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Abstract
In this paper, we give Darboux approximation for dual Smarandache curves of spacelike curve on unit

dual Lorentzian sphere S~12 . Firstly, we define the types of dual Smarandache curves of a spacelike curve

a(S) lying on dual Lorentzian sphere §12 . Then, we obtain the relationships between the dual curva-

tures of spacelike curve &(S) and its dual Smarandache curves. Finally, we give an example for
Smarandache curves of a spacelike curve on unit dual Lorentzian sphere 812 .

Keywords — Darboux approach, E. Study Mapping, Smarandache curve, Unit dual Lorentzian sphere.

§12 Birim Dual Lorenziyen Kiire Uzerindeki Spacelike Bir Egrinin Smarandache
Egrileri

Ozet
Bu ¢alismada §12 birim dual Lorenziyen kiire {izerindeki spacelike bir egrinin Darboux yaklasimini verecegiz.
Ik olarak, birim dual Lorenziyen kiire iizerindeki bir &(S) egrisinin dual Smarandache egri tiplerini
tanimlariz. Daha sonra, bu &(S) dual egri ve dual Smarandache egrilerinin dual egrilikleri arasindaki iligkileri
elde ederiz. Son olarak, S~12 tizerindeki bir dual spacelike egrinin dual Smarandache egrileri icin bir 6rnek
veririz.

Anahtar Kelimeler — Darboux Yaklasimi, E. Study Doniisiimii, Smarandache egri, Birim dual Lorenziyen kiire.

1 Introduction a surface generated by moving of a spacelike line L

. 3 .
In the dual Lorentzian space Dl3 , a differentiable along a curve a(s) in El and has the parametriza-

spacelike curve lying fully on unit dual Lorentzian tion @(s,u)=a(s)+ul (s), where @(s) is called

sphere §12 represents a timelike ruled surface which is generating curve and r(S) , the direction of the space-
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like line L, is called ruling.

In the study of the fundamental theory and the charac-
terizations of space curves, the special curves are an
important problem. The most mathematicians studied
the special curves such as Mannheim curves and Ber-
trand curves. Recently, a new special curve which is
called Smarandache curve is defined by Turgut and
Yilmaz in Minkowski space-time [9]. Ali have studied

Smarandache curves in the Euclidean 3-space E® [1].
Then, Kahraman and Ugurlu have studied dual
Smarandache curves of lying curves on unit dual

sphere S$? in dual space D? [5].

In this paper, we give Darboux approximation for
dual Smarandache curves of spacelike curve on unit

dual Lorentzian sphere §12 . Firstly, we define the
types of dual Smarandache curves of a dual spacelike
curve @(S) on S?. Then, we obtain the relationships

between the dual curvatures of dual spacelike curve
&(S) and its dual Smarandache curves. Finally, we

give an example for Smarandache curves of a space-

like curve on unit dual Lorentzian sphere §12 .

2 Preliminaries

Let [J f be a 3-dimensional Minkowski space over the
field of real numbers [ with the Lorentzian inner
product < , > given by <§,§> =—ab, +ab, +a,b,,
where d=(a,,a,,a;) and b=(b,,b,,b)el® A
vector d=(a,,a,,a,) of ] is said to be timelike if
<§,§.>< 0, spacelike if <§,§> >0 or =0, and
lightlike (null) if <é:, §>=0 and 8#0. Similarly, an
arbitrary curve d(S) in 3 is spacelike, timelike or

lightlike (null), if all of its velocity vectors &@'(S) are
spacelike, timelike or lightlike (null), respectively [7].

The norm of a vector @ is defined by ||§|| = ‘ <3:, gl> ‘
Now, let d=(a,,a,,a;) and 6=(bl, b,, b;) be two
vectors in [] i Then the Lorentzian cross product of &
and b is
ﬁx5=(a2b3 —agb, , ab,-asb, a,b -a,b, ). By
using this definition it can be easily shown that

<é Db, 6> =—det(a,b,c) [11].

given

by
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The sets of the unit timelike and unit spacelike vectors
are called hyperbolic unit sphere and Lorentzian unit
denoted by

- } and
S? ={a=(a1,a2,a3)eD 3 <§,§ =1}, respectively
[11].

