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Introduction 

The most researched operators in approximation theory is Bernstein operators and their modifications 

[1-15]. It has been an important field of study recently that the versions of the operators in the literature, 

which will be created using (𝑝, 𝑞)-calculation, have better error estimation than the classical versions. 

In 2015, (𝑝, 𝑞)-Bernstein operators defined and then various modifications of these operators have been 

studied by different authors in [2-10]. Thus, many well-known operators were transferred to post 

quantum calculus. In this study, based on the work of Karahan and Izgi [10], in which (𝑝, 𝑞)-Bernstein 

operators are defined on a specific interval, important features of approximating to functions in a certain 

domain with bivariate (𝑝, 𝑞)-Bernstein-Stancu type operators will be examined. 
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Our aim is to obtain a modification of the two-dimensional version of the (𝑝, 𝑞)-Bernstein-Stancu 

operators on 𝐸2 = [0,
[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

] × [0,
[𝑚+𝑎]𝑝2,𝑞2
[𝑚+𝑏]𝑝2,𝑞2

]. Also, some important approximation theorems are 

proved using this operators and the rate of convergence is estimated. 

Now we remember some main concepts of (𝑝, 𝑞)-analysis. (𝑝, 𝑞) integers are 

[𝑛]𝑝,𝑞 = 𝑝
𝑛−1 + 𝑝𝑛−2𝑞 + 𝑝𝑛−3𝑞2 +⋯+ 𝑝𝑞𝑛−2 + 𝑞𝑛−1 =

{
 
 

 
 

𝑝𝑛−𝑞𝑛

𝑝−𝑞
,      if 𝑝 ≠ 𝑞 ≠ 1;

𝑛𝑝𝑛−1 ,        if 𝑝 = 𝑞 ≠ 1
     [𝑛] 𝑞 ,        if 𝑝 = 1;         

        𝑛   ,        if 𝑝 = 𝑞 = 1

                   (1) 

for every 𝑝, 𝑞 > 0, here [𝑛] 𝑞 demonstrates 𝑞-integers for all 𝑛 ∈ ℕ ∪ {0}. 

The (𝑝, 𝑞)-factorial is described with 

[𝑛]𝑝,𝑞! = {
[𝑛]𝑝,𝑞[𝑛 − 1]𝑝,𝑞⋯[2]𝑝,𝑞[1]𝑝,𝑞  , 𝑖𝑓 𝑛 ≥ 1,

                      1                                 ,        𝑖𝑓 𝑛 = 0.
                                                                       (2) 

Then (𝑝, 𝑞)-binomial coefficient is characterized by 

[
𝑛
𝑘
]
𝑝,𝑞

=
[𝑛]𝑝,𝑞!

[𝑛−𝑘]𝑝,𝑞![𝑘]𝑝,𝑞!
= [

𝑛
𝑛 − 𝑘

]
𝑝,𝑞

                                                                                                        (3) 

for every 𝑛, 𝑘 ∈ ℕ and 𝑛 ≥ 𝑘. Also, following important equation are valid. 

(𝑎𝑥 + 𝑏𝑦)𝑝,𝑞
𝑛 ≔∑[

𝑛
𝑘
]
𝑝,𝑞
𝑝
(𝑛−𝑘)(𝑛−𝑘−1)

2 𝑞
𝑘(𝑘−1)

2 𝑎𝑛−𝑘𝑏𝑘𝑥𝑛−𝑘𝑦𝑘
𝑛

𝑘=0

 

Materials and Methods 

In this section, the operators that we are working with is introduced and the status of the operators in the 

test functions is examined.  

Let 𝑖 ∈ {1,2}, 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1 and 0 < 𝑎 < 𝑏. Then, for all 0 < 𝛼 < 𝛽, we define a modification of 

two-dimensional version of the (𝑝, 𝑞)-Bernstein-Stancu operators as follows.  

