m+ λ(n+m)(
kn

m
− 1)

∣∣∣∣ |bn| |zn| ∣∣z−m
∣∣]

=
1

m

[
2(m− β)− 2

∞∑
n=m+1

θtn([α1] ;λ; p; q)

∣∣∣∣m+ λ(n−m)(
kn

m
+ 1

∣∣∣∣ |an| ∣∣zn−m
∣∣

−2

∞∑
n=m

ϕtn([γ1] ;λ; r; s)

∣∣∣∣m+ λ(n+m)(
kn

m
− 1)

∣∣∣∣ |bn| |zn| ∣∣z−m
∣∣]

≥ 0

by (13) when z = r → 1 and this proves Theorem 1. □

In our next result we show that the above sufficient coefficient condition is also

necessary for functions in the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Theorem 2. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N.and let the func-

tion f = h + g ∈ H̃ (m) be such that h and g are given by (12). Then f ∈
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R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
if and only if (13) holds. The inequality (13) is sharp

for the function given by

f (z) = zm −
∞∑

n=m+1

m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
|xn| zn (16)

+

∞∑
n=m

m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
|yn| zn,

∑∞
n=m+1 |xn|+

∑∞
n=m |yn| = 1.

Proof. The if part, follows from Theorem 1. To prove the ”only if part” let f = h+

g ∈ H̃ (m) be such that h and g are given by (12) and f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
,

then for z = reiθ in ∆ we obtain

ℜ
{
(1− λ)

If(z)
zm

+ λ(1− k)
(If(z))′

(zm)
′ + λk

(If(z))′′

(zm)
′′

}
>

β

m

= ℜ

(1− λ)
£t,α1

λ,p,qh(z) +£
t,γ1

λ,r,sg(z)

zm
+ λ(1− k)

z
(
£t,α1

λ,p,qh(z)
)′

− z
(
£

t,γ1

λ,r,sg(z)
)′

mzm


+ ℜ

λk
z2
(
£t,α1

λ,p,qh(z)
)′′

+ z
(
£t,α1

λ,p,qh(z)
)′

+ z2
(
£

t,γ1

λ,r,sg(z)
)′′

+ z
(
£

t,γ1

λ,r,sg(z)
)′

m2zm


≥ 1−

∞∑
n=m+1

θtn([α1] ;λ; p; q)

∣∣∣∣1 + λ(
n

m
− 1)(

kn

m
+ 1

∣∣∣∣ |an| ∣∣zn−m
∣∣−

∞∑
n=m

ϕtn([γ1] ;λ; r; s)

∣∣∣∣1 + λ(
n

m
+ 1)(

kn

m
− 1)

∣∣∣∣ bn |zn| ∣∣z−m
∣∣

>
β

m
.

The above inequality must hold for all z ∈ ∆. in particular z = r → 1 yields
the required condition (13). Sharpness of the result can easily be verified for the
function given by

(16). □

Corollary 1. f ∈ Ãt
m

(
[α1]p,q , [γ1]r,s ;β, k

)
if and only if

∞∑
n=m+1

m

(m− β)
θtn([α1] ; p; q) |an|+
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∞∑
n=m

m

(m− β)
ϕtn([γ1] ; r; s) |bn| ≤ 1

holds.

Corollary 2. f ∈ B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
if and only if

∞∑
n=m+1

∣∣m2 + (n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ; p; q) |an|+

∞∑
n=m

∣∣m2 + (n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn| ≤ 1

holds.

Corollary 3. f ∈ C̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ

)
if and only if

∞∑
n=m+1

∣∣m2 + λ(n−m)m
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)m
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn| ≤ 1

holds.

Corollary 4. f ∈ D̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ

)
if and only if

∞∑
n=m+1

∣∣m2 + λ(n2 −m2)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n2 −m2)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn| ≤ 1

holds.

Corollary 5. f ∈ Ẽt
m

(
[α1]p,q , [γ1]r,s ;β

)
if and only if

∞∑
n=m+1

∣∣m2 + (n−m)m
∣∣

m (m− β)
θtn([α1] ; p; q) |an|+

∞∑
n=m

∣∣m2 + (n+m)m
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn| ≤ 1

holds.

Corollary 6. f ∈ F̃ t
m

(
[α1]p,q , [γ1]r,s ;β;

)
if and only if

∞∑
n=m+1

∣∣m2 + (n2 −m2)
∣∣

m (m− β)
θtn([α1] ; p; q) |an|+
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∞∑
n=m

∣∣m2 + (n2 −m2)
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn| ≤ 1

holds.

