Fundamental Journal of Mathematics and Applications, 5 (2) (2022) 127-134 "
Research Article OF MATHEN

% FuIMA Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.org.tr/en/pub/fujma
ISSN: 2645-8845
doi: https://dx.doi.org/10.33401/fujma.1013757

B-Riesz Transforms Generated by Generalized Translate
Operator on HMg », Hardy-Morrey Spaces

Cansu Keskin

Department of Mathematics, Faculty of Arts and Sciences, Dumlupinar University, Kiitahya, Turkey

Article Info Abstract
Keywords:  B-Riesz transforms, De-  We study the decomposition of Hardy-Morrey spaces via atoms and molecules, which have
composition theory, Generalized trans- similar properties of Hy (R'}) Hardy spaces. Then we introduce the HM? ) boundedness

late operator, Hardy-Morrey spaces,
Laplace-Bessel differential operator
2010 AMS: 42B10, 42B20, 42B35
Received: 23 October 2021

Accepted: 27 March 2022

Available online: 28 March 2022

of B-Riesz transforms generated by a generalized translate operator that is assocwted to the
Laplace Bessel operator for 0 < p <1 < g < oo with p # g through atomic decomposition
and molecular characterization.

1. Introduction

The notion of classical Hardy-Morrey space HMY originates from Jia and Wang [1, 2]. Since then, this theory received
continuous development and now is increasingly mature; see, for example [3]-[5].

It is well known that the classical Hardy-Morrey space generalizes both Morrey (MY ,q > 1) and Hardy (H” ,p < 1) spaces
[6]. It plays important roles in several fields of harmonic analysis and PDEs. Also, these spaces are important because they
have close relations with L? spaces, Hardy spaces and BMO~! spaces, and etc.

In recent years, studies in the classical theory of Hardy-Morrey spaces related to some operators have gained great interest and
importance. Therefore, our study focused on these spaces. Similar results in other function spaces can be developed in this
spaces. These results can be seen in decomposition of Hardy-Morrey spaces, decomposition of Hardy-Morrey spaces with
weighted, and decomposition of weighted Hardy-Morrey spaces with variable exponent in [1],[3]-[5].

In this paper, our main purpose is to prove that some properties of Hardy-Morrey spaces, and Hardy-Morrey characterization of
the operators depend on conditions via atoms can be obtained. For example, the boundedness of an singular integral operators
can be often proved by estimating 7a when a is an atom. While it is generally not true that atoms are mapped into atoms,
for many convolution type operators Ta is a function enjoying many of the properties of atoms. Such functions were called
molecules. Moreover, classical Hardy spaces and Hardy-Morrey spaces have molecular characterizations that are completely
analogous to their atomic characterizations.

We define Hardy-Morrey spaces called HMp , Hardy-Morrey spaces which was similar with Hardy spaces associated to the
following Laplace-Bessel differential operator [7]

82 va

Z — =, v>0.

[ x,, o0x,

The main conclusion of this article is to prove that the B-Riesz transformation defined in (4.1) is a bounded operator from
Hardy-Morrey spaces HMf]7 A, to Hardy-Morrey spaces HMf]7 a,- Here Rs/k),B—Riesz transform related to Laplace-Bessel
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differential operator A,. This operator has been studied by many mathematicians on weighted Lebesgue spaces (see [8]-[11]).
Even though the boundedness of B-Riesz transform is well known for 1 < p < e on Lebesgue spaces, we cannot say for
0 < p < 1 on Lebesgue spaces. But these transformations are bounded in Hardy spaces for 0 < p < 1 (see [7]). Therefore, in
this study, a new characterization of the B-Riesz transform obtained by generalized translation has been obtained for 0 < p <1
in Hardy-Morrey spaces HMp

We investigate the Hardy- Morrey spaces characterizing boundedness properties of related Riesz transforms called B-Riesz
transforms. These operators give us the most popular examples of Calderon-Zygmund singular integral operators. Also these
transforms are related to generalized translate operator. Furthermore, they present some applications especially in the area of
partial differential equations. To characterize the boundedness of these transforms, we apply the atomic decomposition. By
using this decomposition we give the molecular characterizations for HM(’; », Hardy-Morrey spaces. We follow the ideas in [7]

to obtain the boundedness of high order B-Riesz transforms on HMg a, Hardy-Morrey spaces at the end of Section 4 as an
application of our main result. For this reason, we pass by other characterizations of HM;’ a, Hardy-Morrey spaces.