Let D=0 x[] ={a=(a,a"):a,a ]} be the

sphere, and

HZ :{az(al,az,aa) el}:(a,a)

respectively,

set of pairs (a,a"). For a=(a,a”), b =(b,b")eD
the following operations are defined on D'
Equality .a=b<oa=b, a =b
Addition :a+b =(a+b, a"+b")
Multiplication : @b = (ab, ab’+a’b)
Then the element &=(0,1) € D satisfies following
relationships € #0, e2=0, gl=lg=¢.

Let consider the element @ €D of the form
a=(a0). Then the mapping
f:D—l, f(a,0)=a is an isomorphism. So, we
can write @ =(a,0). By the multiplication rule we
have that a=a+¢&a". Then a=a+e&a is called

dual number and ¢ is called unit dual. Thus the set of
dual by

D:{§=a+ga*: a,a*eD,52=0}. The set D

numbers is given

forms a commutative group under addition. The asso-
ciative laws hold for multiplication. Dual numbers are
distributive and form a ring over the real number field
(4].

Dual function of dual number presents a mapping of a
dual numbers space on itself. Properties of dual func-
tions were thoroughly investigated by Dimentberg [3].
He derived the general expression for dual analytic
(differentiable)

f(X)=f(Xx+ex")=f(X)+&x f'(X), where f'(x)
is derivative of f(X) and X,X" €[] . This definition

allows us to write the dual forms of some well-known
functions as follows

|

Let D®=DxDxD be the set of all triples of dual
numbers,

D°={a=(a,a,,8,): & eD,i=123}. Then the

function as follows

cosh(X) = cosh(x+ &x”) = cosh(x) + £x” sinh(x),
sinh(X) =sinh(x+ &x") =sinh(X) + &x" cosh(x).

ie.,
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set D® is called dual space. The elements of D* are
called dual vectors [2,4]. Similar to the dual numbers,
a dual vector & may be expressed in the form

d=a+¢ad =(a,a"), where @ and @" are the vec-
tors of real space [J°. Then for

A=a+¢c3 and b=b+eb" of D?, scalar product
defined by

and

any vectors

and Cross product are

<a,6>=<a,6>+g(<a,6*>+<a*,6>)

><6=§X5+8(§x5*+§*><5), where <§.,5> and

jshi}

dxb are inner product and cross product of the vec-
tors & and b in (1%, respectively.

The norm of a dual vector 8 is given by

(a)
]

A dual vector & with the norm 1+&£0 is called unit

dual vector. The set of unit dual vectors is given by

§?={a=(a,a,a)eD’: (4 &) =1+0|
called unit dual sphere (For details [2,4,12]).

The Lorentzian inner product of two dual vectors
d=8+c3", b=b+eb eD? defined by

(a6)=(a,b)+z((a,6")+(a" b)), where (a,b)

is the Lorentzian inner product of the vectors d and

&= la]+ (@#0).

and

is

6 in the Minkowski 3-space [] ‘z' Then a dual vector
d=3+£a" is said to be timelike if a is timelike,
spacelike if @ is spacelike or @=0 and lightlike
(null) if 8 is lightlike (null) and & # 0 [10].

The set of all dual Lorentzian vectors is called dual
Lorentzian  space it defined by
D) ={ a=d+ea": a,ael}}.

and is

The Lorentzian cross product of dual vectors
a,beD; defined by

dxb=axb+e(@xb"+a" xb), where & x b is the

is

. : 3
Lorentzian cross productin [] 7.

