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1. Introduction

One of the most developing areas of current discrete systems theory is sequential dynamical systems
theory. Sequential dynamic systems (SDS) are a mathematical modelling tool used to describe the
behaviour of a system or to detect whether the desired state has been reached from step-by-step events.
SDS provides the opportunity to define dynamic mathematical models for many problems in
engineering, especially informatics.

In recent years, the study of optimal control processes in the general binary-dynamic system framework
has gained interest [1-5]. Optimal control problems described by differential equations with continuous
and discrete right-hand sides and correspond to differential inclusions are broadly used in modern
engineering and technology [6-9].

An essential case of the aforesaid binary-dynamic system is presented with a stochastic sequential
dynamic system based on a parameter A (SSDSA). So far, many significant real-world applications of the
system theory have been conducted [3, 8,10-16]. SSDSA is one of the rapidly growing fields of discrete
system theory [3,7]. It plays a crucial role in many areas, such as synthesizing finite dynamic systems,
imitation modelling problems, coding theory, identification problems, the base of computer science, and
diagnosing problems in discrete events. Thus, it should be studied intensively.
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The paper is devoted to introducing and investigating the fundamental properties of SSDSA, obtaining
the complete solution conditions, and determining the necessity and sufficiency conditions for discrete
optimal processes given by SSDSA.

In the present study, Section 2 provides some fundamental definitions and hypothesises concerning
SSDSA. Section 3 contains the main findings and investigates discrete optimal processes given by
nonlinear stochastic binary dynamical systems. Moreover, it obtains Bellman’s equation via dynamic
programming. Section 4 establishes a particular set defined as an accessible set to show optimal control
and proves the existence theorem. The last section discusses the need for further research.

2. Stochastic Sequential Dynamical System Based on Parameter

SSDSAis a general class of finite sequential dynamic systems [3]. Despite the similarity of characteristics,
SSDSA contains a particular determined parameter. General notation of this system is defined by [4]:

K=(X,5Y,s°p(w),E(),G,v=12,..k (2.1)

where X = [GF(2)]",S = [GF(2)]™, and Y = [GF(2)]? are input, state, and output index (alphabet)
respectively; s° is the initial state vector, p(w) is deterministic discrete probability distribution (2 =
{wy, wy,..., wpy} is a finite set, p(w) = {p(a)i): w; €0, 4enp(W) = 1}), characteristic Boolean vector
functions [16], known as transfer functions and denoted by F,(:) = {Fvl(-),...,va(-)}, are nonlinear
functions defined on the set Z¥ x [GF(2)]™ x [GF(2)]", G is an output characteristic function, defined
on a Galois field GF(2), and the symbol (.) denotes (¢, s(c), x(c)) for simplicity.

In addition to the definition, SSDSA is formulated by:

&,5(c) = F,(c,s(c), x(c), w(c), A(c)), v =12,...k
y(c) = G(s(0))

(2.2)

where s(c), x(c¢), and y(c) are m, r, and q dimensional state, input, and output vectors at the point ¢
respectively, w(c) is a random variable and A(c) is an arbitrary parameter. Here,

c=(cL,Cperck) EGg={c|ce* cQ<c;<cl,...,cQ < < ¥ ¢ €}

is point in Z¥, determining position L;, (i = 1,2,..., k positive integer) is the duration of the stage i of
this process [10]. Z is a set of integers and &,,s(c) is a shift operator [2, 10] defined as follows:
%
&,s(c)=s(c+e,)e,=(0,...,0,1,0,...,0,v=12,...,k

Since the considered dynamic system equation is over-determined, the condition of the unique solution
is to be satisfied. Therefore, it is assumed that the parameter A(c), depending on initial and other
necessary states in the proof of optimality condition, holds the condition of the unique solution for the
fixed input value. We can construct the condition of the unique solution by the following theorem:

Theorem 2.1. There exists a unique solution for the given system in (2.2) if and only if,

F,(c+ eﬂ,ﬂl(c,s(c),x(c), w(c),A(c)), x(c + eﬂ),w(c + eu),l(c + eﬂ))