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

 

                                      × 𝑓 (
([𝑘]𝑝1,𝑞1𝑝1

𝑛−𝑘 + 𝛼)[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1([𝑛]𝑝1,𝑞1 + 𝛽)

,
([𝑗]𝑝2,𝑞2𝑝2

𝑚−𝑗
+ 𝛼)[𝑚 + 𝑎]𝑝2,𝑞2

[𝑚 + 𝑏]𝑝2,𝑞2([𝑚]𝑝2,𝑞2 + 𝛽)
)         (5) 

where 

𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥) = (
[𝑛 + 𝑏]𝑝1,𝑞1
[𝑛 + 𝑎]𝑝1,𝑞1

)

𝑛

[
𝑛
𝑘
]
𝑝1,𝑞1

𝑝1

𝑘(𝑘−1)
2 𝑥𝑘 ∏ (𝑝1

𝑠
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−1

𝑠=0

,                        (6) 
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𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦) = (
[𝑚 + 𝑏]𝑝2,𝑞2
[𝑚 + 𝑎]𝑝2,𝑞2

)

𝑚

𝑝2

𝑗(𝑗−1)
2 [

𝑚
𝑗 ]
𝑝2,𝑞2

𝑦𝑗 ∏ (𝑝2
𝑟
[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

− 𝑞2
𝑟𝑦)

𝑚−𝑗−1

𝑟=0

.                  (7) 

Definition 1 Let 𝐸2 = [0,
[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

] × [0,
[𝑚+𝑎]𝑝2,𝑞2
[𝑚+𝑏]𝑝2,𝑞2

], 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1, where 𝑖 ∈ {1, 2} and  

0 < 𝑎 < 𝑏. For 0 < 𝛼 < 𝛽, 𝑓: 𝐸2 → ℝ2 and  �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦), we can make following 

demonstrations: 

�̃�𝑛
(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

∑𝑓(
[𝑛 + 𝑎]𝑝1,𝑞1([𝑘]𝑝1,𝑞1𝑝1

𝑛−𝑘 + 𝛼)

[𝑛 + 𝑏]𝑝1,𝑞1([𝑛]𝑝1,𝑞1 + 𝛽)
, 𝑦)𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑛

𝑘=0

                    (8) 

and 

�̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) =

1

𝑝2

𝑚(𝑚−1)
2

∑𝑓(𝑥,
[𝑚 + 𝑎]𝑝2,𝑞2([𝑗]𝑝2,𝑞2𝑝2

𝑚−𝑗
+ 𝛼)

[𝑚 + 𝑏]𝑝2,𝑞2([𝑚]𝑝2,𝑞2 + 𝛽)
)𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦)

𝑚

𝑗=0

.                 (9) 

Lemma 1 Let �̃�𝑛
(𝑝1,𝑞1)𝑥 , �̃�𝑚

(𝑝2,𝑞2)𝑦
 are defined on 𝐶(𝐸2). Then the following results hold. 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) = �̃�𝑛

(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) �̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) 

                                          = �̃�𝑚
(𝑝2,𝑞2)𝑦 (𝑓; 𝑥, 𝑦) �̃�𝑛

(𝑝1,𝑞1)𝑥 (𝑓; 𝑥, 𝑦) . 

Lemma 2 Let 𝑓: 𝐸2 → ℝ2, 0 < 𝑎 < 𝑏 and for 𝑖 ∈ {1, 2}, 0 < 𝑞𝑖 < 𝑝𝑖 ≤ 1. Then, for all 0 < 𝛼 < 𝛽 and 

𝑘 ∈ {0, 1, 2},  we have the next equalities for the functions  𝜎𝑘𝜑𝑘; 

   i.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) = 1,                                                                                                                        (10) 

  ii.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑; 𝑥, 𝑦) =

[𝑛]𝑝1,𝑞1
[𝑛]𝑝1,𝑞1 + 𝛽

𝑥 +
𝛼

[𝑛]𝑝1,𝑞1 + 𝛽
(
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

),                                       (11) 

 iii.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜎; 𝑥, 𝑦) =

[𝑚]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2 + 𝛽

𝑦 +
𝛼

[𝑚]𝑝2,𝑞2 + 𝛽
(
[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

),                                    (12) 

 iv.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2; 𝑥, 𝑦) =

[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑞1𝑥

2                     

+(𝑝1
𝑛−1 + 2𝛼)(

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥 + (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