Let &=8+£a €D} Then 4 is said to be dual time-
like (resp. spacelike) unit vector if the vectors & and
a’ satisfy the
<d,a>=-1 (resp. <a,a>=1), <a,a’ > =0.

The set of all dual timelike unit vectors is called the

following equations:
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dual hyperbolic unit sphere, and is denoted by I:Ig ,
Hy ={a=(a, a,,a;) e D} : (4,8)=-1+20}
Similarly, the set of all dual spacelike unit vectors is
called the dual Lorentzian unit sphere, and is denoted
by S,8! ={a=(a, a,.a,) € D}: (4,8)=1+20}.

(For details see [10]).

3 Dual Representation and Dual Darboux
Frame of a Spacelike Ruled Surface with Space-
like Ruling

In the Minkowski 3-space [] i’, there exists a one-to-
one correspondence between the spacelike vectors of
unit dual Lorentzian sphere §12 and the directed
spacelike lines of the Minkowski space [J i’ [10]. This

correspondence is known as E. Study Mapping. By the
aid of this correspondence, the geometry of timelike
ruled surfaces is represented by the geometry of dual
spacelike curves lying on the unit dual Lorentzian

sphere S~12 .

Let now (€) be a dual spacelike curve lying on S?
represented by the unit dual spacelike vector
€(u)=€(u)+&£E€°(U). Then, the given dual curve
(€)
@, =C(s)+VE(s)
6(s)=€+&CxE, where (8,8)=-1,

corresponding to the timelike ruled surface
be by

(g,&)=1,

<(_f',é">=0 and C is the position vector of the

may represented

striction curve.

The derivatives of the vectors of dual frame {é,f, s} }
of a timelike ruled surface are given as follows,
d o ot
ds ' ds

and called dual Darboux formulae of timelike ruled

dg
as

+70, t, D

surface € (or ¢, ). Then the dual Darboux vector of the

trihedronis d =76 —§.

Dual curvature of the ruled surface is
y=r+&(6+7A) @)

where y is conical curvature, A =det(C’,&,t) and

5=(c.e).

e —

c,€
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The functions ¥(S), 6(S) and A(S) are the invariants
of the timelike ruled surface @, . They determine the

timelike ruled surface uniquely up to its position in
the space. For example, if 0 =A=0 we have C is
constant. It means that the timelike ruled surface ¢, is

a timelike cone.
Dual radius of curvature of dual spacelike curve lying
on S~12 (timelike ruled surface) €(S) is can be calculat-

ed analogous to common Lorentzian differential ge-
ometry of curves as follows
3

dé
R= ~d§ — = _21 : 3)
de _d'e) J7*-1
ds  ds?

The unit vector d_ with the same sense as the Dar-

(o]

boux vector d = }7§ —§is given by

J\ Eh J\~

Then, the dual angle between d

(4)

, and € satisfies the

followings,

cosh p = , sinhp =

()

1+ 7? \ [ N
where p is the dual spherical radius of curvature.
Hence,

R=-sinhp and 7 =-cothp,
[8].

(6)

4 Smarandache Curves of a Spacelike Curve
lying on §f

In this section, we first define the four different types
of the Smarandache curves of a dual spacelike curve

lying on unit dual Lorentzian sphere in Dl3 . Then by

the aid of dual Darboux frame, we give the characteri-
zations between these dual spacelike curve &(S) (or

timelike ruled surfaces) and its Smarandache curves.
Since dual spherical curves correspond to timelike or
spacelike ruled surfaces, the dual Smarandache curves
can be also called Smarandache ruled surfaces. Then,
using the found results and relationships we study the
developable of the corresponding ruled surface and its
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Smarandache ruled surface.

4.1. Smarandache €(§ -curves of a spacelike
curve lying on §f

Definition 4.1. Let & = @(S) be a unit speed regular
dual spacelike curve lying fully on unit dual Lorentzi-
an sphere §f and {é,f, J } be its moving dual Dar-
boux frame. The dual Smarandache curves defined by

)G, =6+2 ii) @, =~[26+§

are called the dual Smarandache € -curves of dual

spacelike curve ¢ . Dual curves &, and &, fully lies
on |:|02 and §12, respectively.