=F, (c + ev,Fv(C,s(c),x(c), w(c),/l(c)),x(c +e,),w(c+e,)Ac+ ev)) Vu=1.2,...,k 23)

for every fixed x(c) and arbitrary parameter A(c).
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Proof. (Necessity) By the definition of shift operator,

Svs(c) =s(c+ey)

If we apply the shift operator to both sides of the above equality,
$udvs(c) =¢us(c+e,) =s(ct+e, +e) (2.4)
Similarly,
&éus(c) =s(c+e, +ey) (2.5)
Since the process of summation is commutative,
s(cte,te)=s(ct+te,+e) (2.6)

then, by considering (2.4), (2.5), and (2.6),

Susvs(c) = &y$yus(c) (2.7)
Moreover, if we consider (2.2), then
£.6,5(0) =&,5(c +e,)
= F,(c + e, s(c +e,),x(c +e,),w(c +e,),A(c +e,) (2.8)

= E,(c + ey, Fy(c,s(c), x(c), w(c), A(c)), x(c + ey), w(c + e,), A(c + ey,))
In other words,
Susvs(c) = K, (c + ey, Fi(c,5(c), x(c), w(c), A(c)), x(c + ey), w(c + ey), Alc + e,)) (2.9)
By similar calculating,
$véus(c) = Fy(c + ey, F (¢, s(c), x(c), w(c), A(c)), x(c + ey), w(c +ey),A(c + ey)) (2.10)
Therefore, by (2.7), (2.9), and (2.10),

E,(c + ey, F,(c,s(c), x(c), w(c), A(c)), x(c + e,), w(c +e,),A(c +e,))

=F (c + ey, F,(c,s(c), x(c), w(c), A(c)), x(c + &), w(c + &,), A(c + ev)),v,u —12, ..k (2.11)

This completes the proof of necessity.
(Sufficiency) Suppose that the following equalities are satisfied:

ECENE =s,E NG =E 6RE.. RS xw,d)...))
rtimes (2.12)

(F1(ct,) ® Fy(c%) ®...Q Ep(c™))(s) = Fi(ct, Fo(c?,..., Eq(c™, s, x, w,2)...))

and let K(ct,c?,...cY) be the piecewise curve connecting the points (¢, ¢?, ... c). If we consider the over
this curve, then
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n(s) = 1_[ (F 24 (Lx(), 01, 2(D) ® ... ® F* (L x(1), (1), 2(1)))(s)
k(ct,.,cl)

(2.13)
<F1ci'“—cli (ch,x(ch), w (), A()) ® .. ® FkC’L‘H_C’L‘ (ct,x(ch), a)(c"),A(Ci))> (s)

1

L—
i=1
where the symbol ® denotes modulo two multiplications on the Galois field. It is clear that the value of
m(s) is not only dependent on the initial and terminal point of K(c?,c?,...c*) but also on the points
cfl<i<l).

To determine the value of m(s) dependent only on the initial and terminal point of the curve
K(cl,c?,...ch), it suffices to have (2.3). Thus,

n(s) = ]_[ (F25 (1 x(), 0, 2(0)) ® ... ® Fi ¥ (L x (1), w(1), A1) (5) (2.14)

(cteh)
If we consider the following function and equality:

s(c, ¢, 5%, x(c), w(c), A(c)) = ]_[(Flﬂll(z,x(z),w(z>,z<z)) ® .. ® FM(lx(), 0D, AM)E?)  (215)

(c%0)

If we apply shift operator to the considered function in (2.15)

&y5(c, 5% x(c), w(c), A(c)) = (F,(c, c? 5% x(c), w(c), A(c)) ® s(c,c®, 5% x(c), w(c), A(c)))(s°)
(2.16)
=F,(¢,s(c,c%s%x(c), w(c),A(c)))

which means that s(c) is the unique solution for the given system in (2.2) B

Each random variable w poses a specific mission in SSDSA. For instance, wis an input variable in the
identification problem of the SSDS. However, w is a set of all possible states to synthesise the optimal
sequential dynamic system.

