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ABSTRACT

In this paper, we define weighted variable exponent Sobolev space with zero boundary values and investigate
some properties of this space with weighted variable Sobolev capacity. We obtain Poincaré inequality with
respect to zero boundary values. We will introduce a capacity in sense to this defined space and, also, give
several estimates.
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1. INTRODUCTION

The history of potential theory begins in 17th century. Its development can be traced to such
greats as Newton, Euler, Laplace, Lagrange, Fourier, Green, Gauss, Poisson, Dirichlet, Riemann,
Weierstrass, Poincaré. We refer to the book by Kellogg [22] for references to some of the old
works.

The study of variable exponent function spaces in higher dimensions was revealed in 1991 an
article by Kovacik and Rakosnik [29]. They present some basic properties of the variable

exponent Lebesgue space Lp(')(R“) and the Sobolev space Wk'p(')(R“) such as reflexivity and
Holder inequalities were obtained.
The boundedness of the maximal operator was an open problem in LY (R”) for a long time.

Diening [7] proved the first time this state over bounded domains if p(.) satisfies locally log-
Holder continuous condition, that is,

P()=p(y)|<

, X,yeQ,

L X — ‘<£
—Injx -y =3

where Q is a bounded domain. We denote by P***(IR") the class of variable exponents which

satisfy the log-Holder continuous condition. Diening later extended the result to unbounded
domains by supposing, in addition, that the exponent p(.)=p is a constant function outside a large
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ball. After this study, many absorbing and crucial papers appeared in non-weighted and weighted
variable exponent spaces, see [9], [13], [29] and [39]. Sobolev capacity for constant exponent
spaces has found a great number of uses, see [12] and [34]. Moreover, the weighted Sobolev
capacity was revealed by Kilpeldinen [23]. He investigated the role of capacity in the pointwise
definition of functions in Sobolev spaces involving weights of Muckenhoupt's A -class.

Harjulehto et al. [18] introduced variable Sobolev capacity in the spaces W“’(')(]R”). Also,

Aydin [3] generalized some results of the variable Sobolev capacity to the weighted variable
exponent case.

The variational capacity has been used extensively in nonlinear potential theory on R". Let
QcR" isopenand K < Q is compact. Then the relative variational p-capacity is defined by

cap, (K,Q) = inf J'\Vf (x)\p dx,
Q

where the infimum is taken over smooth and zero boundary valued functions f in Q such that
f >1 in K. The set of admissible functions f can be replaced by the continuous first order Sobolev
functions with f>1 in K. The p-capacity is a Choquet capacity relative to Q. For more details
and historical background, see [20]. Also, Harjulehto et al. [16] defined an another relative
capacity. They studied properties of the capacity and compare it with the variable exponent
Sobolev capacity.

The classical Dirichlet boundary value problem come out a partial differential equation: If
QcR" and h:6Q— R is a continuous function, then main problem is to find a continuous

function f:Q — R such that the Laplace equation —Af =0 is satisfied on Q and f =h on 0Q.
Here, the function h gives the boundary values of f. One approach to solving the classical
Dirichlet boundary value problem is to determine a minimizer for the energy operator within a
certain function space. The energy operator, however, is dependent on the boundary value
function. It is known that the Dirichlet energy integral does not always have a minimizer. It can
be seen in [[17], Example 3.4].

Shanmugalingam studied the Dirichlet energy integral over metric spaces in [40]. She
established the Dirichlet boundary value problem and investigated some properties of solutions
(e.g. uniqueness, maximum principle property) to such problems.

In [1] and [6], the authors have explored some properties of the p(.)- Dirichlet energy integral
Jivr )
Q
regularity of energy integral minimizers. As an alternative method the minimizers in one
dimensional case have been studied by the authors in [17]. Moreover, Harjulehto et. al. [19]
considered the Dirichlet energy integral, with boundary values given in the Sobolev sense, has a
minimizer provided the variable exponent satisfies a certain jump condition.