The remainder of this paper is structured as follows. The HM(‘; A Hardy-Morrey spaces are introduced, also their atomic
decompositions are given in Section 2. In Section 3, we will give appropriate definition of molecule is given. We will show
that each such molecule has an atomic decomposition. As an application, we present the B-Riesz transforms and give its
boundedness properties on HM 5 a, Hardy-Morrey spaces extending the results in [7].

Throughout this paper, we denote dyadic cubes with Q or J. Moreover, C indicates constant depending on n, Vv, p,q.

2. Preliminaries

Let R" be the n dimensional Euclidean space and R?. = {x = («',x,) € R": x,, > 0}. We write x = (X', x,,), x' = (x1,...,Xs—1) €
RV E(x,t)={yeR" ; [x—y| <t} and E(x,t)° =R"\E(x,t). Let us take a measurable set E on R", we can define

|E|V:/x,‘1'dx7
E

where v > 0. Denoting |E(0,7)|y = @(n,v)r""V , where

The generalized translate operator 77 is defined by

T £(x) fcv/ / V. Gonsyn)e) dv(6), @1

u %F (% iav—1 :
where ¢, = (v) s (Xns¥n)o = /X2 —2x,y,c080 +y2,dv (8) =sin""1 6 d8 [9, 10, 12, 13]. Note that the generalized
2
translate operator is closely connected with A, -Laplace-Bessel differential operator denoted by
nl 92 2 v o
AV_Z(92+ Xn BXn:Tx%‘f'xnaxn v >0.

The B,,-convolution operator related to 77 is defined by
(@80 = [, FIPgniay

Let L) = LY (IR") be the space of measurable functions with a finite norm

1/p
Il = ( [, sy )

is denoted by L} = L}(R"), 1 < p < e. We denote by .77 = .7/ (R’jr) the topological dual of .%, is the collection of all
tempered distributions on R’ .
First, let’s start by giving the definition of Morrey space [14, 15].

Definition 2.1. For p and q satisfying 0 < g < p < oo, the homogeneous Morrey spaces Mé’ are defined as
1_1
Mp={feLl. : Hf||Mg = sup [Bx,R)|?" || fllLapry <}
x€R" R>0

where B(x,R) is the closed ball of R" with center x and radius R.
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Let j€Z,k € Z". The set
Oj={xeR":27/k; <x; <27 Vkipy, i=1,2,...n},

is called a dyadic cube. We remark that

A1z = sup Vih ‘f\lfllm

J:dyadic

We now introduce the Hardy-Morrey spaces that we work mainly on and give their decomposition results.
The HM5 a, Hardy-Morrey spaces is given by the set of all distributions f € . \ & with the quasi-norm

/11y, = |[sup16 & f1[]y

is finite. Here ¢ € .7 (R} ) satisfies [ ¢ (x)x)dx = 1. Also, & indicates the set of polynomials.
For the Hardy-Morrey space, if 1 < p < g < oo, it is obvious that HM” A = MP A since the Hardy-Littlewood maximal

operator associated with the Laplace-Bessel differential operator Ay, is bounded on M ,,. Moreover, the HM’J , Hardy-Morrey
spaces cover Hardy spaces for 0 < p < 1. In general, Hﬁv = HMZAV C HMq Ay for p < g <o and HM1 Ay ;é MIPAAV. Here ,
the Hardy spaces Hgv are defined by

2, = {11l = swp0r 1], <=}
v >0 P

[2].

Now, let us start with to give the definition of (p, ¢, s)-atoms.