Now we can give the relationships between &
and its dual Smarandache €( -curves as follows.

Theorem 4.1. Let @ = (S) be a unit speed regular
dual spacelike curve lying on unit dual Lorentzian
sphere S~12 . Then the relationships between the dual
Darboux frames of & and its dual Smarandache €§ -

curves are given by

0 2

€ 1 €
Dig|l=l o 1 0ff
o} —\/E 0 -1)\9
&) (V2 0 1)(é
Wgl=lo 1 off @)
g, 1 0 J2)\¢

where ¥ is as given in (2).

Proof. i) Let us investigate the dual Darboux frame
fields of dual Smarandache €§ -curve according to

a =a(S).Since &, =€, we have

6 =6+2¢ (8)
Differentiating (8) with respect to S, we get
de, _dé ds, o d5 _\
—=(1-v2y |t
ds ds ds b ds ( \/_7/)
and hence
L= 9)

ds,
where — =

e \/_7/ Thus, since—@, =& xf,, we
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have

g, =—2€-9.
From (8)-(10) we have (7).

The proof of the statement (ii) can be given by the
same way of the proof of statement (i).

(10)

Theorem 4.2. The relationships between the dual Dar-
boux formulae of dual Smarandache €§ -curves and

dual Darboux frame of & are as follows

ds,
ds; 0 1 0 i
. { 1 2 -
| &L 0 ¢ | ay
&5 | |1-v27 1-27 g
ds, 1-\27
dé,
ds, 0 1 0 s
ds, V2+7 NCES I
i g
a9, o V27
ds, \/§+77

Proof. i) Differentiating (8), (9) and (10) with respect to
S, we have the desired equation (11).

The proof of the statement (ii) can be given by the
same way of the proof of statement (i).

Theorem 4.3. Let @ = d(S) be a unit speed regular

dual spacelike curve on unit dual Lorentzian sphere
812 . Then the relationships between the dual curva-

tures of & and its dual Smarandache €( -curves are

given by

i)y =

7-2 . 142y
—_— ii) ¥, =

1-27 2 2+7

Proof. i) Since % = }71t~1, from (9) and (11), we get
Sy

(12)

dual curvature of the curve &,(5;) as follows

yoZ=N2
1 1_\/57-
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The proof of the statement (ii) can be given by the
same way of the proof of statement (i).

Corollary 4.1. The instantaneous Darboux vector of
dual Smarandache €§ -curves are given by

nd=—17 &6- L g (13)
1-V27  1-27
7 1
i) d,=—2 6 g.
RN T S

Proof: i) It is known that the dual instantaneous Dar-

boux vector of dual Smarandache € -curve is

d, =76 —§,. Then, from (8), (10) and (12) we have
(13).

The proof of the statement (ii) can be given by the
same way of the proof of statement (i).

Theorem 4.4. Let @(S)=¢a be a unit speed regular
dual spacelike curve on unit dual Lorentzian sphere
§12 . If the ruled surface corresponding to dual space-

like curve & is developable then the ruled surfaces
corresponding to dual Smarandache curves are also

developable if and only if
s = _ %

(V2]
Proof. i) From (2) we have
7=y+e(5+yA) H=n+e(d+nh)

Then substituting these equalities into to equation (12)
and separating its real and dual components, we have

:7—\/5_8 S+ A
12y (1-v2y)

Since the ruled surface corresponding to dual hyper-
bolic curve & is developable, A =0. Hence,

=
]

Thus, the ruled surfaces corresponding to dual

i) s__ 0 .
N2+

;/l+g(51+7/1A1)

Oty =

Smarandache curves are developable if and only if

5=
1 (1_\/57/)2

The proof of the statement (ii) can be given by the
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same way of the proof of statement (i).