Our purpose is to investigate some results of the variable Sobolev capacity in weighted case
in sense to [3]. Using this capacity, we define weighted variable exponent Sobolev spaces with
zero boundary values. We will consider (p(.),9) - Poincaré inequality with respect to the space

¥ 4x over a bounded domain Qc R". They have discussed the existence and

w;;g“(g). Also, we will investigate the p(.) - Dirichlet energy integral and generalize some
results of Harjulehto et. al. [19] to the weighted variable exponent case. Moreover, we introduce a
capacity in sense to w;;g“ (©) and give several estimates.
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2. NOTATION AND PRELIMINARIES

In this paper, we work on R" with Lebesgue measure dx. We denote by Cw(R") the space
of all infinitely differentiable functions. Also, the elements of the space C; (R”) are the infinitely

differentiable functions with compact support. The space L

e (R") is to be space of all
measurable functions f on R" such that fy, e I_l(R“) for any compact subset K< R". We
denote the family of all measurable functions p(.): R" —[1,«0) (called the variable exponent on
R") by the symbol P(R")
p~=essinfp(x), p" =esssupp(x)
xeR" XeR"

Foreach Ac R" we set
pa =essinfp(x), Pa =esssupp(x).

xeA

The exponent p(.) is log-Holder continuous in an open set Q if and only if there is a constant
C >0 such that

‘B Pera ~PBra <C (21)

for every ball BN Q = O, see [7].
A measurable and locally integrable function 9:R" — (0,) is called a weight function. The

weighted modular is defined by

Pyy(f) = .Uf(x)\p(x)S(x)dx.

The weighted variable exponent Lebesgue spaces LZ}')(R”) consist of all real-valued

measurable functions f on R" endowed with the Luxemburg norm

: r]f ™)
Hpr()S = |nf {7\, > OJ[J" T

p(x)

9(x)dx sl}

When 9(x)=1, the space L”;')(R") is the variable exponent Lebesgue space. The space
L (]R") is a Banach space with respect to H.Hp(_) , - Also, some basic properties of this space were

investigated in [2], [3], [28]. Moreover, it is known that the space C; (RR") is dense in L%’(R"),
see [3], [7], [28], [30].

Let Q< R" is bounded and 9 is a weight function. It is known that a function f e C7 (R")
satisfy Poincaré inequality in L, (Q) if and only if there is a constant ¢>0 such that the
inequality
[If ()8 (x)dx < c(diam@) [|VF (x)] 8(x)dx

Q

Q

holds [20].
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In recent decades, variable exponent Lebesgue spaces L’V and the corresponding the
variable exponent Sobolev spaces WY have attracted more and more attention. Let
1<p <p(.)<p" <o and keN. The variable exponent Sobolev spaces W""’(')(R”) consist of

all measurable functions feL”(‘)(R”) such that the distributional derivatives D*f are in

LPU(R") for all O<oj<k where aeNj is a multiindex, |of=a,+a,+..+0,, and
o

5(‘16&2 5:;

XXy "

o

. The spaces W""’(')(R“) are a special class of so-called generalized Orlicz-

Sobolev spaces with the norm

1oy = ; o,

1

Now, let 1<p™ <p(.)<p’ <o, keNand § "7 elt

loc

( ) We set the weighted variable
exponent Sobolev spaces W, (R") by
WP (R") = {f e LY (R"): D*F e LY (R"),0 <ol < k]
equipped with the norm
It

Hk,p(.),S p(_)vg'

= 2 lo
<|oj<k

loc

Since the embedding Lp (]R")C.L1 (R”) holds, then the weighted variable exponent

Sobolev spaces Wy™(R") is well-defined. Also, it is already known that W™ (R") is a
reflexive Banach space, see [3].
In particular, the space W, (R") is defined by

WP (R") = {f e LY (R"):|VF| e L) (R}
The function p, .\, : W™ (R") —>[0,00) is shown as p, ) (F)=p,, s (F)+ Py (V).

