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1. INTRODUCTION

In Dinlemez et al. (2014), they introduced q —hybrid Durrmeyer-Stancu type linear positive operators for
0<g<las

o “/a
wp _ M) g (L) 1
Hm,q(g'x) kzzlsm,k,q(x)bf bm,k—l,q(t)g<[m]q +B dqt+e g [m]q +,8 ’ ( )
where
_[m]qx -1
Smkq(X) = # ([m]qx)k,
q!
and

m+k—1 _ x*
by i, q(X) = [ . ]q UG DW-
are g-Szasz and g-Baskakov basis functions, respectively. A g —analogue of the Bernstein operators was
introduced by Lupas (1987). These operators were based on g-integer and g-binomial coefficients for the first
time. Then, a number of interesting generalizations about g-calculus were studied by Jackson (1910), Koelink
& Koornwinder (1990), Phillips (1997), Kac & Cheung (2002), De Sole & Kac (2005), Dogru & Gupta (2005,
2006), Gupta & Heping (2008), Gupta & Aral (2010), Gupta & Karsli (2012), Aral et al. (2013), Yiiksel (2013).
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Sahai & Yadav (2007), Kanat & Sofyalioglu (2018), Sofyalioglu et al. (2021) introduced the generalization of
(p, q) —calculus. Recently, the series of studies on (p, q)-generalizations with a sequence of linear positive
operators have been made by Mursaleen et al. (2015 a,b,c), Acar et al. (2016, 2018), Gupta (2018), Cai et al.
(2021), Kanat & Sofyalioglu (2021). Our objective is going to obtain the generalization of (p, q) —calculus of
hybrid Durrmeyer-Stancu type operators in Dinlemez et al. (2014).

2. PRELIMINARIES AND NOTATIONS

Some basic formulas in (p, q) —calculus in the literature can be obtained using basic g —calculus as follows

g = [Mlpg! = (1 gl2lpg - Mg,

(a @ b) 7q = (a+b)(ap + bg)(ap® — bg?) ...(ap™ " — bq™ ™),

dp,qf(x) = f(Px) - f(qx)! [m]p,q = pm_l[m]q/p:

m(m-1)

m(m-1)
[m]p,q! =D [m]q/p!' (aeab)pq =p 2 (a+b) q/p*

We define the (p, q) —beta functions B,, , (k, m) as follows

©/A

B, (k,m) = p(TZn)q(Z) t,A>0andm,k € N. 2

Kk th-1
f (1 + t)g};k dpvq
0

3. (p, q) —HYBRID OPERATORS

LetA > 0, k e N, m e N\ {0}, and f is a continuous function with real-value in the interval [0, o). Then,
(p, q) — hybrid Durrmeyer-Stancu type linear positive operators are written for 0 < ¢ < p < 1 as follows

. “/a
HEE (g.2) = kzlsmkpq(xwmk(p ) f bri-1pa (D) (%) dp gt + e Imnaxg (ﬁ) (3)
where
e Mra*[m — 1], 4 K
Simena () = 2 (I 2)"
bniepa@) = [T Lﬁ'
and

Yok @ ) = ¢ 0p("2 "),

When we set p = 1 in (3), the operators H,‘;f, q are reduced to g —hybrid Durrmeyer- Stancu type operators

given in (1). Along with the manuscripts, the following notations will be used

Ry ) = ([mlpg + ). Tpglm,s) = [ [Im = ilpq.