Theorem 4.5. The relationships between the radius of
dual curvature of dual Smarandache €Q -curves and

the dual curvature of @ are given by

\1 J27 \J_+7‘

F

Proof. i) Substituting equation (12) into to equation
(3), the radius of dual curvature is

\1\fﬂ
(g)]
Then, R, =

Va7
-4

The proof of the statement (ii) can be given by the

R =

(14)

1

R -
7—2)

—2
7
same way of the proof of statement (i).

In the following sections we define dual Smarandache

&, g and 6f§ curves. The proofs of the theorems

and corollaries of these sections can be given by using
the similar way used in previous section.

4.2. Smarandache &f -curves of a spacelike curve
lying on §f

Definition 4.2. Let @(5) =& be a unit speed regular
dual spacelike curve lying fully on unit dual Lorentzi-

an sphere and {é .t g} be its moving Darboux frame.
The dual curve &, defined by
G, =——(6+1)
V2

is called the dual Smarandache &f -curve of @& and
fully lies on §12 . Then the ruled surface corresponding
to @, is called the Smarandache €f -ruled surface of
the surface corresponding to dual spacelike curve ¢ .

Now we can give the relationships between & and its

dual Smarandache &f -curve a5 as follows.
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Theorem 4.7. Let &(5) =& be a unit speed regular
dual spacelike curve lying on unit dual Lorentzian
sphere §12 . Then the relationships between the dual

Darboux frames of ¢ and its dual Smarandache &t -

curve (/4 are given by

1 1 0
o | B :
3 —
£ |- -1 1 7 P
g, Jz Va7t 27 g
7 2
J4- 2 Ja-272  \Ja-277

Theorem 4.8. Let @(S)=¢a be a unit speed regular
dual spacelike curve on unit dual Lorentzian sphere

§12 . Then according to dual Darboux frame of &, the

dual Darboux formulae of dual Smarandache 6f -

curve Q, are as follows
de,
ds,
d,
ds,
g,
ds,

_t
J2-7°
22427 257

! 7
J2-7 J2-7
257 —\27t +3\27" -2 2427 + 227 —27°

(2-7°) (2-7°) (2-7°) g
27 =27 +7° 27 +27-7° 277 +27 7"
(2-77) (2-77) (2-77)

Theorem 4.9. Then the relationship between the dual
curvatures of @ and its dual Smarandache &f -curve
a, is given by

27 +2y-y°
Vs = (2_72)% :

Corollary 4.2. Relationship between the dual curva-
ture of & and Instantaneous Darboux vector of dual

Smarandache &f -curve is given by

2y

-

2y +4y -27°

B \/5(2_?72)%

7
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Theorem 4.10. Let &(5) =& be a unit speed regular

spacelike curve on unit dual Lorentzian sphere 812 CIf

the ruled surface corresponding to dual spacelike
curve & is developable then the ruled surface corre-

sponding to dual Smarandache &f -curve is also de-
velopable if and only if

B 5(6y7'—2y" +4)
(2_7/2)%

N 26’
(2_7/2)% .

3

Theorem 4.11. The relationship between the radius of
dual curvature of dual Smarandache €f -curves and
the dual curvature of & is given by

ey
3 \/‘(27+27—73)2—(2—

=2

I

;

4.3. Smarandache {( -curves of a spacelike curve
lying on §12

Definition 4.3. Let &(5) =& be a unit speed regular
spacelike curve lying fully on unit dual Lorentzian
sphere §12 and { &1,§ } be its moving Darboux frame.
The dual Smarandache curves defined by

) a,=v2t+§ i) @, =f++/2§

are called the dual Smarandache {( -curves of dual

spacelike curve @ . &, and &; fully lies on |—~|02 and

512 , respectively.