2
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2  ,                       (13) 

  v.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜎2; 𝑥, 𝑦) =

[𝑚]𝑝2,𝑞2[𝑚 − 1]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑞2𝑦

2 

+(𝑝2
𝑚−1 + 2𝛼)(

[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)
[𝑚]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑦 + (

[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)

2
𝛼2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 ,                  (14) 
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 vi.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2 + 𝜎2; 𝑥, 𝑦) =

𝑞1[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥2 +

𝑞2[𝑚]𝑝2,𝑞2[𝑚 − 1]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑦2 

   +(𝑝1
𝑛−1 + 2𝛼)(

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥   

   +(𝑝2
𝑚−1 + 2𝛼)(

[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)
[𝑚]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑦 

   +
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 (
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

2

+ (
[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)

2
𝛼2

([𝑚]𝑝2,𝑞2 + 𝛽)
2  .                                           (15) 

Proof i.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑ ∑ 𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥)
𝑚
𝑗=0

𝑛
𝑘=0 𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦) = 1 

is obtained. 

ii.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑; 𝑥, 𝑦) 

=
1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝑓(
[𝑛 + 𝑎]𝑝1,𝑞1([𝑘]𝑝1,𝑞1𝑝1

𝑛−𝑘 + 𝛼)

[𝑛 + 𝑏]𝑝1,𝑞1([𝑛]𝑝1,𝑞1 + 𝛽)
, 𝑦)𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥)

𝑚

𝑗=0

𝑛

𝑘=0

𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

=
1

𝑝1

𝑛(𝑛−1)
2

(
[𝑛 + 𝑏]𝑝1,𝑞1
[𝑛 + 𝑎]𝑝1,𝑞1

)

𝑛−1

 

× [
[𝑛]𝑝1,𝑞1𝑥

[𝑛]𝑝1,𝑞1 + 𝛽
𝑝1

𝑛(𝑛−1)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛−1

+
𝛼

[𝑛]𝑝1,𝑞1 + 𝛽
𝑝1

𝑛(𝑛−1)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛

] 

=
[𝑛]𝑝1,𝑞1

[𝑛]𝑝1,𝑞1 + 𝛽
𝑥 +

𝛼

[𝑛]𝑝1,𝑞1 + 𝛽
(
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

) 

is completed. 

iii. Similarly, �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜎; 𝑥, 𝑦) =

[𝑚]𝑝2,𝑞2
[𝑚]𝑝2,𝑞2+𝛽

𝑦 +
𝛼

[𝑚]𝑝2,𝑞2+𝛽
(
[𝑚+𝑎]𝑝2,𝑞2
[𝑚+𝑏]𝑝2,𝑞2

). 

iv.   �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2; 𝑥, 𝑦) 

=
1

𝑝1

𝑛(𝑛−1)
2

1

𝑝2

𝑚(𝑚−1)
2

∑∑𝑓(
[𝑛 + 𝑎]𝑝1,𝑞1

2 ([𝑘]𝑝1,𝑞1𝑝1
𝑛−𝑘 + 𝛼)

2

[𝑛 + 𝑏]𝑝1,𝑞1
2 ([𝑛]𝑝1,𝑞1 + 𝛽)

2 , 𝑦)

𝑚

𝑗=0

𝑛

𝑘=0

𝑁𝑛,𝑘(𝑝1, 𝑞1; 𝑥)𝑁𝑚,𝑗(𝑝2, 𝑞2; 𝑦) 

=
1

𝑝1

𝑛(𝑛−1)
2

(
[𝑛 + 𝑏]𝑝1,𝑞1
[𝑛 + 𝑎]𝑝1,𝑞1

)

𝑛−2

 