Also, the norm [f[ . . =[f[,.,, +[Vfl,., makes the space W;*"(R") a Banach space. The

p(-). 8
local weighted variable exponent Sobolev space W;' P() (R”) is defined in the classical way. More

9,loc

information on the classic theory of variable exponent spaces can be found in [29].
If the exponent p(.) satisfies locally log-Holder continuous condition, then a lot of regularities

for variable exponent spaces holds. Because, the space C; (R") is dense in W, (R") under
the circumstances, see [3]. Therefore, it makes sense to define the space of zero boundary value
Sobolev functions as the closure of C;”(R”) in W;’p('}(R”). But we will give an alternative

definition to zero boundary value Sobolev functions space.
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For xeR" and r>0 we denote an open ball with center x and radius r by B(x,r). For
fel

loc

(]R”), the Hardy- Littlewood maximal operator Mf of f given by

MF (X) :sup; J [f(y)|dy where the supremum is taken over all balls B(x,r).
w0 [B(X, )| ()

Let 1<p()<o. A weight 9 satisfies Muckenhoupt's A (IR")=A, condition, briefly

8 eA,, if there are positive constants C, and C, such that, for all ball B R",
1 1 L Y
(J.S(X)dXJ(J.S(X)Dl dx} <C,, 1<p<wor
Bl B2

o =

The infimum over the constants C, and C, are called the A, and A, respectively. Also it
is known that A, = | J A, . Let 1<p(.)<oo. Then it is known that 9 A, if and only if the

1<p<w
Hardy-Littlewood maximal operator is bounded on L%(R"), see [37].

In[8], the class A, was defined to consist of weights & such that

(

PO <o
L"()(B)

_ —Ps -1
ol =suplBl™ 8o |0

-1
where B denotes the family of all balls in R", sz[ljldx] and p'(.) is the
Bz p(x)
conjugate exponent of p(.).
Let p(.).q(.)e P'°9(R“) ,1<p <p(.)<p" < and 1<q <q(.)<q" <o . If the inequality

q(.)<p(.) is satisfied, then there exists a constant C>0 depending on the characteristics of p(.)
and q() such that |9, <CJ3, . Also, under these conditions, M: Ly (R")GL) (R") if and

onlyif 8¢ A, see [8]. We denote

P(R") = {p(.) P (R"):1<p” <p()<p’ <oo M, SCHfHPO,S}'

that is, &B(R”) is the set of the maximal operator M is bounded on L“S(')(IR”).
Given a subspace (Y,r*) of a topological space (X,t), the closed subsets of the topological

space (Y,r*) are called relatively closed in Y of briefly relatively closed. In other words the

relatively closed subsets are the restriction to Y of the closed subsets of X. For more details about
the relatively closed subsets can find in [[35], Section 6].

We say that a property holds (p()S) -quasieverywhere if it satisfies except in a set of

capacity zero. Recall also a function f is (p()s) -quasicontinuous in R" if for each ¢ >0 there
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exists a set A with Cp(.),S(A) <¢ such that f restricted to R" —A is continuous. If the capacity is

an outer capacity, we can suppose that A is open. More detail can be found in [3].
Throughout this paper, we assume that p(.)eP(R") with 1<p <p()<p’ <o and

1

S_W el

loc

(R" ) We write that a = b for two quantities if there exists positive constants c,,c,

such that ca<b<c,a. Also, A€B means that A is a compact subset of B. We will denote
e (Q)= Is(x)dx.
Q
Also, we use the abbreviations; a.e., (p(.),9)- .., (p(.),9)- g.c. for almost everywhere,
(p(.),S) -quasieverywhere, (p()S) - quasicontinuous, respectively.

3. THE SPACE W1 (Q)

A capacity for subsets of R" was introduced in [3]. To define this capacity we denote

Sy (A) = {f e W;?V(R"):f >1in an open set containing A}.