Definition 2.2. Let0 < p <1< g < cowith p # qand s € NU{0}. For a dyadic cube Q, a function ag is called a (p, q,s)-atom
of HM? 2Ay if the following properties are satisfied:

(i) ag be supported on a cube Q, namely, supp ag C O,

(if) HaQHLqV <ol ",
(iii) fR’i ap(x)x®x)dx =0 forall s > [(n+k+ v)(f —1)],1 <k <n, with |a| < s.

Also, we introduce atomic decomposition theorem in HM;’ A, Space is as follows:

Theorem 2.3. Let 0 < p <1 < g <eowith p+#q, {ag: Q dyadic} be a collection of (p,q,s)-atoms and {Ag : Q dyadic} be a
sequence of scalars with

1 1-p/q _— 1/p
MWF{W() Z@v|@@ <o
7\l ocJ

Then the sum

F=Y Agag (2.2)
0

converges in LS”J,F \Z and f € HM;’AV with Hf||HMpA < C||A||p,g» where C = C(n,p,q,v). Conversely, Vf € HMPAv has
! q,Av

atomic decomposition (2.2) in 5”; \ . Here ag are (p,q,s)-atoms and A =
C > 0 independent of f.

C|\f||HMp where

Proof. The proof of Theorem 2.3 can be found in [1, 16], so we omit it here. O

3. Molecular characterizations of H M p

V

Next, we continue to give the notion of molecule related to HM;’ a,- The following definition for molecule is modified from
the corresponding definition of molecule from [2].

Definition 3.1. Letr 0 < p<1<g<oowithp#gq, s= [(n+k+v)(—— 1)] and € > (n+k+v)(%—%),l <k<n A

measurable function mg(x) is called a (p,q,s, €)-molecule for a dyadic cube Q if and only if

(i) (fR,l Img(x)|*(1+ |xfo|v/€Q)2Sx2’ldx)l/2 < |Q|1,/271/p, (this means that (g is large )
(ii) fR’i mg(x)x%xydx =0,|a| <s.
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Similar to the atomic decomposition of HM(’;_ a, Hardy-Morrey space, the decomposition in terms of molecule is given as
follows: '

Theorem 3.2. Letr 0 < p <1 < g <oowithp+#gqand €> (n+k+ v)(f — %) There is exists a sequence of scalars

{A¢ : Q dyadic}, a collection of (p,q,s,€)-molecules {mg : Q dyadic} for HMq,AV’ the series

F=Y Agmg (3.1)
0

converges in 54 \Pand f € HM{’;_Av with
f <Cl||A
| ||HM5AV | ||p-,qv

where C > 0 independent of f.

Proof. The proof of this theorem has a similar technique to those of [2, 17, 18]. Let us start with consider the sets

Ey={xeRY :|x| <o}

Ei={xeR::2 "6 <|x|<2/c}, j=12,...,
(n+k+v)( ‘) _
where ¢ P2 H/’LH 2- Setmj =myg;, where X, is the characteristic function of E;. Forall j=1,2,..., o a
multi-index such that |a| < s, let (pa be the function on E; (the restriction to E; of a polynomial of degree at most s). If
Pj =QiXj then

/ (mj—Pj)x%xdx=0,|o] <.

Since m = Y.7 m; = Y.(m; — P;) + L P;, to show both ¥_(m; — P;) and Y. P; in HM;AV, it suffices to verify that

(i) each (m;— P;) is a multiple of a (p, g, s)-atom with coefficients sum appropriately,
(ii) the sum Y P; can be written as an infinite liner combination of (p, e, s)-atom with coefficients sum appropriately.

For a dyadic cube Q, we define Eg = Q and forall j > 1, Q; =2/Qand E; = Q; — Q;_. For j >0, let {(pE |a| < s} (or
{q:'a |a| < s}, respectively) be the Gram-Schmidt orthonormalization of monomials {x* : || < s}(or the dual basis of
monomials {CIDE |ot| < s}, respectively) on E; according to the weight 1/|E|,. We consider the function (pg‘j to be defined
on R", having the value zero outside E;. (namely, if x ¢ E;, then we set dng (x) = 0.) By homogeneity and the uniqueness of
Gram-Schmidt orthogonalization process (see [18]), we obtain the following estimate

|9E,(x)| <C, forx € Ej, (3.2)
and

@ (x)| <C(2a) 1, (3.3)
where C depends on s. Let mg be a molecule function. We set mg, (x) = mg(x) Xg; (x) and