On applying coefficient inequality (13), we get a sufficient condition in the form
of hypergeometric inequality for certain function f = h + g ∈ H(m) to be in

Rt
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
class and it is proved that this inequality is necessary

for certain f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Corollary 7. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N, and let the function
f = h+ g ∈ H(m) where h and g are of the form (1) be such that

|an| ≤ m (m− β)

|m2 + λ(n−m)(kn+m)|
, n ≥ m+ 1 (17)

and (18)

|bn| ≤ m (m− β)

|m2 + λ(n+m)(kn−m)|
, n ≥ m. (19)

If (in case p = q + 1)
∑q

i=1 βi −
∑p

i=1 αi > 0 and (in case r = s+ 1 )∑s
i=1 δi −

∑r
i=1 γi > 0,

the hypergeometric inequality[
[pFq ((αi) ; (βi) ; 1)− 1]

(m+ λ(n−m))

m

]t
+ (20)

[
rFs ((γi) ; (δi) ; 1)

(m+ λ(n−m))

m

]t
≤ 1

holds, then f ∈ Rt
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
. Further, if

f(z) = zm −
∞∑

n=m+1

m (m− β)

|m2 + λ(n−m)(kn+m)|
zn (21)

+
∞∑

n=m

m (m− β)

|m2 + λ(n+m)(kn−m)|
zn

∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
,

then (20) holds.

Proof. To prove the result, we need to show by Theorem 1 the inequality:

S1 : =

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|
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+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

≤ 1.

By (17) and (19), we get by (20),

S1 ≤
∞∑

n=m+1

θtn([α1] ;λ; p; q) +

∞∑
n=m

ϕtn([γ1] ;λ; r; s)

=

[
[pFq ((αi) ; (βi) ; 1)− 1]

(m+ λ(n−m))

m

]t
+

[
rFs ((γi) ; (δi) ; 1)

(m+ λ(n−m))

m

]t
≤ 1

where, under the given conditions

∞∑
n=m+1

θTn ([α1] ;λ; p; q) =


 ∞∑

n=0

p∏
i=1

(αi)n

q∏
i=1

(βi)n

1

n!
− 1

 (m+ λ(n−m))

m


t

=

[
[pFq ((αi) ; (βi) ; 1)− 1]

(m+ λ(n−m))

m

]t
.

Similarly

∞∑
n=m

ϕTn ([γ1] ;λ; r; s) =

 ∞∑
n=0

r∏
i=1

(γi)n

s∏
i=1

(δi)n

1

n!

(m+ λ(n−m))

m


t

=

[
rFs ((γi) ; (δi) ; 1)

(m+ λ(n−m))

m

]t
.

Further, (20) holds by Theorem 2, if f(z) of the form (21) belongs to the class

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
. This proves the result. □

In particular if we take λ = 0, t = 1 we get the following hypergeometric
inequality which is sufficient for certain function f = h + g ∈ H(m) to be in

Rt
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
class, and this inequality is necessary for certain f ∈

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Corollary 8. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N, and let the function
f = h+ g ∈ H(m) where h and g are of the form (1) be such that

|an| ≤ m (m− β)

|m2 + λ(n−m)(kn+m)|
, n ≥ m+ 1 (22)
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|bn| ≤ m (m− β)

|m2 + λ(n+m)(kn−m)|
, n ≥ m. (23)

If (in case p = q + 1)
∑q

i=1 βi −
∑p

i=1 αi > 0 and (in case r = s+ 1 )∑s
i=1 δi −

∑r
i=1 γi > 0, the hypergeometric inequality

pFq ((αi) ; (βi) ; 1) +r Fs ((γi) ; (δi) ; 1) ≤ 2 (24)

holds, then f ∈ Rt
m,k

(
[α1]p,q , [γ1]r,s ;β;λ

)
. Further, if

f(z) = zm −
∞∑

n=m+1

m (m− β)

|m2 + λ(n−m)(kn+m)|
zn (25)

+

∞∑
n=m

m (m− β)

|m2 + λ(n+m)(kn−m)|
zn

∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
,

then (20) holds.