The Sobolev (p(.),9) - capacity of A is defined by C,\ ,(E)=_inf p, . (f).

f ESP(FN (E)

Thanks to meaning of the infimum, in case Sp(_)’S(A)zg, we set Cp(_)vS(A)zoo. It is
evident that the same number Cp(.),S(A) is obtained if the infimum in the definition is taken over

feS, ), (A) with 0<f <1. The Sobolev (p()S) - capacity has some basic properties such as

outer measure, monotonicity, subadditivity, Choquet property etc. More details can be found in
[3].

The proof of the following theorem can be easily shown with the same technique in [24].
Note that the second assertion of the theorem is a direct result of the first one, see [[25], Remark

3.3].

Theorem 1. Let fand g be (p(.),9) -g.c.in R". Assume that U = IR" is open. Then
(i) If f=g ae.inU,then f=g (p()),9)-ge.inU.
(i) If f<g ae.inU,then f<g (p(.),9)-ge. inU.

It is known that the space W;'p("(R”)mC“’(R”) is not dense in general. But Zhikov and
Surnachev proved this denseness under some conditions in [41]. Note that, the denseness of
W, (R")~C”(R") follows that the space W,*"(R")NC(R") is dense in W;"(R").
From now, we will assume that the variable exponent p(.) is said to satisfy the density condition if
the space W;™(RR")~C”(R") is dense in W;™(R").

Let QcR" be an open set. The space W, (Q) is denoted as the set of all measurable

functions f if there exists a (p(.), 9) - g.c. function " e WPt (R”) suchthat f =f" a.e. in Q and
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f =0 (p()S) -g.e. in R"—Q. In other words, f engg(')(ﬂ) , if there exist a (p()S) - g.C.
function f*ew;'PU(R") such that the trace of f vanishes. Moreover the weighted variable
exponent Sobolev spaces with zero boundary values equipped with the norm

£

Hf vaé;g(') @~ Wwiel ()

A (p(.).9) - g.c. function f" e wiP (R”) is called a canonical representative of the function
f eWyP!(Q) if f=f" ae.inQand f" =0 (p(.),9)-ge.in R"-Q. From the definition of the
space W5 (), it is clear that Wy (R")=W;""(R"). It can be shown that the space
WPV () is a reflexive Banach space.

We denote H;'(2) as the closure of C7 () in the space W;""(©2). More precisely,

feH?(Q) if and only if there exists a sequence {f,} of Cy(Q) such that

keN

[ —Fllys00. 0 - Because of the fact that the space W;*(Q) is a Banach space and the

inclusion H;% (€2) c WP (Q) holds, it is easy to see that the space H7’(©) is a Banach
space, as well.
Corollary 1. Let 9(x)=1 for xeR". If 1<p <p(.)<p"<ow, then the inclusions

HL (Q) « Wit (@) = W™ () hold.

If we consider the definition of the space W.""(Q) instead of W"""(Q) in the proof of
[[19], Theorem 3.3] and [[19], Theorem 3.4], then we obtain Theorem 2 and Theorem 3.
Theorem 2. Let §(x)>1for x e R". If the space W;,*"(Q)C*(Q) is dense in W;"(Q),
then H;"(Q) =W R ().

Theorem 3. Let 1<q ,p" <o and q(x)<p(x) for almost every xeR". Suppose that
QcR" isabounded open set. Then W, 2" (Q)GW i (Q) .

The proofs of the following two theorems can be easily seen by considering the definition of
the spaces W, ?"(Q)and W;*(Q) in [[10], Theorem 11.3.1] and [[10], Theorem 11.3.2],
respectively.
Theorem 4. Let 9(x)>1 for x e R". Assume that AcQ is a relatively closed subset. Then

W,i! (@) = Wi (@-A) ifand only if C, ), (A)=0.
Theorem 5. Assume that AcQ is a relatively closed subset. If Cp(.)VS(A)zo, then
W, (Q)=W,PY (Q-A).