× [
𝑝1
2𝑛[𝑛]𝑝1,𝑞1𝑥

([𝑛]𝑝1,𝑞1 + 𝛽)
2∑[

𝑛 − 1
𝑘

]
𝑝1,𝑞1

[𝑘 + 1]𝑝1,𝑞1  𝑝1

(𝑘+1)(𝑘−4)
2 𝑥𝑘 ∏ (𝑝1

𝑠
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−2

𝑠=0

𝑛−1

𝑘=0
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+
2𝛼𝑝1

𝑛[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2∑𝑝1

(𝑘−2)(𝑘+1)
2 [

𝑛 − 1
𝑘

]
𝑝1,𝑞1

𝑥𝑘+1 ∏ (𝑝1
𝑠
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

− 𝑞1
𝑠𝑥)

𝑛−𝑘−2

𝑠=0

𝑛−1

𝑘=0

 

+
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑝1

𝑛(𝑛−1)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛

] 

here, using that [1 + 𝑘]𝑝1,𝑞1 = 𝑝1
𝑘 + 𝑞1[𝑘]𝑝1,𝑞1, we can write 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2; 𝑥, 𝑦) =

1

𝑝1

𝑛(𝑛−1)
2

(
[𝑛 + 𝑏]𝑝1,𝑞1
[𝑛 + 𝑎]𝑝1,𝑞1

)

𝑛−2

 

× [
[𝑛]𝑝1,𝑞1𝑥

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑝1

(𝑛−1)(𝑛+2)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛−1

 

+
𝑝1
2𝑛−3𝑞1[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1𝑥

2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑝1

(𝑛−2)(𝑛−3)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛−2

 

+
2𝛼[𝑛]𝑝1,𝑞1𝑥

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑝1

𝑛(𝑛−1)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛−1

+
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑝1

𝑛(𝑛−1)
2 (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

𝑛

] 

= (
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
𝑝1
𝑛−1[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥 +

𝑞1[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥2 

+(
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
2𝛼[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥 + (

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

2
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 

=
𝑞1[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥2 + (𝑝1

𝑛−1 + 2𝛼)(
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥 

+
𝛼2

([𝑛]𝑝1,𝑞1+𝛽)
2 (

[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

)
2

. 

v. �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜎2; 𝑥, 𝑦) is obtained in a similar way. 

vi. On the other hand, for �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2 + 𝜎2; 𝑥, 𝑦); 

�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2 + 𝜎2; 𝑥, 𝑦) =

[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑞1𝑥

2 + 𝑞2
[𝑚]𝑝2,𝑞2[𝑚 − 1]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑦2 

+(𝑝1
𝑛−1 + 2𝛼)(

[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)
[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑥 

+(𝑝2
𝑚−1 + 2𝛼)(

[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)
[𝑚]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑦 

+(
[𝑛 + 𝑎]𝑝1,𝑞1
[𝑛 + 𝑏]𝑝1,𝑞1

)

2
𝛼2

([𝑛]𝑝1,𝑞1 + 𝛽)
2 + (

[𝑚 + 𝑎]𝑝2,𝑞2
[𝑚 + 𝑏]𝑝2,𝑞2

)

2
𝛼2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 
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can be found easily. 

Remark 1 Let 0 < 𝑞1,𝑛 < 𝑝1,𝑛 ≤ 1, 0 < 𝑞2,𝑚 < 𝑝2,𝑚 ≤ 1 and 

lim
𝑛→∞

𝑝1,𝑛 = lim
𝑛→∞

𝑞1,𝑛 = 1 , 𝑙𝑖𝑚
𝑚→∞

𝑝2,𝑚 = 𝑙𝑖𝑚
𝑚→∞

𝑞2,𝑚 = 1.                                                                              (16) 

In the next sections, proofs will be made using the following equations. 

lim
𝑛→∞

𝑝1,𝑛
𝑛−1

[𝑛]𝑝1,𝑛;𝑞1,𝑛
= lim

𝑚→∞

𝑝2,𝑚
𝑚−1

[𝑚]𝑝2,𝑚;𝑞2,𝑚
= 0,                                                                                                       (17) 

lim
𝑛→∞

[𝑛 − 1]𝑝1,𝑛;𝑞1,𝑛
[𝑛]𝑝1,𝑛;𝑞1,𝑛

𝑞1,𝑛 = lim
𝑚→∞

[𝑚 − 1]𝑝2,𝑚;𝑞2,𝑚
[𝑚]𝑝2,𝑚;𝑞2,𝑚

𝑞2,𝑚 = 1.                                                                      (18) 

Results and Discussion 

In this section, we will calculate moments by showing that our bivariate operators satisfy the 

approximation theorem. 

