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Stability Properties for the Delay Integro-Differential Equation
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Highlights
» This paper focuses on stability inequalities for the linear VDIDE.
« The solution continuously depends on the right side and initial data.
« A highly precise theoretical result is obtained. Examples illustrate the theoretical result.
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In this paper stability inequalities for the linear nonhomogeneous Volterra delay integro-
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1. INTRODUCTION

Volterra delay integro-differential equations (VDIDES) have an important impact on the field of science.
VDIDEs arise widely in physics and engineering applications. For a detailed results we recommend the
reader the books [1-3].

Many research has been studied on the stability of differential equations. In most works on stability of delay
differential equations, coefficients and delays are assumed to be continuous. But in some problems, for
example, in biological, ecological or in economical models, parameters of differential equations are not
continuous. In [4], the authors consider the stability relation between ODEs and DIDEs and shown that
under some suitable conditions a DIDE will remain exponential stability of the given ODE. In [5] the author
gave conditions for the solution to a first order differential equations to be bounded by an exponential
function, uniformly stable, and uniformly asymptotically stable. The author applied the obtained results to
the nonlinear equations and systems of equations. Construction of highly stable method based on the energy
estimates method for the initial-boundary value problem for linear pseudo-parabolic equation is described
in [6] and example of method have good stability properties with respect to the basic equation.

Over the last fifty years, in case of Volterra/Fredholm integral equations substantial efforts on their
numerical treatment have been recorded [7-10, 11]. [12] is conserned with the analytical and numerical
stability of neutral DIDEs. In [13] the authors consider a new direct numerical method for high-order linear
VIDEs. An algorithm based on the use of Taylor polynomials is developed for the numerical analysis of
high-order linear VIDEs. The singularly perturbed initial value problem for a linear first order VDIDE
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examined in [14]. An extensive overview of assorted techniques for singularly perturbed differential or
integro-differential equations can be seen in [15]. The theory and numerical solution of delay differential
equations have been extensively analyzed in the [16, 17] and in the references therein.

In this paper, we establish the stability inequalities for the problem (1)-(2), indicating the continuous
dependence of the solution on the right side and initial data expressed by the inequality (6).

2. STABILITY BOUNDS

Consider the linear integro-differential equation with constant delay:

u'(z) + a(2)u(z) + b(z2)u(z—r) + fZZ_r K(z,s)u(s)ds = f(z), z€l, (D)
u(z) =@(2), -r<z<0, (2)

where I = (0,T] =Up., Ip, I, = {z:rp_l <z< rp}, 1<p<mand ry=sr, for0<s<m,
I1=1[0,T] and I, = [-7,0]. a(z) = 0, f(2) (z € 7), b(2) (z € 7), ¢(2) (z€l)and
K(z,s) ((z,s) € I x1) are assumed to be sufficiently smooth functions, r is a constant delay.

Lemma 1. Assume that a(z) = 0,|F(z)| < F(z) and F(z) is a nondecreasing function. Then the
solution of the initial value problem

W +a(z)u=F(z), x<z<X, 3)
u(xy) = p (4)
satisfies

@) < lul + X = x0)F(2), %o <z<X. 5)

Proof. From (3)-(4) we have
_ =l a@ar ‘ - [fa(o)dg
u(z) = ue “xo + | F(r)e k- dr.
Xo
From here it is easy to get
z t

u@)I < 1l + | IF@ldr < | F(o,
X9 X

0

which immediately leads to (5).

Notation. ||g|| is @ maximum norm for any continuous function g on corresponding closed interval.

Theorem 1. If a(2), b(2), f(z) € C(I), K(z,5) € C(I x I)and ¢(z) € C(I,), then for the solution u(z)
of (1)-(2) holds the following stability inequality

2, K —
ulleop < €™ P (1 +7([bllp7 + KT?)P[|@]]00 +

2K —
TeTZEer P (1+T||b||°°j+KT2)p—1

Ifllos 1<p<m, (6)

e PX (147||b|| , ;+KT2) -1
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where

K = I'?QIXIK(Z, s)|.

Proof. For

F(2) = f(2) = b(@u(z — 1) — [[__K(z,9)u(s)ds

we can write

IF@I < If (@] + b@D)]|u(z — 1) +f 1K (z, ) lus)ds.

zZ

Consider this on I,,, we have

F@I < 1flleop + 1Blleo lNullenpm1 + K f; Tu(o)lds +K J2 " lu()ld
_ _ t

< 11flles + Qlblly + Ol fulles + 7 | ol

Therefore using Lemma 1 and Gronwall’s inequality we have

ullop < Bllulloop-1+p

with

B :erzﬁ(1+r|lbl|w,7+rzf), p =rerzf||f||w'7.

After using first-order difference inequality we get

b _

B
”uHOO,p < ||(p||oo,0ﬂp+ P,

g—1
which implies the validity of (6).
In order to illustrate the performance of the method proposed above, we give two particular problems.

3. ILLUSTRATIVE EXAMPLES

Example 1. Consider the following problem:
z
u'(2) +z%u(2) + (1 + e ?u(z — 0.5) + f vz +su(s)ds =sinnz, 0<z<2
z-0.5

u(z) =14z, -05<z<0.
Since

r=05 T=2, 1<p<4, ||b||°oj=r[r6%ﬁ<(1+e‘z)=2,
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fllo;=1  K=2,  |lollwo=1,
then the inequality (6) leads to following bounds for the solution u(z)
[ulloo1 < €%25*1¥2(1+ 0,5 % 2 + 2 X 0,25)

0,25X1X2(14.0,5x242X0,25)—1

e
+0,5¢ %252 = 4,94
! €025X2(1+40,5%2+2x0,25)—1 e

[ullooz < €%25%2%2(1 40,5 X 2 + 2 X 0,25)?

0,25%2X2(140,5%2+2%0,5)%—1

e
+0.5¢0.25%2
! e0:25%X2(1+40,5X2+2%0,25)—1

= 21,21,

ulloo3 < €%253%2(14 0,5 X 2 + 2 X 0,25)3

0,25%2 80’25X3X2(1+0,5X2+2X0,5)3—1
e0:25%X2(1+40,5X2+2%0,25)—1

+0,5e = 88,25,

[l loos < €%2542(14 0,5 X 2 + 2 % 0,25)*

52 €%25%4%2(140,5%2+2x0,5)* -1

+0,5¢ 2
! e0:25%X2(1+40,5X2+2%0,25)—1

= 364,59.

400 | . .

350

300

250

200 [

150

100

50

0

0 0.5 1 1.5

Figure 1. Bound for the exact solution

Example 2. Our second example is
zZ
u'(z) +4u(z—-1) —f u(z)dz=z, 0<z<2
z—-1

u(z)=1, —-1<z<0.

The solution is given by
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1, -1<z<0
—e? + 2e7 %, 0<z<1

= 5 7 13
u(@) (Ee_lz—Ze_Z - 1) e? + (—Bez+Te + 2) e?—-1, 1<z<2.

r=1 T=2 1<p<2 |blly;=4
;=2 K=1  |lollwo=1,

the bounds given by Theorem 1 will be
[[ulle,1 = 4,71

”u”OO,Z = 36I12'
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Figure 2. Bound for the exact solution
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Figure 3. Bound for the exact solution

4. CONCLUSION

In this work, we establish the stability inequalities for the linear nonhomogeneous VDIDE. We shown that
the solution continuously depends on the right side and initial data expressed by the inequality (6). Finally,
examples are performed and illustrate the theoretical result (See: Figure [1-3]).
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