3. Inclusion Relation

The inclusion relations between the classes B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
and

Ãt
m

(
[α1]p,q , [γ1]r,s ;β, k

)
for different values of λ In this section inclusion relation

between the classes and for different values of B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
R̃t

m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
Theorem 3. for n ∈ {1, 2, 3..} and 0 ≤ β < m, we have

(1) B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
⊂ Ãt

m

(
[α1]p,q , [γ1]r,s ;β, k

)
(2) B̃t

m

(
[α1]p,q , [γ1]r,s ;β, k

)
⊂ R̃t

m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, 0 ≤ λ ≤ 1

(3) R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
⊂ B̃t

m

(
[α1]p,q , [γ1]r,s ;β, k

)
, λ ≥ 1.

Proof. (i) Let f(z) ∈ B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
. in view of corollaries 1 and 2, we

have
∞∑

n=m+1

m

(m− β)
θtn([α1] ; p; q) |an|+

∞∑
n=m

m

(m− β)
ϕtn([γ1] ; r; s) |bn|

≤
∞∑

n=m+1

∣∣m2 + (n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ; p; q) |an|+

∞∑
n=m

∣∣m2 + (n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn| ≤ 1
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(ii)Let f(z) ∈ B̃t
m

(
[α1]p,q , [γ1]r,s ;β, k

)
.For 0 ≤ λ ≤ 1,we can write

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

≤
∞∑

n=m+1

∣∣m2 + (n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ; p; q) |an|+

∞∑
n=m

∣∣m2 + (n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn|

≤ 1

by corollary 2 and (ii) follows from Theorem 2.
(iii) By the Theorem 2, if λ ≥ 1,we have

∞∑
n=m+1

∣∣m2 + (n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ; p; q) |an|

+

∞∑
n=m

∣∣m2 + (n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ; r; s) |bn|

≤
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

≤ 1.

Therefore the result follows from corollary 2. □

4. Bounds

Our next theorems provide the bounds for the function in the class

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
which are followed by a covering result for this class.

Theorem 4. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N. if f = h+g ∈ H̃ (m) , where

h and g are of the form (12) belongs to the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then

for |z| = r < 1,

|If(z)| ≤ (1 + |bm|) rm +
mrm+1

m+ 1

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
, (26)
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and

|If(z)| ≥ (1− |bm|) rm − m

m+ 1

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
rm+1. (27)

The result is sharp.

Proof. Let f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then on using (13), related to (12),

by (10), we get for |z| = r < 1,

|If(z)|

≤ (1 + |bm|) rm +

∞∑
n=m+1

(
θt([α1] ;λ; p; q) |an|+ ϕtn([γ1] ;λ; r; s) |bn|

)
rn

≤ (1 + |bm|) rm + rm+1
∞∑

n=m+1

(
θtn([α1] ;λ; p; q) |an|+ ϕtn([γ1] ;λ; r; s) |bn|

)
≤ (1 + |bm|) rm +

mrm+1

m+ 1

( ∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

)

≤ (1 + |bm|) rm +
mrm+1

m+ 1

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
which proves the result (26). The result (27) can similarly be obtained. The bounds
(26) and (27) are sharp for the function given by

f (z) = zm + |bm| zm +
m

(m+ 1)ϕtm+1([γ1] ;λ; r; s)

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
zm+1

for λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m, |bm| < 1− β
m

1+2λ(k−1) . □

Corollary 9. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N. If f = h+ g ∈ H̃ (m) with

h and g are of the form (12) belongs to the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, thenω : |ω| < 1− m

m+ 1
+

m (1 + 2λ(k − 1))

(m+ 1)
(
1− β

m

) − 1

 |bm|

 ⊂ f (∆) .

Theorem 5. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N and let

δtm+1([α1] ; [γ1] ;λ; p; q; r; s) ≤ min
(
θtn([α1] ;λ; p; q), ϕ

t
n([γ1] ;λ; r; s)

)
, n ≥ m+ 1
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If f = h + g ∈ H̃ (m), where h and g are of the form (12), belongs to the class

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then for |z| = r < 1,

|f(z)| ≤ (1 + |bm|) rm + m
(m+1)δtm+1([α1];[γ1];λ;p;q;r;s)

(
1− 1+2λ(k−1)

1− β
m

|bm|
)
rm+1,

(28)
and

|f(z)| ≥ (1− |bm|) rm − m
(m+1)δtm+1([α1];[γ1];λ;p;q;r;s)

(
1− 1+2λ(k−1)

1− β
m

|bm|
)
rm+1.