Furthermore, the system's state depends on the random variable w which affects not only the
parameters of the SSDSA but also the input variable.

Finally, equation (2.2) is converted to:
&,s(c) =E, (c,s(c),x(c) o)) a)(c),/l(c)) ,2v=12,...,k (2.17)

where symbol @ means that x @ w is always in input alphabet X.

The discrete optimal processes governed by SSDSA are characterized by functional:

J () = My {p(s(c))} (2.18)

where M {. } is a mathematical expected value of w.
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3. Optimal Control Process and Principle of Optimality

This section interests in the optimal control problem provided in [7] for processes represented by
SSDSA. The main goal herein is to determine a control x(c) € X [15] such that the functional in (2.18)
takes a minimum value when starting from the known initial “departure” state s° to any desired arrival
state s*(ct) by L steps. That is,

&,5(c) = F},(c,s(c),x(c),a)(c),l(c)),c EGygv=12,...k 3.1)
s(c®) =s%x(c) EX,c € Gy (3.2)

F‘v(c + ey F;l(c, s(c),x(c), w(c),A(c)), x(c + e”), w(c+ eu),/l(c + eﬂ))

= E,(c+ ey, E(c,s(c), x(c), w(c), A(c)), x(c + &), w(c + &), A(c + e,)) (3:3)

J () = My{9(s(c")} = min (34)
where £,(.)(v = 1,...,k) denotes the pseudo-Boolean expression of the Boolean vector function [16]
F()(v=1,....,k)and L = L; + L,+...+Ly is the time duration of this process.

Dynamic programming is an efficacious method for the solution of optimal control processes. Therefore,
(3.1)-(3.4) can be formulated as an optimal problem via this method:

£,5(6) = (6, 5(6), 1(0), (e, A(©)), € € Gg(0) (35)
s(o) =X (3.6)
x(¢) € X, ¢ € Gy(o) (3.7)

By (e + e By (6, 5(),x(0), 0(0), A0, X(c + €20, 0(c + ), A(C + €,)) =
Bu(c + e, By (6,5(6),x(0), 0(0), A0)), X(c + &), 0(c + ,), A(c + ) 38
J (%) = Mo,{p(s(c))} » min (3.9)

where R is an arbitrary element in S. Taking into consideration (3.5)-(3.9), if we substitute ¢ = c%or
X = 5% into (3.5)-(3.9), we reach the first problem stated above. If the conditions for the existence of a
unique solution are satisfied, then for the given initial condition s(o) = X and given x(c)(c € G4(0)),
we obtain a unique s(c). That is, the functional (3.9) is the function of the parameters & and x(c)(c €

Ga(0)):

J () = ] (%, x(Ga(0)) (3.10)
where x(G;(0)) denotes the range of the control x(c) on the points ¢ € G4(0):
x(Gq(0)) = {x(c), c € Ga(0)} (3.11)

From the unique solution condition of the system (19), the stochastic process can be investigated in the
set G4(0), and also G4, (o) is as follows:

Gg,(0) = {c; cd<c;<o0y,...,cf < < ak} (3.12)

Definition 3.1. Control x(¢), (¢ € G;(0)) which minimizes the functional (2.18) in the problem (3.5)-
(3.9) is defined as an optimal control concerning the initial pair (o, X) on the region G, (o).

Theorem 3.1. Let x°(¢) be an optimal control concerning the initial pair (c?,s%) and s°(c) be possible
optimal trajectory on the region G,4. Then, x°(c) is an optimal control corresponding to the initial pair
(0,5%°(0)) on the region G4 (o) for every Gg.
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Proof. Assume the contrary. Then, there exists x(c) € X, ¢ € G, (o) such that following inequality holds,

J(R,x(G4(0)) < J(R,x°(G4(0)) (3.13)

Therefore, we can select a new control process ¥(c), ¢ € G4 as follows:

%) = {xo(c),c € Gg,(0)

x(c),c € Gy4(0) (3.14)