Let 𝐸𝑛𝑚
2 = [0,

[𝑛+𝑎]𝑝1,𝑛,𝑞1,𝑛

[𝑛+𝑏]𝑝1,𝑛,𝑞1,𝑛
] × [0,

[𝑚+𝑎]𝑝2,𝑚,𝑞2,𝑚

[𝑚+𝑏]𝑝2,𝑚,𝑞2,𝑚

]. 

Theorem 1 Let 0 < 𝑞1,𝑛 < 𝑝1,𝑛 ≤ 1, 0 < 𝑞2,𝑚 < 𝑝2,𝑚 ≤ 1, 0 < 𝑎 < 𝑏 and lim
𝑛→∞

𝑝1,𝑛 = lim
𝑛→∞

𝑞1,𝑛 = 1 , 

𝑙𝑖𝑚
𝑚→∞

𝑝2,𝑚 = 𝑙𝑖𝑚
𝑚→∞

𝑞2,𝑚 = 1. Then for every 𝑓 ∈ 𝐶(𝐸𝑛𝑚
2 )   

lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)‖

𝐶(𝐸𝑛𝑚
2 ) 

  = 0.
  

                                                                (19)

Proof In accordance to Volkov’s theorem, since it is easy to show the cases i-iii in Lemma 2, it is 

sufficient only to show following equality. 

lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝜑2 + 𝜎2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖

𝐶(𝐸𝑛𝑚
2 ) 

  = 0.
   

                                             (20)

By definition of the norm, we get 

max
(𝑥,𝑦)∈𝐸𝑛𝑚

2
|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝜑2 + 𝜎2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)| 

≤ |(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2 [𝑛]𝑝1,𝑛,𝑞1,𝑛(𝑝1,𝑛
𝑛−1 + 2𝛼)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 | 

+ |(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2 [𝑚]𝑝2,𝑚,𝑞2,𝑚(𝑝2,𝑚
𝑚−1 + 2𝛼)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 | 

+ |[
𝑞1,𝑛[𝑛]𝑝1,𝑛,𝑞1,𝑛[𝑛 − 1]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 − 1] (

[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

| 
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+ |[
𝑞2,𝑚[𝑚]𝑝2,𝑚,𝑞2,𝑚[𝑚 − 1]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 − 1] (

[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

| 

+ |
𝛼2

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 (
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

| + |
𝛼2

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 (
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

|. 

Here, using the equations  

[𝑛]𝑝1,𝑛,𝑞1,𝑛 − 𝑝1,𝑛
𝑛−1 = [𝑛 − 1]𝑝1,𝑛,𝑞1,𝑛𝑞1,𝑛                                                                                                         (21) 

and 

[𝑚]𝑝2,𝑚,𝑞2,𝑚 − 𝑝2,𝑚
𝑚−1 = [𝑚 − 1]𝑝2,𝑚,𝑞2,𝑚𝑞2,𝑚 ,                                                                                               (22)  

we get 

lim
𝑛→∞

[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 = 0, lim𝑛→∞

[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

= 1, lim
𝑛→∞

𝛼2

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 = 0,                            (23) 

lim
𝑚→∞

[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 = 0, lim𝑚→∞

[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

= 1, lim
𝑚→∞

𝛼2

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 = 0                  (24) 

and 

lim
𝑛→∞

(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛[𝑛 − 1]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 𝑞1,𝑛) = 0,                                                                                            (25) 

lim
𝑚→∞

(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚[𝑚 − 1]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 𝑞2,𝑚) = 0 .                                                                                   (26) 

Taking into account the derivative for maximum of the above function; we get, 

lim
𝑛,𝑚→∞

‖�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛)(𝑝2,𝑚,𝑞2,𝑚)(𝜑2 + 𝜎2; 𝑥, 𝑦) − (𝑥2 + 𝑦2)‖

𝐶(𝐸𝑛𝑚
2 )

= 0, 

then, using definition of sequences and the Volkov theorem, the desired result is obtained.  