Pg,(x) = Pg;(mg)( Z aE (PE Z mE CDE( ), (3.4

|a|<s loe|<s

where

3<

/mE (PE,

dx
‘| Mg, = /mE x)x%x) E
From [19], we obtain
/(mE_, — Pg;)x%xydx = 0, forall |a| <s,
[Ime; _PEjHL‘z,(Ej) < CHmE,HLg,(Ej) (3.5)

We may write a decomposition of the molecule mg(x) as folllows

oo

mo() = Y (ms, — Pr,)(x) + i@ (x). (3.6)
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By the equality (3.4), and the cancellation properties of the molecule, we get

o

iPEf(x) _ i Z ( CI>E_/'+1 _q)gf)EQjm7 (3.7)
j=0 |Ej+1|v |Ej|v ’

J=0]a|<s

here

Egyy =Y, /mEj (x)x%x)dx = /m(x)xaxxdxz 0,
j=0

Egy = Z/mE] (x)x%x)dx = / - mg(x)x%x,dx, forall j>1.
’ i:j |x‘2210
By using (3.6) and (3.7), we may write
mo(x) =Y to;ag;(x) + Y ) 00,400, 4(%), (3.8)
Jj=0 J20|al<s
where for each j > 0

g ()= BB i
! HmEj_PEjHL‘Z,(Ej) !

1
P
v

Ig; = HmEj 7PEjHL‘2,(Ej)|Qj|

and
Ao —=E p ig)~lel = gf'“ 2-’!. =y ig)lel
- iy 270)™™, bo, ,(x ( ) (oh 2 .
QJ, QJ, ‘ ]|V ( ) QJ" ( ) |Ej+l|v |E]|v | ]|V ( )

From the inequalities (3.2), (3.3) and (3.5), it can be easily seen that ag; and ij,a are supported in a cube Q; and they are
(p,q,2)-atoms and (p,g,c)-atoms respectively. For simplicity, we now just consider the sum (3.1) is finite. Then by (3.8), we
obtain

f=Y Aotg;a0,(x)+Y Ao ), 80;.b0;, () (3.9)
¥

Q.  al<s

in &/ (R"). Let J be a fixed dyadic cube. We consider the following equality

)3 |Aotg;1710Q; v = Y 127 Y t0,1710; I=pla

0;cJ ocJ J:0;CJ

By the Holder’s inequality, (3.5) and € > (n+k+Vv)( %) , we find that

1
p

Y g, 71051 7 < clofy . (3.10)
j:0;jCt
Combining (3.9) and (3.10), we get
‘ Z/IQfQ,-H < Cl[A]|pg- (3.11)
0, HM)

From an argument similar to that used in above (3.9)-(3.11), it also follows that

|LE Yo

Q j>00,j

< ClA]|
HMZAV

- (3.12)

Combining the inequalities (3.11) and (3.12), we end of the proof if the sum (3.1) is finite. Also, this sum converges in the
sense of distributions. O

With the above theorem, we are ready to give the following section which offers an important estimates for Hardy-Morrey
spaces related to Laplace-Bessel operator used in the proof of our main result.
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4. The B-Riesz transform on Hardy-Morrey spaces HM; A,

In this section, we restrict ourselves to the high order B-Riesz transforms and give its boundedness properties on Hardy-Morrey
spaces. We recall the high order B-Riesz transform.

Definition 4.1. ([8, 9]) Let 1 < p < oo and f € L}. B-Riesz transform of f with high order is defined

RPN = thW(d%£V®fﬂu)1§k§m

= Gulpv(Kof)](x)

. P(y) .y
= Gyl T vd 4.1
k7vslg(1)/£<|y| R FxX)yndy, (4.1)

where Cy., = 2" F("H‘%) [F(%)} ! and P(y) = Pc(y1,Y2, - - Yn_1,Y2) is a homogeneous polynomial of degree k which
holds Ay P(y) =0 on R',. Also, the following two conditions are satisfied for this polynomial:

P(6)(8)Vd6 =0 4.2)
Sy
and
sup |P(0)] =M < oo, 4.3)
0eSy

here Sy ={y R :|y|=1} and 6 = ‘;—‘ Also, here T? denotes the generalized translate operator given in (2.1).