Theorem 6. Let p(.)eP(R"). Then W,™ (Q) =W (Q) ifand only if C, | ,(R"-©Q)=0.
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Proof. Assume that W (Q (Q)=W, (Q) We define a function f as f(x)=max{0,2r —|x|} }
for O<r<oo. Then feWLp(')(Q). Indeed, suppose that max{0,2r —|x|} =2r—|x|. In other

case, the statement is clear. Since 9 L}

loc

( ),We have
P (F) < E[(\Zr\ + \x\)p(x) 9(x)dx < £(4r)p(x) 9(x)dx < max( 4r)° )IS x)dx < oo.

Itis easy to see that p,,  (VF)<co. This follows that f WP (Q) = WY (). Since the

space Cy(Q) is dense in W;™(02), see [3], we can we can take the sequence (f,) such that
f, >f in W;Y(Q) and have compact supports in Q. Hence f —f, are test functions for the
capacity of (R" —Q)nB(0,r) for ke N. Since p* <o, we find that Pups(fc—F)—>0 . If we
take  the  infimum  over f-f e Sp(.)yg((R" —Q)m B(O,r)), then  we  get
Cyiys((R" =) B(0,r))=0. Moreover,

O((R” -Q)nB(0r))=(R"-Q)n JB(0, r)=R"-Q. Therefore we obtain

r=1 r=1

M

0<C,, ((]R” —Q)) <> Cos ((R” -Q)nB(0, r)) =0.

To prove sufficient condition, suppose that Cp(_)YS(R"—Q):O. It is known that

r

I
[N

W0 (R") = W5 (R") . Moreover, it is easy to see that R —€ is relatively closed. Therefore,
if we consider the Theorem 5 and Theorem 4, then we get

WP (@) = Wi (R —(R" - Q) = Wi (R") = We 2 (R") = Wy 20 (R" - (R - Q) ) = W2 ().
Now, we consider the Poincaré inequality in the space W;:g(') (Q).Let AcR". We define

p, =essinfp(x), p, =esssupp(x)

xeAnQ XeANQ

for p(.)eP(R"). If p;, <o and if there exists r >0 such that every x eQ either

npé(x,r)
n- pé(x‘r)

is valid, then the variable exponent p(.) is said to satisfies the jump condition in Q with
constant r. Moreover we put

pgs(xr)>n or prr)—

np,
* B(j‘*r) ! pé(x‘r) <n
Pepn = M= Pexr)
pg(x,r)’ pg(x,r) zn

It is clear that if Q is bounded and if p(.) is continuous in Q, then p(.) satisfies the jump
condition in Q with some r>0, see [19].
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Remark 1. Let Q< R" be a bounded set. Then, the claim of Proposition 2.4 in [31] satisfies
even if p(.)=1. This yields that the embedding L’ (Q)GL% (Q) holds.

Theorem 7. Suppose that Q < R" be a bounded set. Let the exponent p(.) holds the jump
condition in Q with constant r>0. Then, for all f e W,?")(©), the inequality

HfHL‘;})(Q) < CHVfHL‘;‘)(Q)

is satisfied where the constant C depends on the exponent p(.), |Q|, diam(Q2), r and the

dimension n.
Proof. Since Q is a bounded set, Q is compact. Then we can find X;, Xy, X, suUch that

t
Qc [ JB(x,.r). By using the fact that feW5"(Q), the function f* can be taken as the

m=1

canonical representative of f. If we consider [[31], Proposition 2.4], then we have

*

[l

*[XB(XN) +...+XB(Xm‘rJ

Xm f) PB(X,“ r) >< vr))

< <
e =1 o) < () &

+|f

gcz(

Here, the function f;.