It is concluded that (3.14) is an admissible control such that

J (5% %(Ga)) = J (s°,%(Ga, (0) U Ga(0)) (3.15)

According to the condition, s°(¢) = K. Hence,
J (s°,%(Gg, (0) U Ga(0)) = (s°(0), %(Ga(0))
=] (8, x(Ga(0))) < J (X, x°(Ga(0))) (3.16)

=J(s(0),x°(Ga(0))) = (s°,x°(Ga))
and with the help of (3.15) and (3.16), we can obtain

J (% %(Gy)) < J (% x°(Gy)) (3.17)

Hence, (3.17) contradicts the hypothesis that the control x°(c), ¢ € G4 is optimal. This completes the
proof.

Let a function (for every fixed ¢ and X) be corresponding to the optimal value of pseudo-Boolean
functional in the problem (3.5)-(3.9):

B(0,8,2) =min M, {p(s(c"))} (3.18)
where minimization on the set of possible control x(¢), ¢ € G4(0).

We try to apply the method of dynamical programming known as Bellman’s equation [17] to
B(o, R, 1). Suppose that x°(c), ¢ € G,is the possible control concerning (3.5)-(3.9) with initial condition
and s°(c), c € G4(0) is also the optimal trajectory. Let the point &,s € G4(0)(v = 1,2,...,k) and any
element y(c) € Xbe specified. If x(¢) = y(c), then the state of the system in the point §,,0 is given by

5(§,0) = b, (0,8,y,w(0),4(0)) (3.19)

We mention the following problem:

&,5(c) = F,(c,5(c), x(c), w(€), A(c)), ¢ € G4(§,0) (3:20)
s(,0) = £,(0,8,y,w(0),(0)) 3:21)

x(c) € X(c),c € Gy(&,0) (3.22)

J (%) = My,{p(s(c*))} - min (3.23)

If ¥(c),c € G4(&§,0) and $(c),c € G4(&,0) are optimal control and corresponding optimal trajectory
respectively, then

Mo{e(B(c")} = B(§y0,F,(0,8,y,4(0), w(0))) (3.24)
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can be found. For (3.5)-(3.9), let ¥(c) be a possible control below.

y,c=0

X(c) =14 3.25
0= o) ce 6uteo) (3:25)
Also, 5(c) can be obtained
- E (0,8, y,w(0),A(0)),c = a}
S(c) =1, 3.26
©={siere < 6atee (3:20)
It is clear that the value ofj(x) = M,{p(s(c*))} to control %(c) is determined by
Mu{p(3(c"))} = Mu{p(B(c")} = B(§,0,F,(0,8,7,4(0), 0(0))) (3.27)
Since ¥(¢), ¢ € G, (o) is not optimal control, we can show
Mu{p((c"))} = Mu{p(s®(c")} = B(o, 8, 2) (3.28)
Thus,
B(o,8,1) < B(§,0,E,(0,%,v,1(0), w(0))) (3.29)
Furthermore, if y(c) = x°(0), then by the principle of optimality [6],
y(c) = x°(c)(c € G4(§,0)) (3.30)
Therefore,
B(o,8,1) = B(§,0,E,(0,% x°(0), w(0),1°(0))) (3.31)
By (3.29) and (3.30), Bellman’s equation can be determined by
B(o,8, 1) =min B (fva, £,(0,%,7,4(0), w(a))) RES (3.32)

4. Determination of accessible set

We consider the optimal control problem (3.5)-(3.9); for each fixed x(c), the system satisfies unique
solution conditions. Since the considered problem satisfies unique solution conditions, the solution of
the system is independent of the discrete curve’s form. Therefore, the solution of nonlinear multi-
parameter discrete equations system can be investigated along the discrete curve as follows:

L=L("%c,...,clr,ctatt,  clatlz oLy (4.1)
where ¢! = (¢? +i,¢2,...,¢0), i =0,Ly; ¢l = (c? + Ly, c? +i,cd,...,cQ), i =0,Ly; clrtlett = (¢ +
0 04 .0 0y + — 7. . ~LitLytetLy+i — (.0 0 0 .0 0
Li,c5 +Ly,c3 +1i,¢4,...,¢), i =0,L3; ..; c 172 vit=(c; +Lq,...,¢cy + Ly, Cyp1 1,600 Cr),

iZO,LV+1;V: 1,k—1,andL :L1+L2++Lk

From the initial condition, s(c®) = s°, where s,
S ={s(c) = (51(¢), 52(C), -, Sm(€)), ¢ € ZF} = [GF (2)I™ (4.2)

We can set a sequence of sets to indicate the existence of optimal control for the considered problem.