(29)
The result is sharp.

Proof. Let f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then on using (13), from (12), we get

for |z| = r < 1,

|f(z)| ≤ (1 + |bm|) rm +

∞∑
n=m+1

(|an|+ |bn|) rn

≤ (1 + |bm|) rm + rm+1
∞∑

n=m+1

(|an|+ |bn|)

≤ (1 + |bm|) rm +
rm+1

δtm+1([α1] ; [γ1] ;λ; p; q; r; s)

×
∞∑

n=m+1

(
θtn([α1] ;λ; p; q) |an|+ ϕtn([γ1] ;λ; r; s) |bn|

)
≤ (1 + |bm|) rm +

mrm+1

(m+ 1) δtm+1([α1] ; [γ1] ;λ; p; q; r; s)( ∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

)
≤ (1 + |bm|) rm

+
mrm+1

(m+ 1) δtm+1([α1] ; [γ1] ;λ; p; q; r; s)

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
rm+1,

which proves (28). The result (29) can similarly be obtained. The bounds (28) and
(29) are sharp for the function given by

f (z) = zm+|bm| zm+
mrm+1

(m+ 1) δtm+1([α1] ; [γ1] ;λ; p; q; r; s)

(
1− 1 + 2λ(k − 1)

1− β
m

|bm|

)
zm+1
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for |bm| < 1− β
m

1+2λ(k−1) . □

Corollary 10. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N and let
δtm+1([α1] ; [γ1] ;λ; p; q; r; s) ≤ min

(
θtn([α1] ;λ; p; q), ϕ

t
n([γ1] ;λ; r; s)

)
, n ≥ m + 1.

If f = h + g ∈ H̃ (m) with h and g are of the form (12) belongs to the class

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then{

ω : |ω| < 1− m
(m+1)δtm+1([α1];[γ1];λ;p;q;r;s)

+(
m(1+2λ(k−1))

(m+1)(1− β
m )δtm+1([α1];[γ1];λ;p;q;r;s)

− 1

)
|bm|

} ⊂ f (∆) .

5. Extreme Points

In this section, we determine the extreme points for the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Theorem 6. let f = h+ g ∈ H̃ (m) and

hm(z) = zm,

hn(z) = zm − m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
zn (n ≥ m+ 1) ,

gn(z) = zm +
m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
zn (n ≥ m) ,

then the function f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
if and only if it can be expressed

as f(z) =
∑∞

n=m (xnhn(z) + yngn(z)) where xn ≥ 0, yn ≥ 0 and
∑∞

n=m (xn + yn) =

1. In particular, the extreme points of R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
are {hn} and

{gn} .

Proof. Suppose that

f(z) =

∞∑
n=m

(xnhn(z) + yngn(z))

Then,

f(z) =

∞∑
n=m

(xn + yn) z
m −

∞∑
n=m+1

m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
xnz

n

+

∞∑
n=m

m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
ynzn

= zm −
∞∑

n=m+1

m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
xnz

n
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+

∞∑
n=m

m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
ynzn

∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
by Theorem 2, since,

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q)

×
(

m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
xn

)
+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s)

×
(

m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
yn

)
=

∞∑
n=m+1

xn +

∞∑
n=m

yn = 1− xm ≤ 1.

Conversely, let f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
and let

|an| =
m (m− β)xn

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)

and

|bn| =
m (m− β) yn

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
and

xm = 1−
∞∑

n=m+1

xn −
∞∑

n=m

yn,

then, we get

f (z) = zm −
∞∑

n=m+1

|an| zn +

∞∑
n=m

|bn| zn

= hm(z)−
∞∑

n=m+1

m (m− β)xn

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
xnz

n

+

∞∑
n=m

m (m− β) yn

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
ynzn

= hm(z) +

∞∑
n=m+1

(hn(z)− hm(z))xn +

∞∑
n=m

(gn(z)− hm(z)) yn
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= hm(z)

(
1−

∞∑
n=m+1

xn −
∞∑

n=m

yn

)
+

∞∑
n=m+1

hn(z)xn +

∞∑
n=m

gn(z)yn

=

∞∑
n=m

(xnhn(z) + yngn(z)) .