Now we can give the relationships between & and its
dual Smarandache {@ -curves as follows.

Theorem 4.13. Let &(5) =& be a unit speed regular
timelike curve lying on unit dual Lorentzian sphere
S~12 . Then the relationships between the dual Darboux
frames of & and its dual Smarandache f( -curves are

given by
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) 0 V2 I
N S
DL |= t

6. ) [N Nt N7t ||

4

-7 2 2
J2-72 J2-72 J2-7?

) 0 1 V2. |

€5 - _ e
i) | £, |= L 27 /4 f

5 J+72 1472 1477 5

5

72 1
\/1+772 \/1+772 \/1+772

Theorem 4.14. The relationships between the dual
Darboux formulae of dual Smarandache {( -curves

and dual Darboux frame of & are given by

i)

de,
ds,
df | _
ds, |
dg,
ds,
-z 7 27
J2-7* 277 2-77 _
A A (N AR N R N VRN B L
2 2 2
(2-77) (2-77) (2-7%) g
27 +272 22 72427 +-257 —27° + 227 + 277
(2-77) (2-77) (-7
ii)
de, -1 27 7
ds, J1+72 J1+72 J1+72 :
o |_| 727270 PNyl 27ty |
2 2 2
ds, (1+;72) (1+772) (1+772) g
G\ | 77 e -2 7T
5 (L+7°) (L+77) (L+77)

N
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Theorem 4.15. Let &(5) =& be a unit speed regular

spacelike curve on unit dual Lorentzian sphere 812 .

Then the relationships between the dual curvatures of
@ and its dual Smarandache {(j -curves are given by

\/577!_}724_2 :\/5772_77!_’_\/5

3 ii) }75 3
(2_72)A (1+}7z)é

i)y, =

Corollary 4.4. The Instantaneous Darboux vectors of
dual Smarandache {§ -curves are given by

7 .
AP AN ot B

i) d, =
i 2_}72 (2_72)% (2_}72)%
ii) d, = v €+ 7 f+\/§7_72_1”.

@+7ﬂ% @+7ﬂ%

Theorem 4.16. Let &(5) =& be a unit speed regular
spacelike curve on unit dual Lorentzian sphere and
@, and @ be the dual Smarandache {§ -curves of &
. If the ruled surface corresponding to dual spacelike
curve ( is developable then the ruled surfaces corre-
sponding to dual Smarandache {( -curves are also

developable if and only if
5(3v2p -y +2)
+

o, =

(2_72)% (2_72)%
o )

(1+72) ()

Theorem 4.17. The relationships between the radius of
dual curvature of dual Smarandache f( -curves and

the dual curvature of @ are given by

(2_72)%

)R, = 2
e
3
—2\%
ii) Ry = (1+7")

\/‘(1+;72)3 —(—7+«/§772 +x/§)z‘ |

CBU J. of Sci., Volume 11, Issue 2, p 93-105

4.4. Smarandache &f§ -curves of a dual spacelike
curve lying on S?
Definition 4.4. Let &(5) =& be a unit speed regular
dual spacelike curve lying fully on unit dual Lorentzi-
an sphere and {é i, g} be its moving Darboux frame.
The dual Smarandache curves defined by

i) @, =6+ ++/39

are called the dual Smarandache 6{§-curves of dual

ii) @, =6+t +¢

spacelike curve &. d and &, fully lieson H? and

S?, respectively.

Now we can give the relationships between & and its

dual Smarandache €f( -curves as follows.