) \1\\@(%.”(5(%,») 61

B0 Dl (1, 1)

is average of f" over the balls B(x,,r) and defined as
* 1 *

f = f(x)dx , see [20]. It is clear that p; <p(.). Moreover, if we use the
B(xp ) ‘B(xm,r)\B(J. (x) [20] Pe(x,.1) p()

Poincaré inequality over the Dballs [[20], Section 1] and the embedding
L% (B(Xg 1) )G L (B(x,,.r)) [[31], Proposition 2.4], then we obtain

X T)

< crHVf
r

o) <crHVf

B(xn 1) )< CrHVf

B P
L7B0m ) ((x,, 20m ) (B(xpy L (B(Xm, (@)

for all m=1,2,....,t. Moreover, if we use the Poincaré inequality in L%, (Q) and Remark 1, then
we get

—_Hf dx<—d|am _HVf dx<—dlam (Q)e|VF ]

for all m=1,2,....t. Since 9 e Llloc(R”) , we have

pp;(xm,,),s(xs(xm,r)): .[ 9(X)dx<oo,

B(Xm.r)

This yields that [[1]] ss. depends only on pg, . Hence the claim follows from the

(Bm.1)
inequality (3.1).
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Corollary 2. By the previous theorem, |Vf|| and HfHWvl‘p(v)(Q) are the equivalents norms in

L)
W;P)(Q). Hence, we can use the space W.EY(Q) equipped with the norm
[lyis0 ey = IVl oy Tor all F e W55V ().

(@)

Now, we give an another capacity that has relationship with the Sobolev capacity. Let Ac Q
. We denote

Iv{p(')‘s (A,Q)= {f e W;?(Q):f >1 in an open set containing A},
define
Cos(AQ)= fERstf HVf (x)dx (3.2)

Before the presenting relationship between defined new capacity above and Sobolev (p()S)
- capacity we will give an assertion.

Theorem 8. Let B(x,r)cQ and 8eA, . For every feW2"(B(x,r)) with

P 6, (\Vf\) <1, there exist a constant C such that

M p(x) o)
j) : 9(x)dx<C B(I IVE ()™ 9(x)dx +p (B(X,,1)) |

B(Xo.r Xg.F)

5 . - [V (v)
roof. By Lemma 7.14 in [15], we obtain that ‘f(x)\sc I | ‘de for all
B(xo,r)x_

f e Wy (B(x,.r)) and for almost all x eB(x,,r). [[42], Lemma 2.8.3] shows us that the
inequality

- dy < CrM(|Vf|)(x)

[VE(y)
I y

[ (x

r

p(x)

B\ | B(% r>

)

holds. Thus we get

< M(\Vf\)(x) . This follows that

If we consider the weighted version of [[7], Lemma 3.3] with P (\Vf\)<l then we

obtain
p(x)

| (M(\Vf\)(x))p(x)S(x)dxSC"é | [(M(Vf)(x))%+l} BS(X)dx

B(Xo.r) B(Xp.r)

sC"BZ"Bl[ J Vf<x>““>s<x>dx+us(8<xo,r>>]

B(Xg.r)
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where M: L’ (R")— L%/(R") is bounded due to 8 < A, . This follows the claim.

Theorem 9. Let B=B(x,,r)cR" be a ball with r<1 and let AcB. Assume that 9 is a

weight function such that 9(x)>1 for all x e R". Then there exists a constant C such that

Cypo(A) < (crp(m +1)cp (0 (A.2B)+Cp, (2B) (3.3)
and
co
Cp(.),S(A’ZB) < rp(xu) Cp(.),s (A) (34)

Proof. Suppose that f is an admissible function for C,  (A.2B), that is, feR(A,2B).
Then f e W,?"'(2B) such that f >1 in open set containing A. Therefore we have f €S,)5(A).

By (2.1) we get ™ ~r™™) for every x 2B. If we consider the fact that 9(x)=1 for all

x € R" and Theorem 8, then we have
A < [9(x)dx < [[f (x)" 9 (x)dx < C2"251r"(x°)( [ Vf(x)p(X)S(x)dx+us(ZB)].
A A 2B

This follows that
Coip (A) =(C272r0) 1) [ |V (X)) 8(x)dx + G2 2y (2B).