And now the lemma for the Korovkin test functions can be given as follows:
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Lemmal When e,.(t) =t", r =0,1,2, we get

(I) Hmpq(eO:x)
. B _ p~2[ml3 4 a
(i) Hupqlenx) = R g MBI Ty qm2) | Ryg(mBY
-3 4 -5 3 -3 2
(i) HE (ep) = L RN { Plhpalmlle | 2eniml }x e
a*(Rp,q(m,B)) Tp,q(m.3) @3 (Rp.qmP)) Tpqm3)  a(Rpqmp)) Tpq(m,2) (Rp.q(m.p))

Proof After (p, q) — beta functions in (2) are used, it is obtained as follows

/A /A
tk+r—1

+k—2
by w1 (O d t =T j — d .t
Of m,k Lp,q( ) P.q k — ]p,q J 1+ t)g'l;—k—l p.q

B [k +r—1],4![m—71-2], !q_(k;ﬂ)

= ) (4)
[m—1],,' [k =1],4'p\ 2
Then, by using (4) for r = 0, we obtain
oo OO/A
ap —[m x
Hm.p.q (eo’ X) = Z Smk,p,q (x)ym,k ® q) f bm,k—l,p,q (t)dp,qt +e (mlpq
k=1 0
e~ Imlp,qx Z ([m]l’ qx) g kk-1)/2
%=0 [klp,q!
— —[m]p qu[m]P q* _ =1
and the proof of (i) is completed. The following (ii) is obtained by a direct computation
( ) [e9) OO/A p_m[m]pqt +a ae—[m]pqu
H% e, x — g pa @ - .=
mpq 1 kZlSm,k,p,q X)Ymi(® D) J b k—1,p,q4(t) Rya(m, B) dp,qt + Ry, (m, B)
_ p_m[m]pq ([m]P qx) k(k—3)/2pm—3e—[m]p'qx
Rp,q(m: .8) q(m 2) [k - 1]p q*
Z (fm pqx) gl D/2=lmlpgx 4 ae”Mpa*
pq(m B) [k]p, Rpq(m,p)
_ Pl L«
qu,q (ml .B)Tp,q (ml 2) Rp,q (m! )8)
Using the following equality
[S]p,q = qs_r[r]p,q + pr[s - r]p,ql 0<r<s, (5)

we get
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9 oo/A
p " [ml,t +a 2 a?emlpqx
Hmpq(eZ'x) zzsmkpq(x)ymk(p'q)f m,k— 1pq(t) <W) p,qt+72
k=1 P4 ’ (Rp,q (m: B))
“/a
-2m
( = q) Z Sm,k,p,q (x)ym,k (p' q) f bm,k—l,p,q (t)tzdp,qt
( p.q (m ﬁ) 0
“/a

2ap™"[m], 4
+ 2 Sm,k,p,q (x)]/m,k (p! q) bm,k—l,p,q (t)tdp,qt
(Rp,q(m' .8)) k=1 0

oo OO/A
2

+a—zsmkpq(x)ymk(p'q)f bmk 1pq(t)dpq

(Rpam. ) £

a’e Mlpqx
L E—)

(Rpq(m,8))
_ p~*Imly 2

¢* (Rpa(m. B)) Tpy(m,3)

+{ (2], q[m12, 2ap~*[ml3, }H %
@ (Rpam,B)) Tpg(m3)  q(Rpq(nB)) Tpo(m2))  (Rpq(m, )
Thus the proof of (iii) is completed.

For the main results of the study, we need to compute the second moment.

Lemma 2 Assumingthat0 < g < p < landm > 3, we obtain the following inequality

2(1—p2q%) 288(a+p+1)? 2
-0t < (1-p~2q°) (e + B+ 1D)?[m], G242+ .
mpq q4 q4qu(m' 3) 2
’ (Rp,q(m' .B))
Proof To write the second moment, we use the result of Lemma 1 and the linearity of H,‘;‘Lf, q operators;

mpq((t —x)%,x)

P lmlg - 2p~*[mlyq +1px?
0* (Rpgn ) T,gm,3)  IRra(mPITg(m2)

p_s[z]p,q[m]g'q + Zaqu_3[m — 3]p,q[m]?),q 2a
" - x
¢ (Rpq(m.B)) T, q(m,3) Rpq(m, B)
0!2
t—
(Rp.q (m, /))))