Theorem 4.19. Let &(S) =& be a unit speed regular

dual spacelike curve lying on unit dual Lorentzian
sphere §12 . Then the relationships between the dual

Darboux frames of & and its dual Smarandache &f§ -

curves are given by

i 1 1 NE) )
f _ -1 1+437 y f
o Vo7t v2Br+2 272+ 2By +2 277 +2B7 +2 ;

—27 -3 -7-3 —3y -2
22+ 2By 2 277+ 237 +2 272+ 2By +2

N 1 1 1 5

ii) t"7 B 1 1+7 7 |
272 orv2 Jpe2 ||
& 1 1+7 2+7 ’

J7+2 J2r+2 2y +2

100
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Theorem 4.20. The relationships between the dual

Darboux formulae of dual Smarandache &f( -curves

Theorem 4.21. Then the relationships between the
dual curvatures of & and its dual Smarandache &f( -

curves are given by
7427 +437 +87 + 243
- 3

(27% + 2437 + 2)4

i) 76

7427 +47 +2
(27 +2)

ii) 7,

Corollary 4.6. The Instantaneous Darboux vectors of

dual Smarandache &f§ -curves are given by

g 7427+ 2\B7  + 27 + 443 - 7 +4:3 F
6 3 3
i) (272 + 2437 + 2)4 (272 + 2437 + 2)4
37 —2y* ~2\37 +10 g
3
(272 +237 + 2)4

and dual Darboux frame of ¢ are given by
i)
de,
ds,
L.
dsy |
49,
ds,
-1 1+37
272+ 2By +2 272+ 2By +2
37 + 277 - 2\/37° —87* — 437 -2 77 37 - 27" + 237° — 23y -2
(272+2J§7+z)2 (272+24§7+2)2
7 +27° + 4372 +87 +23 By +7 —23pt —147° —12/3% —147 — 23
(272243742 (272 + 2437 +2) :
—r g
J272 + 237 +2
77 +27 + 237" +87° + 4372 + 27
2
(2;72+2J§y+2)
7 =27 ~4J37° -87% ~2\3y
(2;72+2\/§7+2)2
ii)
ds, -1 1+7 7
ds, J27+2 J27 +2 27 +2 ~
e
df, | | 7-27°-47-2 7+ +27 427 -2y -2 427 +477 +27° + 27 .
ds, (27 +2Y (27 +2Y (27 +2) ;
G | | 7-272-47-2 F+7+27°+67°+67+2 7 +27°+47 127
o, (27 +2) (272 (27 +2)
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LT i N A
27 +2)2 27 +2)2
A (27+2)
Ry
(27 +2)"

Theorem 4.22. Let (5) =& be a unit speed regular
spacelike curve on unit dual Lorentzian sphere S~12

and &, and &, be the dual Smarandache &fq -curves
of & . If the ruled surface corresponding to dual
spacelike curve @ is developable then the ruled sur-
faces corresponding to dual Smarandache éfg -curves
are also developable if and only if

5(67' +343y' - 2437 - 21" ~a\f3y -2)

6

5
) (2]/2 + 243y + 2)4
1
— 5,
3
(2}/2 + 2437 + 2)4
S(=3y' +2y° +4y +2 '
i) &, = (Br'+2r 57/ )+ 0 =
(27 +2)7 (27 +2)

Theorem 4.23. The relationships between the radius of
dual curvature of dual Smarandache €fq -curves and

the dual curvature of & are given by

i)
‘(2772 +2J§7+2)%
o \/‘(272 +237 + 2)3 —(—;7'+ 27% + 4377 + 87 + 2\/§)2‘
) ‘(27 +2)"
ii) R, =

\/‘(7'+ 27° + 47 +2) ~(27 +2)

Example. Let consider the dual spacelike curve & (S)
lying on §12 given by the parametrization
a(s)=(0,—sins,coss)+ g(—Ss, /30 scoss,—/30 ssin s) -