2B
The inequality (3.3) is satisfied by taking the infimum over f eRp(_)VS(AJB) from the last
inequality.
Now, let f S, (A). Also, suppose that g Cg(2B) be a function such that 0<g<1,
g=1onB,and [Vg|< € Hence fge R, ,(A,2B) and we get
r ).

(¢ C
Coyo(A2B) <27 1(-[ ey
2B

= f[f FO™ 9(x)ax+ | Vf(x>"‘”9(x>dx]_
r ° 2B 2B

f(x)p(x)s(x)dx+2_LVf(x)p(X)S(x)dxj

<

The claim (3.4) follows by the infimum over all f eSp(.)ys(A).

Corollary 3. Let Q<= R" be a bounded open set and A€Q. Then pr (A):O if and only if
Cp(_)YB(A,Q) =0.
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4. DIRICHLET ENERGY INTEGRAL

Now, we will investigate Dirichlet energy integral as mentioned introduction. Assume that
QcR" isan open setand let he W;"“(')(Q) . We define the energy operator corresponding to

the boundary value function h on W2 () as

EN)(F)= J“Vf (x) +Vh(x)‘p(x) 9(x)dx.

o

Our main goal of this section is to investigate a function that minimizes values of the energy
operator EX)* on the space W5 ().

The operator E is convex if for all a<[0,1] and each pair f,geX the inequality
E(af +(1-a)g)<aE(f)+(1-a)E(g) is satisfied. Also, the operator E is said to be lower
semicontinuous if E(f)< liminf E(f,) whenever f —f in X as m—co. Finally, the operator
E is coercive if E(f,)— o whenever |f
by [[27], Theorem 2.1].

Theorem 10. Suppose that X is a reflexive Banach space. If E: X —R is a convex, lower
semicontinuous and coercive operator, then there exists an element in X that minimizes E.

mly = o . The proof of the following theorem was given

Now, we consider the existence of the minimizer for the energy operator E?j_’%‘”

Wi ().

on the space

Theorem 11. Let Q < R" be a bounded set. If the exponent p(.) satisfies the jump condition in
Q, then there is a function f € W,?")(€2) such that

EXN(F)=inf EZ°(9). 4.2)

Proof. Our motivation to proof is the previous theorem. It is known that the space w;;g<->(Q) isa
reflexive Banach space. Since the function t — 0 s convex, we have

BN (of +(1-a)g) = i o (VF (%) + Vh(x)) + (1- ) (Vg (x) + VR (x)) " 8(x)dx < aEZ)° (F) + (1- ) EZ)° (0)

forall o e(0,1),and f,geW;?"(Q). Hence the energy operator EX)° is convex.

Now (f,), . be asequence of functions in the space W, 2" (Q2) converging f e W, 2" (Q).
By the Corollary 2, we have

[V (f,+h)=V(f+h) f,—f

ey =l —0

wit (@)
as m—oo. Since p* <o, we find that pra(,(Q)(V(fm +h)-V(f+h)) >0 as m—oo, see
[31]. This follows that
P (V(f,+h))—> Py (V(f+h))
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as m— oo, see [31]. Hence
P oy (V(F+N))<liminfp , (V(F, +h))

that is the energy operator Ep )9 is lower semicontinuous.

By the Theorem 7, we get that [Vf, | ., —>c whenever |[f | .., —> . If we consider

'@ (@)

the inequality

Ve <[V F 1+ Vi 0 0y VR0

mHL‘;“(Q)
then we have Hme+VhHLpu(ﬂ)aoo as m-—oo. Since p"<oo, we obtain that

P oy (V (i +)) = 0 as m—>o0. This implies that the energy operator EX) is coercive. The

proof is completed by Theorem 10.
We deals with quasilinear equations of the form

—divA(x,Vf)=0
where A:R"xR" —»R" is a mapping satisfying the following assumptions for some

constants 0 <o <P <oo

(i) the mapping x — A(x,n) is measurable for all neR" and the mapping n— A(x,n) is
continuous for a.e. x e R".