Lemma 3 For  �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) the following equations are true. 

 �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜑 − 𝑥)2; 𝑥, 𝑦) = (

[𝑛]𝑝1,𝑞1[𝑛 − 1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1 + 𝛽)
2 𝑞1 −

2[𝑛]𝑝1,𝑞1
([𝑛]𝑝1,𝑞1 + 𝛽)

+ 1)𝑥2 

                                                     +(
[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

) (
(𝑝1
𝑛−1+2𝛼)[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1+𝛽)
2 −

2𝛼

([𝑛]𝑝1,𝑞1+𝛽)
)𝑥 

                                                     +
𝛼2

([𝑛]𝑝1,𝑞1+𝛽)
2 (

[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

)
2

                                                                   (27) 
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�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜎 − 𝑦)2; 𝑥, 𝑦) = (

[𝑚]𝑝2,𝑞2[𝑚 − 1]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2 + 𝛽)
2 𝑞2 −

2[𝑚]𝑝2,𝑞2
([𝑚]𝑝2,𝑞2 + 𝛽)

+ 1)𝑦2 

                                                     +(
[𝑚+𝑎]𝑝2,𝑞2
[𝑚+𝑏]𝑝2,𝑞2

)(
(𝑝2
𝑚−1+2𝛼)[𝑚]𝑝2,𝑞2

([𝑚]𝑝2,𝑞2+𝛽)
2 −

2𝛼

([𝑚]𝑝2,𝑞2+𝛽)
)𝑦 

                                                     +(
[𝑚+𝑎]𝑝2,𝑞2
[𝑚+𝑏]𝑝2,𝑞2

)
2

𝛼2

([𝑚]𝑝2,𝑞2+𝛽)
2 .                                                                (28) 

Proof From the definition of operators 

 �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜑 − 𝑥)2; 𝑥, 𝑦) =  �̃�𝑛,𝑚

(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑2; 𝑥, 𝑦) − 2𝑥�̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝜑; 𝑥, 𝑦) 

                                                     +𝑥2 �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(1; 𝑥, 𝑦) 

                                                  = (
𝑞1[𝑛]𝑝1,𝑞1[𝑛−1]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1+𝛽)
2 −

2[𝑛]𝑝1,𝑞1
([𝑛]𝑝1,𝑞1+𝛽)

+ 1)𝑥2 

                                                     +(
[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

) (
(𝑝1
𝑛−1+2𝛼)[𝑛]𝑝1,𝑞1

([𝑛]𝑝1,𝑞1+𝛽)
2 −

2𝛼

([𝑛]𝑝1,𝑞1+𝛽)
)𝑥 

                                                     +
𝛼2

([𝑛]𝑝1,𝑞1+𝛽)
2 (

[𝑛+𝑎]𝑝1,𝑞1
[𝑛+𝑏]𝑝1,𝑞1

)
2

. 

With a similar method, the desired equality for �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)((𝜎 − 𝑦)2; 𝑥, 𝑦) is obtained. 

Rates of Convergences 

Now, we give some convergence properties of  �̃�𝑛,𝑚
(𝑝1,𝑞1),(𝑝2,𝑞2)(𝑓; 𝑥, 𝑦) by the following well known 

definitions of complete and first-second modulus of continuity. 

For every 𝑓 ∈ 𝐶(𝐸𝑛𝑚
2 ) and (𝜑, 𝜎), (𝑥, 𝑦) ∈ 𝐸𝑛𝑚

2   complete and partial modulus of continuity are defined 

as following respectively (see for example in [16]). 