The curve &(S) represents the ruled surface
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o(s,V) = (_ [30's,sin s —5scos's, —COS S — 55 sin S) respectively. From E. Study mapping, these dual
spherical curves correspond to the following ruled
+v(0,-sins,coss) surfaces

which is a timelike ruled surface rePdered in Fig. 1. @,(s,V) :( /30 s,—6¢0sS,—6sin S)
Then the dual Darboux frame of ¢ is obtained as

follows, +v(0,4/4/2 (coss +sinss),1/</2 (cos s —sinss)
&(s) =(0,—sin s,coss)+g(—55,—\/5scoss,—\/%ssins 2(s,v)=(<@—5\/§)

s,sins,—coss)
f(s)=(0,—coss,—sins)+¢&(—-1,+30ssins,—/30 scoss
)= ) g( ) +v(\/§,—coss,—sins)
d(s)=(1,0,0)+&(0,—coss—5ssins,—sins+55Co0ss)

The Smarandache &f,6G, f{§ and 6§ curves of the s (s,v) = ((@—5/&)5,5"1 S,—COSS)
dual spacelike curve & are given by +V(1, _ \/ECOSS,— \/Esins)
a,(s)=(0,71,(sins+coss), c0ss—sins
1) ( %( ) %( )) (/)4(S,V)=<\/§+\/%S,—5SCOSS,—SSSinS)
~3/2, \/1_55(sins—coss)

p +v(~/2,-sins,coss
,—Jl_SS(coss+sins) ( )
0. (s,V) = (1/\/§+«/%s,—53coss,—535in s)

a,(s) :(ﬁ,—coss,—sin s)
—1,—\/§coss+(\/@—5\/§)ssins +v(1,—\/§sms,\/§coss)

o ~2sins +(+/30 ~5v2 s coss #,(5,v) = (V3 ++/30s,(~1-5)coss, (~1-55)sin S)

+v(~/3,-sins—coss,coss—sins
d3(s):(1,—\/5coss,—\/§sins) ( )
5,V) = (~/1++/30s,(—-1-55)coss, (-1—5s)sin s
—ﬁ,—coss+(2J1_5—5)ssins #1(5:Y) ( ( ) ( ) )
+& +V(1,—sins—coss,coss—sins)
,—sins+(5—2J1_5)scoss

respectively. These surfaces are rendered in Fig.2, Fig.
. , Fig. 4, Fig. 5, Fig. 6, Fig. 7 Fig. ively.
d4(s)=(\/§,—sms,coss) 3, Fig ig. 5, Fig. 6, Fig. 7 and Fig. 8 respectively
N —5s, (—ﬁ—@s) coss—52ssins
&
,(—J2 —/30s)sin s +5v2 scos s
@ (5) =(1,—J§sin s, —\/§coss)
5725, (—1—2/15 5) cos s —5ssin's
+e
,(-1-2\/155)sin s +55C0s 'S
as(S) :(«/g,—sins—coss,coss—sin s)
N —1-5s, (—/3-/305)cos s + (+/30 —5+/3)ssin s
&
,(—ﬁ—@s)sinsﬂ&@—@)scoss
@,(s) =(1,—sins—coss, coss—sins)
iy —-1-5s,(-1- \/%5) COSs+ (\/%—5)5 sins | Fig. 1. Timelike ruled Surface ¢(S,V) with spacelike
,(~1-+/30s)sin s+ (5—+/30)scos s

ruling
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Fig. 2. Timelike Smarandache ruled Surface ¢ (S, V)

with timelike ruling

Fig. 4. Timelike Smarandache ruled surface ¢;(S,V)

with spacelike ruling
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Fig. 3. Timelike Smarandache ruled surface @, (S, V) Fig. 5. Timelike Smarandache ruled surface @, (S,V)

with timelike ruling with timelike ruling
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Fig. 6. Timelike Smarandache ruled surface ¢;(S,V)

with spacelike ruling

Fig. 7. Timelike Smarandache ruled surface ¢;(S,V)

with timelike ruling

CBU J. of Sci., Volume 11, Issue 2, p 93-105

\\ g/

Z
Z

! ‘@f&},
S

Il
i
o

\ =il

Fig. 8. Timelike Smarandache ruled surface ¢, (S,V)

with spacelike ruling
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