After analysing this system, all possible state sets which can be reached from the initial state s® along

Ly cLi+1 Li+L,
) - )

the discrete curve L = L(c%c?,...,c ..,C ..., c) by one step, can be determined by

R (s%) = {s:s = F;(c? 5(c®),x(c?), w(c?),A(c?)),s(c?) € S} (4.3)

Similarly, we can establish the set which can be achieved in two steps:
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sis = Fi(cm™,s(cm™h), x(cm ™), w(c™™h), A(c™h)), s(c”l‘l)}
(4.4)

R} (s9) = A
n € Ry, _1(s®),x(cm ) e X
By applying the same method,

b on [sis =B (™ s(e™ D), x(c™ ), x(c™ ), w(c™ ), A(c™ ), s(c™ )
B ={C g oo st o f 45)

n,=1L,v =1k

Thus, R (s°) is the state obtained from the initial state s® by discrete curve L = L(c®, c%,...,c¢")in L, +
Ly+...+L, steps. The last one is called an accessible set.

We concluded that every possible optimal control is only dependent on state s(c%). So, we can convert
the optimal control problem to find the minimal value of J(x) = M, {@(s(c!))} in accessible set
Ry (s%) = R, (s%).Itis seen that the accessible set is not given, but it is obtained depending on the initial

state with the help of a nonlinear stochastic dynamic system.

Theorem 4.1. Assume that nonlinear binary stochastic dynamic system has a unique solution for every
fixed control x(c), and this system is strictly dependent on state sets. Then, x* =
{x*(c®),x*(cY),...,x*(c!™1)} is optimal control for desired initial state s(c®) = s°.

Proof. Since possible optimal control depends only on the final state of the system, by utilizing accessible
sets, the considered optimal control problem can be converted to finding the minimal value of pseudo-
Boolean functional ¢(s(c%)) in the accessible set R, (s°).

Since the nonlinear stochastic binary dynamic system has a unique solution, the value of discussed
functional J(x) = M,{¢(s(c*))} is independent of discrete curve connecting point c® and point c* at
point s(cb).

Moreover, by the condition of strict dependence,

Rp(s(c®) =S = [GF(2)]™" (4.6)
can be obtained. So,

Mu{o(s(c" )} =1 (s(c®),x(c), ..., x(c"™H) (4.7)
itis clear that functional pseudo-Boolean is defined as uniquely on binary sets with dimensional m + rL
and takes a finite value for desired initial condition s(c?). Since Rz (s°) is a bounded set, the minimum
value of M, {¢p(s(c*))}is determined concerning the possible x(c*); k = 0,L — 1, x(c*) € [GF(2)]". This
completes the proof.

5. Conclusions

It is shown that the parameter A in accordance with the fixed input variable is obtained from the
statement of the unique solution condition. Therefore, it is observed that the determined parameter 4
plays a vital role in the case of statements that are used in the proof of optimality principle and optimal
control problem. Moreover, the Bellman equation is obtained by applying the dynamic programming
method, which is the solution method of optimal control problem for multi-step stochastic discrete
processes. The results obtained in the paper can be applied in the research and calculation of optimal
nonlinear impulsive systems, in error-correcting coding theory, in optimal control problems of
multidimensional systems, in integer programming.
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In future studies, methods that provide the exact solution of the multi-parameter linear stochastic
binary equations system, which are necessary for the solution of the optimal controlling problem, can
also be investigated. Approximations can be made to obtain the numerical solutions of the optimal
control problems gained for the processes represented by SSDS.
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