[mlsq(~> +q") —2¢°p~%[m - 313 ,
q* (Rpq(m, B)) Ty q(m,3)
+ q4(qm_3[3]p,q + p3[m - 3]p,q + .B)qum_3 + p[m - 3]p,q)[m - 3]p,q
q* (Rpq(m, B)) Ty q(m,3)
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+p—5[2]p‘q [m]3 4 + Zaq22—3[m - 3]p‘q[m]§_q} (x + %)
0% (Rpq (M. B)) Tyq(m,3)

aZ

+—s.
(Rpqa(m. )

From (4), we have

2(1+p~2q*)[m - 313, — 2¢°p~*[m - 313 4
¢* (Rpq(m, B)) Trq(m,3)
N (g™ 'p® +2[3],,qp*q™ " + 20" q*B + 4[3],,4p°q™ %) [m — 313 4
¢* (Rpq(m.B)) T, q(m,3)
N (pq*B? + 2Bpq™* (p® + [3lpq) + 23y qp°q>™?
¢* (Rpa(m. B)) Tpq(m,3)
s [313qpa®™ (1 + 6p°q ™)) [m — 312,
¢* (Rpq(m. ) T, q(m,3)
N (4[313,q0°™ % + [31240°™° + B2q™"" + 2Bq°™2[3] 4 ) [m — 3,4
¢* (Rpq@m.B)) T, q(m,3)

HEE ((t = %)2,%) S{

+[3];qp-3q4m-124—[nﬂgg[Z]nqqp-S4—2ap-3q3[nﬂ§ﬂ[nz—-3]nq}(xz4_x)

¢* (Rpa(m.B)) T, q(m,3)
2

a
0
(Rp,q(ml B))
< (2(1 — Z—2q3) 288(a:—ﬁ + 1)2[m]p,q) G40 4 2 2
d TToalm3) (Rpam. )

And the proof of the Lemma 2 is now completed.
Assume that, B[0, ) denotes the set of all bounded functions from [0,o)to R. Having the norm
llgllg = sup{lg(x)|: x € [0,0)}, B[0, ) is a normed space. For all continuous functions in B[0, «), the

subspace is denoted by Cg[0, ). The first modulus of continuity on finite interval [0,b], b > 0 is denoted
as follows;

Wiop)(g,6) =  sup ]Ig(x +h) =gl (6)

0<hs<é,x€[0,b

The Peetre’s K-functional is defined with the help of the following representation

K,(9,8) = inf{llg — fllz + Sl f"lls: f €W},  6>0 ()

where W2 = {f € Cz[0,0): f', f" € C5[0,)}. There is a positive constant C at Theorem 2.4 on p.177 in
Gadzhiev (1976), such that
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K,(g,8) < sz(g,\/g) (8)
where
wy(g,V8) = sup_sup |g(x +2h) = g(x +h) = g()l. 9)

0<h<V3 x€[0,b]
In Gadzhiev (1976), Gadzhiev proved the weighted Korovkin-type theorems. Let o(x) = 1 + x2.

B, [0, o0) denotes the set of all functions g, from [0, «) to R that meets the growth condition |g(x)| < Mgo (x).

In this inequality, M, is a constant depending only on g. B;[0, o) is a normed space with the norm

lglls = sup {Igix;l x € [0, oo)}. C,[0, ) denotes the subspace of all continuous functions in B,[0, «) and

C;[0, o) denotes the subspace of all functions g € C,[0, o) whose following limit exists finitely

lg (o)l

im .
[x|-00 g (x)

Now, the direct results can be given. Because the following lemma is a routine, its proof is omitted.

Lemma 3 Let

(g.%) = (4, x) — ( _Z[m]pq x + a >+ (x) (10)
mpq 9, p,q 9 9 qR q(m ﬁ)T q(m 2) Rp,q(m'ﬁ) g .

For the operators (10), the following equalities are asserted:

(i) mpq(l x) =1,
(ii) mpq(t x) = x,
(iii) mpq(t x,x) =0.