(i) A(x, n)-nZaS(x)\n\p(')

(iii) [A(x,n)| <pS(x) ™"

(iv) ( (x,m,)— A(x,nz))-(nl—n2)>0 whenever n,m, eR", n, #n,

(v) A(x,An)= Mk\ *A(x,m) whenever LeR, A0,

In particular, we give the growth condition A(x,m)-n~9(x )\n\ Now, we define the

weighted p(.) - Laplace equation as

A0 =-dV(8(X)| VI[P ) =0 (4.2)

p(-).8

for every f e W)Y (Q).
Throughout this paper we assume that Q < R" for n>2, is an open set. We say that a
function f e W, (Q) is a (weak) weighted solution of (4.2) in Q, if

J]Vf ()" VE (x)- Vg (x) 9(x)dx =0

whenever geCy(Q). Moreover, a function feW&IOC (Q) is a (weak) weighted
supersolution of (4.2) in Q, if

P2 VE (x)- Vo (x)9(x)dx = 0 4.3)

ny(x
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whenever g e C7 (Q) is nonnegative. A function f is a weighted subsolution in Q if -f is a

(p() 9) - supersolution in Q, and a weighted solution in Q.

We recall the Dirichlet spaces as D;""(Q)= {few;foc( ):erL"S(')(Q)}. Now we

improve the definition of weighted solution and supersolution.

Theorem 12. If f Dg’p(') (Q) is a solution (respectively, a supersolution) of (4.2) in Q, then

ﬂVf(x)‘p(XHVf(x)-Vg(x)S(x)dx:O (respectively, >0)

forall ge W, (Q) (respectively, for all nonnegative g e W, (Q)).

Proof. Let the function g erjg(')(Q) be given. Hence we may take a sequence of functions

g, €CZ(Q) such that g, —»g in W;"(Q). By the variable case of Lemma 1.23 in [20], if g is

nonnegative, then we may pick nonnegative functions g, for each i. If we consider the
assumption (iii) above, then we have

<[3ﬂvf U vg(x) - vg, (x)| 9 (x)dx

ﬂvf(x)\p(xHVf( x)-Vg(x)9(x)dx - ﬂVf "2Vt (x)- Vg, (x)9(x)dx

< ﬁCHVfHL@(Q) HVg -Vg, HL@”(SI)

by the variable exponent Holder inequality. Since p* <o, we get HVg Vo, H 90 as

i — oo . This follows that

72Vf(x)-Vg( dx_llmHVf VI (x)- Vg, (x)9(x)dx >0.

1—0

X

HVf(X) p(x)

That is the desired result.
The proof of previous theorem give us an important fact that if f is any solution (respectively,

supersolution) in €, then (4.3) is satisfied for all (respectively, nonnegative) g e W1p (©) with
compact support.

Remark 2. In 2003, Fan and Zhang obtained a weak solution in w;*’“(gz) to the Dirichlet
problem of p(x)- Laplacian

—div(\Vu\p(X)f2 Vu) =f(xu), xeQ
u=0, X e0Q

where f:QxR — R is a Carathéodory function which satisfies the growth condition, see
[14]. Moreover, in recent years, p(x)- Laplacian equations and variational problems with p(x)-

growth conditions have been studied by several authors, see [4], [5], [11], [14], [21], [26], [32],
[33], [36], [38]. Hence ,weak solutions of weighted p(x)- Laplacian equations

—div(S(x)\Vu\p(x)’ZVu) =f(x,u), xeQ
u=0, X € 0Q
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can be found in w;;g<->(Q) by using variational and topological methods under suitable

conditions for f and 9 functions.
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