This proves the Theorem 6. □

6. Convolution and Convex Combinations

In this section, we show that the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
is invariant

under convolution and convex combinations of its members.
Let the function f = h+ g ∈ H̃ (m) where h and g are of the form (12) and

F (z) = zm −
∞∑

n=m+1

θtn([α1] ;λ; p; q) |An| zn +

∞∑
n=m

ϕtn([γ1] ;λ; r; s) |Bn| zn ∈ H̃ (m) .

(30)

The convolution between the functions of the class H̃ (m) is defined by

(f ∗ F ) (z) = f (z) ∗ F (z) = zm −
∑∞

n=m+1 θ
t
n([α1] ;λ; p; q) |anAn| zn +

∑∞
n=m ϕtn([γ1] ;λ; r; s) |bnBn| zn

Theorem 7. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N, if f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
and F ∈ R̃t

m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, then f ∗ F ∈ R̃t

m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Proof. Let f = h+ g ∈ H̃ (m) ,where h and g are of the form (12) and F ∈ H̃ (m)

of the form (30) be in R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
class. Then by theorem (2), we

have
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |An|

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |Bn|

≤ 1

which in view of (14), yields

|An| ≤ m (m− β)

|m2 + λ(n−m)(kn+m)| θtn([α1] ;λ; p; q)
≤ m

n
≤ 1, n ≥ m+ 1

|Bn| ≤ m (m− β)

|m2 + λ(n+m)(kn−m)|ϕtn([γ1] ;λ; r; s)
≤ m

n
≤ 1, n ≥ m.

Hence, by Theorem 2,
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |anAn|
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+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bnBn|

≤
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

≤ 1

which proves that f ∗ F ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
. □

We prove next that the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
is closed under convex

combination.

Theorem 8. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N, the class

R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
is closed under convex combination.

Proof. Let fj ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
, j ∈ N be of the form

fj (z) = zm −
∞∑

n=m+1

|Aj,n| zn +

∞∑
n=m

|Bj,n| zn, j ∈ N.

Then by Theorem 2, we have for j ∈ N,
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θTn ([α1] ;λ; p; q) |Aj,n| (31)

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕTn ([γ1] ;λ; r; s) |Bj,n|

≤ 1.

For some 0 ≤ tj ≤ 1, let
∑∞

j=1 tj = 1, the convex combination of fj (z) may be
written as

∞∑
j=1

tj fj (z) = zm −
∞∑

n=m+1

∞∑
j=1

tj |Aj,n| zn +

∞∑
n=m

∞∑
j=1

tj |Bj,n| zn

Now by (31),

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q)

∞∑
j=1

tj |Aj,n|

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s)

∞∑
j=1

tj |Bj,n|
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=

∞∑
j=1

tj

[∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |Aj,n|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |Bj,n|

]
≤

∞∑
j=1

tj = 1

and so again by Theorem 2, we get
∑∞

j=1 tj fj (z) ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

This proves the result. □

7. Integral Operator

In this section, we study a closure property of the class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
involving the generalized Bernardi Libera-Livingston Integral operator Lm,c which

is given for f = h+ g ∈ H̃ (m) by

Lm,c(f) =
c+m

zc

z∫
0

tc−1h(t)dt+
c+m

zc

z∫
0

tc−1g(t)dt, c > −m, z ∈ ∆. (32)

Theorem 9. Let λ ≥ 0, 0 ≤ k ≤ 1, 0 < β ≤ m,m ∈ N, if f ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
,

then Lm,c(f) ∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
.

Proof. Let f = h + g ∈ H̃ (m) ,where h and g are of the form (12), belongs to the

class R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
. Then, it follows from (32) that

Lm,c(f) = zm −
∞∑

n=m+1

(
c+m

c+ n

)
|an| zn +

∞∑
n=m

(
c+m

c+ n

)
|bn| zn

∈ R̃t
m

(
[α1]p,q , [γ1]r,s ;β;λ, k

)
by (13), since,

∞∑
n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)

(
c+m

c+ n

)
θtn([α1] ;λ; p; q) |an|+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)

(
c+m

c+ n

)
ϕtn([γ1] ;λ; r; s) |bn|

≤
∞∑

n=m+1

∣∣m2 + λ(n−m)(kn+m)
∣∣

m (m− β)
θtn([α1] ;λ; p; q) |an|

+

∞∑
n=m

∣∣m2 + λ(n+m)(kn−m)
∣∣

m (m− β)
ϕtn([γ1] ;λ; r; s) |bn|

≤ 1.
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This proves the result. □
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