𝜔(𝑓, 𝛿𝑛,𝑚) = sup {|𝑓(𝜑, 𝜎) − 𝑓(𝑥, 𝑦)|: √(𝜑 − 𝑥)
2 + (𝜎 − 𝑦)2 ≤ 𝛿𝑛,𝑚}                                             (29) 

𝜔1(𝑓; 𝛿) = sup{|𝑓(𝑥1, 𝑦) − 𝑓(𝑥2, 𝑦)|: 𝑦 ∈ 𝐸𝑛𝑚 𝑣𝑒 |𝑥1 − 𝑥2| ≤ 𝛿}                                                        (30) 

𝜔2(𝑓; 𝛿) = sup{|𝑓(𝑥, 𝑦1) − 𝑓(𝑥, 𝑦2)|: 𝑥 ∈ 𝐸𝑛𝑚 𝑣𝑒 |𝑦1 − 𝑦2| ≤ 𝛿}                                                        (31) 

Theorem 2 For sufficiently large 𝑛,𝑚 and every  𝑓 ∈ 𝐶(𝐸𝑛𝑚
2 ) , rate of convergence of operators is 

examined with following inequality using the modulus of continuity 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2𝜔(𝑓; 𝛿𝑛,𝑚) 

where 

𝛿𝑛,𝑚 = [(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2] 
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           +(
[𝑚+𝑎]𝑝2,𝑚,𝑞2,𝑚

[𝑚+𝑏]𝑝2,𝑚,𝑞2,𝑚

)
2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚+𝛽)
)

2

+
𝛼(𝛼−2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚+𝛽)
2]]

1
2⁄

.                                        (32) 

Proof By the definition of complete modulus of continuity, we have 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| 

≤ 𝜔(𝑓; 𝛿𝑛,𝑚){1 +
1

𝛿𝑛,𝑚
[(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

(
𝑞1,𝑛[𝑛]𝑝1,𝑛,𝑞1,𝑛[𝑛 − 1]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 −

2[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
+ 1) 

+(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

(
(𝑝1,𝑛

𝑛−1 + 2𝛼)[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 −

2𝛼

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
+

𝛼2

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2) 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

(
𝑞2,𝑚[𝑚]𝑝2,𝑚,𝑞2,𝑚[𝑚 − 1]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 −

2[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
+ 1) 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

(
(𝑝2,𝑚

𝑚−1 + 2𝛼)[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 −

2𝛼

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
+

𝛼2

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2)]

1
2⁄

} 

≤ {1 +
1

𝛿𝑛,𝑚
[(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

(
[𝑛]𝑝1,𝑛,𝑞1,𝑛([𝑛]𝑝1,𝑛,𝑞1,𝑛 − 𝑝1,𝑛

𝑛−1)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 −

2[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
+ 1) 

+(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

(
(𝑝1,𝑛

𝑛−1 + 2𝛼)[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 −

2𝛼

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
+

𝛼2

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2) 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

(
[𝑚]𝑝2,𝑚,𝑞2,𝑚([𝑚]𝑝2,𝑚,𝑞2,𝑚 − 𝑝2,𝑚

𝑚−1)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 −

2[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
+ 1) 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

(
(𝑝2,𝑚

𝑚−1 + 2𝛼)[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2 −

2𝛼

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
+

𝛼2

([𝑚]𝑝2,𝑞2 + 𝛽)
2)]

1
2⁄

} 

× 𝜔(𝑓; 𝛿𝑛,𝑚) 

≤ 𝜔(𝑓; 𝛿𝑛,𝑚) {1 +
1

𝛿𝑛,𝑚
[(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

 

+(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2 + (

[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2]

1
2⁄

} 
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≤ 𝜔(𝑓; 𝛿𝑛,𝑚) {1 +
1

𝛿𝑛,𝑚
[(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2] 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2]]

1
2⁄

}
 
 

 
 

. 

Using Remark 1 and choosing 

𝛿𝑛,𝑚 = [(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2] 

+(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2]]

1
2⁄

 

we get our desired result. 