Before establishing the B-Riesz transform characterization of HM; A (R%), we first introduce some background on this kernel
of this transform.

Let Rs,k> f:=K® f be defined as in (4.1). There exists a bounded distribution function K (x) with |F,[K(x)]| < C. We give the
following equality

FRY £1(x) = i*Pu(x) e Fu (£) ()

forall f € L%,. Here, for any f € .7 (R".), we use Fy f to denote its Fourier-Bessel transform, which is defined by setting
va(x) = f(y) eii(XIy,)jVT*l (ann) yr‘z/d)’7 forall x € R{lh
RY

where (x'y') = x1y1 + ...+ Xy 1n—1, Jjv, (Vv >—1/2)is Bessel function and C,, = (27)"~12V71T2((v+1)/2) = 20(2,V).
This transform is also associated with Laplace-Bessel differential operator.
Moreover, K (x) satisfies the following Hérmander’s condition,

IT7K (x) — K(x)|x,/dx < Az, (4.4)

[x[>A |y

for some Aj,A; < o (See more detail [20]). So, we conclude that property (4.4) and the L2-boundedness of R(vk) f maps
HM(’;Av toitself for 0 < p < 1 < g < oo with p # q.
However, we make stronger assumption on kernel, that is K € C*(R’, \ {0}) satisfies for all || < s and x # 0,

IDITK (x)| < AM|x| " *—V=lel,
We also have the following L and Hy boundedness of high order B-Riesz transform.

Theorem 4.2. ([8, 21]) Let P, be the characteristic of the singular integral (4.1) satisfiying the conditions (4.2) and (4.3).
Then there exists a constant C > 0 such that for all 1 < p < eoand v >0

k
IR ()l < M £l
where C is a constant independent of f and Py is a homogeneous polynomial of degree k.
Theorem 4.3. ([7]) Let Rg,k)f :=K® fand 0 < p < 1. Then there exists a constant C,, , , such that for all f € Hgv

1K@ fllug < Copwllfllug v>0.

at
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The following main theorem demonstrate B-Riesz characterization of HMZ; a, Hardy-Morrey spaces.

Theorem 4.4. Let 0 < p <1 < g <o with p # q. Then B-Riesz transform can be extended to the bounded transform on
Hardy-Morrey spaces HM 5 Ay

Proof. In order to prove this theorem, it is sufficient to show Rg,k) (f)is a(p,q,s,€)-molecule whenever f is a (p,q,s)-atom.
We prove this theorem by following the similar strategy used in [7]. Let us take the function supported in the upper half ball
B(0,1) with [ @(x)x,dx on R”.. We define K") = ¢, ® K. Then the function K) satisfies the following inequalities

sup Fy (KW)(x) < CllFy ||z

t>0

and

sug(Km)(x) < CoM|x| "Vl o) <.
>

For a dyadic cube Q, mgp(x) be a (p,q,s)-molecule and ag be a (p,q,s)-atom of HM; A, Finally, the proof rests on the

checking that mg(x) = Rs,k) (ag)(x) satisfies the moment and size condition. Namely,
. k 1/2 1/2—1
@) (Jir IRV ag(@)P(1+[x—xglv/0)xydx) > < |QI\/*7/7,
(ii) fR’i Rs,k)aQ(x)xadex =0, |a|<s.
So, we omit the details and leave it to the reader. O
5. Conclusion

In this study, the decomposition of Hardy-Morrey spaces related to the Laplace-Bessel differential operator are introduced in
terms of atoms and molecules. Also, we give the HMP a, boundedness of higher order B-Riesz transforms for 0 < g < p <o
by using this atomic decomposition and molecular characterlzatlon We follow the similar approach for developing the atomic
decomposition and molecular characterization as classical Hardy-Morrey spaces. The interesting of our result depends on the
existence of the different differential operator.
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