Lemmadlet0 <qg<p<landm > 3.Then g" € Cz[0, ), we have the following inequality

|Hmpq(gﬂx) - g(x)| < zr(;‘,p,q(x)”g””B

a,B — (2(=p~*¢%) | 332(at+p+1)? ) —
where gm,p,q (x) = ( q* + q*Ty q(m,2) (% 4+ x) + ( p,q(M, B))

Proof Using Taylor’s expansion

9(0) = g() + (¢ —0g' () + f (t — wg" (wdu

and Lemma 3, we obtain

AYE (9,%) - g(x) = m,,q<f(t—u)g"<u)du x)

X



7 Ulkii DINLEMEZ KANTAR, Ismet YUKSEL
GU J Sci, Part A, 9(1): 1-11 (2022)

Then, using Lemmal and the following inequality

" " ( - x)2
f (t —wg" Wdul < llg"ll; ,
we get
t
|Hmpq(g. x)—g)| < Hif{f,,q (f(t - u)g”(u)du.x)
X
Z[m]pq a
qRp, q(m B)Tp q(m 2) Rp,q (m,p) , 5 |
p~*Iml;q a )
_ : x + —ulg"”"(wdu
f <qu,q (m,B)T,,(m,2)"  R,,(m,B) 9

X

2
Ng7ls v lg"lls < p 2 mlpq B ) a
7 Hripa (6 =300 + (qR,,,q(m,mT,,,q(m,Z) AN

" =243 2 2
_ "1l {(2(1 pq’) 288(a+f+1) [m]WZ>(x2+x)+a72}

=" q* q*T,q(m, 3) Ry (m,[f))
Mol {( pUmlb,  2p~qimPe(Imy + B)Im — 21,
2 (\(4Rpqm )T, 4, 2)) (4Rpq(m, BT, q(m,2))

@*([mlyq +8)' Im— 2134\ , . 2a(p~2[ml3, — a([mlyq + B)Im — 21,,,)
—_ 2 xX° + 2 X
(qu‘q (m, ,B)Tp‘q (m, 2)) qR5.q(m, )Ty, 4 (m,2)

aZ

(Rpam. )

2,3 2 2
q q Tp,q(m:z) (Rp‘q(m;ﬁ))

Finally, the proof of Lemma 4 is completed.

_l_

Theorem 1 Let (p,,), (¢.,) < (0,1) be two sequences with 0 < gq,,, < py, < 1suchthatp,, - 1,q,, = 1 as
m — oo, Then for every m > 3 and g € Cg[0, ), we have the below inequality

|Hel (9,20 — g(0)] < 2Cw, (g, /m,,mq (x>)+w(g,n;':;f;m,qm(x)).

-2 2

AmRpm.am (muB)Tpm,qm (m,2) Rpm.am (mpB)’

Proof. Based on (10), for any g € W2, we obtain the inequality

|H pmqm(g'x)_g(x)| |Hmpmqm(g f x)_(g f)(x)+Hmpmqm(f:x)_f(x)|
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pm_z[ ]zzqumx a )
+ + - .
|~" (qm Fomam @ BVl D) By G )) 99
From Lemma 4, we get
|Het o (9,0 —g@)| <2llg—Fflls + b o CONf"lIs
Pm 2 [m ]?)mqu a )
+ + - .
|g (qm Rpmam M BTy 0 (M 2) -~ Ry, g, (M, B) 969

As a result of the equality (6), we have the inequality

oty (92 = 9GO < 2119 = Fllg + G CONS " lls +w (9,750 ()):

Taking the infimum over g € W2 on the right-hand side of the above inequality and then using the inequality
(8), we get the desired result.

Theorem 2 Let (p,,), (¢:n) < (0,1) be two sequences with 0 < q,, < p,, < 1suchthatp,, - 1, q,, > 1as
m — oo, Then g € C;[0, o), we have

lim ||H,0,,(9.0 = 9GO =

m-—oo

Proof. From Lemma 1, it is obvious that ||H,‘fl§ 4 (€0, X) — eO” = 0. Because
g

Pm 2 [ml, qmX a | <
iR o BTy (m2) + Ry mf) (x+ 1o(1) and is positive and it is bounded from

above for each x = 0, we get

||H70r!lf) dm (e1,x) — e,

| < 1+ —Z o).