Theorem 3 For all 𝑓 ∈ 𝐶(𝐸𝑛𝑚
2 ), the following inequality holds 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2(𝜔1(𝑓; 𝛿𝑛) + 𝜔

2(𝑓; 𝛿𝑚))                                              (33)   

where 

𝛿𝑛 = √(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2] ,                                  (34) 

𝛿𝑚 = √(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2] .                          (35) 

Proof Using Cauchy-Schwartz inequality, we have 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| 

≤ 𝜔1(𝑓; 𝛿𝑛) [1 +
1

𝛿𝑛
((
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2])

1 2⁄

] 

+𝜔2(𝑓; 𝛿𝑚) [1 +
1

𝛿𝑚
((
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2])

1 2⁄

] 

By choosing 
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𝛿𝑛 = √(
[𝑛 + 𝑎]𝑝1,𝑛,𝑞1,𝑛
[𝑛 + 𝑏]𝑝1,𝑛,𝑞1,𝑛

)

2

[(1 −
[𝑛]𝑝1,𝑛,𝑞1,𝑛

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑛]𝑝1,𝑛,𝑞1,𝑛 + 𝛽)
2] 

𝛿𝑚 = √(
[𝑚 + 𝑎]𝑝2,𝑚,𝑞2,𝑚
[𝑚 + 𝑏]𝑝2,𝑚,𝑞2,𝑚

)

2

[(1 −
[𝑚]𝑝2,𝑚,𝑞2,𝑚

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
)

2

+
𝛼(𝛼 − 2𝛽)

([𝑚]𝑝2,𝑚,𝑞2,𝑚 + 𝛽)
2] 

the proof is completed. 

We recall Lipschitz class 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2) for the bivariate functions as follows: 

Let 𝛼1, 𝛼2 ∈ (0,1] also (𝜑, 𝜎), (𝑥, 𝑦) ∈ 𝐸𝑛𝑚
2 . There exists 𝑀 > 0:  

|𝑓(𝜑, 𝜎) − 𝑓(𝑥, 𝑦)| ≤ 𝑀|𝜑 − 𝑥|𝛼1|𝜎 − 𝑦|𝛼2 ,                                                                                               (36) 

then  𝑓 is called Lipschitz continuous function. The set of Lipschitz continuous functions is denoted by 

𝐿𝑖𝑝𝑀(𝛼1, 𝛼2). 

Theorem 4 Let (𝑥, 𝑦) ∈ 𝐸𝑛𝑚
2  and  𝑓 ∈ 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2).  (𝛿𝑛)  and (𝛿𝑚)  are the sequences defined in (34) 

and (35), then we have next inequalities for operators,  

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝑀(√𝛿𝑛)

𝛼1
(√𝛿𝑚)

𝛼2
.                                                            (37) 

Proof Let 𝑓 ∈ 𝐿𝑖𝑝𝑀(𝛼1, 𝛼2). Using linearity and positivity of operators 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| 

≤ 𝑀�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(|𝜑 − 𝑥|𝛼1; 𝑥)�̃�𝑛,𝑚

(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(|𝜎 − 𝑦|𝛼2; 𝑦). 

Taking 

𝑝′ =
2

𝛼1
 , 𝑞′ =

2

2−𝛼1
  and  𝑝′′ =

2

𝛼2
 , 𝑞′′ =

2

2−𝛼2
 

also applying Hölder’s inequality, we write 

|�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| 

≤ 𝑀 {�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(|𝜑 − 𝑥|2; 𝑥)}

𝛼1 2⁄

{�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(1; 𝑥)}

𝛼1 2⁄

 

× {�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(|𝜎 − 𝑦|2; 𝑦)}

𝛼2 2⁄

{�̃�𝑛,𝑚
(𝑝1,𝑛,𝑞1,𝑛),(𝑝2,𝑚,𝑞2,𝑚)(1; 𝑦)}

𝛼2 2⁄

 

≤ 𝑀(√𝛿𝑛)
𝛼1
(√𝛿𝑚)

𝛼2
. 

So, Theorem is proved. 
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Conclusions 

In this paper, a generalization of (𝑝, 𝑞)-Bernstein Stancu operators on certain domain was given. Then, 

the approximation properties of our operators; for bivariate functions, rate of convergence and using the 

properties of the Lipschitz class was investigated. Furthermore, important results were obtained with 

regard Bernstein Stancu type operators means of (𝑝, 𝑞)-integers. 
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