And then lim ”Hffl‘f,m_qm(el,x) —e; (%) ”a =0

Similarly for every m > 3, we can write

pm_3[m]§m am®’

@ (Roman M. B)) T (m,3)

HYE (e, x) — e,(x) =
ez ’ ”" x:[%go) 1+ x2
{ pm_s[z]pm Qm[m]pm mez + Zapm_s[m]pm dm }x
+ q;l-n( pm‘lm(m ﬁ)) pm‘lm(m 3) qm( mem(m ﬁ)) pm‘lm(m 3)
1+ x2
2
— & x?
. (Rpman (. B))

1+ x2
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- 14 x + x?
< Su e
xe[o,I::o) 1+ x2

o(1),

and we get lim ”H,‘flf, a,, (€2, %) —ez(x)” = 0. Therefore, by using A. D. Gadzhiev.s Theorem in
m—co Emodm o
Gadzhiev (1976), we obtain Theorem 2’s result.

Lemma 5 Let g € C,[0,0), (1), (gm) < (0,1) be two sequences with 0 < q,, < p,, < 1such that p,,, -
1,qmm — 1asm — oo and wyg 4417(g, &) be its modulus of continuity on the finite interval [0,d + 1] d > 0.

Then for every m > 3, there exists a constant C > 0 such that the inequality holds

|0 =90, <€ {(d +12ERE L (d) + Wioas) (g, = qm<d>>},

where
2(1 —pp2q3) 288(a+pB+1)?*[ml, g 2
fmpmqm( ):< qm i q4T (m 3)p 1 (d2+d)+ 5
m m o, (M (Rppam . B))
Proof. Letx € [0,d]andt > d + 1.Sincet — x > 1, we have
lg(®) —g()| < Mg(2 +t*+x?)
<3M,(1+ d)?(t — x)2. (12)
Letx € [0,d]andt < d + 1and & > 0. Then we have
|t — x|
lg(®) =g <(1+ Wio,a+11(g, 6). (12)

With the help of (11) and (3.12), we can write

e oy 1,162
19(8) = 9GO < 3My (1 +d)?(t =207 + (14 —— | Wi 44119, 5.

Then, using Lemma 2 and Cauchy-Schwarz’s inequality, we get the following inequalities

Hyh o (9.0 —g()| <3My(1+d)?Hyh . ((t—x)%x)
1
wioasn(9.0) [1 45 (Hih, 0, (€= 0%,0) ]

< 3y (1 + DD, 0 () + Wioaan (91 45 (658, 0 0) ]

where

(ZZ

(R B))

2(1 —pptqd) 288(a+ B+ D?[m], ..
Im am Ty, q,, (M 3)

fmpmqm( )=< )(x2+x)+

Setting
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2

R P D ) o

om0 =
m ”’" &m Im am Ty, q,, (M, 3)

(Rpan . B))’

and C = min{3My, 2}. Therefore, the proof of Lemma 5 is finished.

Theorem 3 Let 1> 0, (p,,,), (g) < (0,1) be two sequences with 0 < q,, < p,, < 1such that p,, — 1,
qm — lasm — o0 and g € C;[0, o). Then we have

| @0 9@
lim sup

m-o sz 1+ x2+4

Proof. For A > 0,g € C;[0,) and b > 1, the following inequality is ensured

B B
sup | Hintom.am (9: %) — 9(0)) < sup | Homtomam (92 %) — g(x)| + sup Hmpmqm(g x) = g()|

sz 14 x2+4 - 05x<d 14 x2+4 dsx 14 x2+4
ap o (9:) = 9@
”Hm Pm, qm(g’x) g(x)”C[O d] SUE 1 + x2

”H::lgmqm(g’x) - g(x)”C[Od + ” mpm‘lm(g’x) - g(x)”o-

Using Lemma 5 and Theorem 2, the proof of Theorem 3 is provided.
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