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Abstract. In this study, for double set sequences, we introduced the notions of invariant and lacunary
invariant statistical convergence of order η (0 < η ≤ 1) in the Wijsman sense. Also, we investigated the
inclusion relations between them.

1. Introduction

Long after the notion of convergence for double sequences was introduced by Pringsheim [12], this
notion was respectively extended to the notions of statistical convergence, lacunary statistical convergence
and double σ-convergent lacunary statistical sequence by Mursaleen and Edely [5], Patterson and Savaş
[11] and Savaş and Patterson [13]. Recently, for double sequences, on two new convergence concepts called
double almost statistical and double almost lacunary statistical convergence of order α were studied by
Savaş [14, 15].

Over the years, on the various convergence notions for set sequences have been studied by many
authors. One of them, discussed in this study, is the notion of convergence in the Wijsman sense [1, 2, 6].
Using the notions of statistical convergence, double lacunary sequence and invariant mean, this notion was
extended to new convergence notions for double set sequences by some authors [7–9]. In [8], Nuray and
Ulusu studied on the notions of invariant and lacunary invariant statistical convergence in the Wijsman
sense for double set sequences.

In this paper, using order η, we studied on new convergence notions in the Wijsman sense for double
set sequences.

More information on the notions of convergence for real or set sequences can be found in [3, 4, 6, 10, 16–
20].

2. Definitions and Notations

Firstly, let us remind the basic notions that need for a better understanding of our study (see, [7–9, 11]).
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For a metric space (Y, d), µ(y,C) denote the distance from y to C where

µ(y,C) := µy(C) = inf
c∈C

d(y, c)

for any y ∈ Y and any non-empty set C ⊆ Y.
For a non-empty set Y, let a function 1 : N → PY (the power set of Y) is defined by 1(m) = Cm ∈ PY

for each m ∈ N. Then, the sequence {Cm} = {C1,C2, . . .}, which is the codomain elements of 1, is called set
sequences.

Throughout this study, (Y, d) will be considered as a metric space and C,Cmn will be considered as any
non empty closed subsets of Y.

A double set sequence {Cmn} is called convergent to the set C in the Wijsman sense if each y ∈ Y,

lim
m,n→∞

µy(Cmn) = µy(C).

A double set sequence {Cmn} is called statistically convergent to the set C in the Wijsman sense if every
ξ > 0 and each y ∈ Y,

lim
p,q→∞

1
pq

∣∣∣∣∣{(m,n) : m ≤ p,n ≤ q,
∣∣∣µy(Cmn) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0.

A double sequence θ2 = {( ju, kv)} is called a double lacunary sequence if there exist increasing sequences
( ju) and (kv) of the integers such that

j0 = 0, hu = ju − ju−1 →∞ and k0 = 0, h̄v = kv − kv−1 →∞ as u, v→∞.

In general, the following notations is used for any double lacunary sequence:

ℓuv = jukv, huv = huh̄v, Iuv =
{
(m,n) : ju−1 < m ≤ ju and kv−1 < n ≤ kv

}
,

qu =
ju

ju−1
and qv =

kv

kv−1
.

Throughout this study, θ2 = {( ju, kv)}will be considered as a double lacunary sequence.
A double set sequence {Cmn} is called lacunary statistically convergent to the set C in the Wijsman sense

if every ξ > 0 and each y ∈ Y,

lim
u,v→∞

1
huv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cmn) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0.

Let σ be a mapping such that σ :N+ →N+ (the set of positive integers). A continuous linear functional
ψ on ℓ∞ is called an invariant mean (or a σ-mean) if it satisfies the following conditions:

1. ψ(xs) ≥ 0, when the sequence (xs) has xs ≥ 0 for all s,
2. ψ(e) = 1, where e = (1, 1, 1, . . .) and
3. ψ(xσ(s)) = ψ(xs) for all (xs) ∈ ℓ∞.

The mappings σ are assumed to be one to one and such that σm(s) , s for all m, s ∈ N+, where σm(s)
denotes the m th iterate of the mapping σ at s. Thus ψ extends the limit functional on c, in the sense that
ψ(xs) = lim xs for all (xs) ∈ c.
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A double set sequence {Cmn} is called invariant statistically convergent to the set C in the Wijsman sense
if every ξ > 0 and each y ∈ Y,

lim
p,q→∞

1
pq

∣∣∣∣∣{(m,n) : m ≤ p,n ≤ q,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0

uniformly in s, t.
The set of all invariant statistically convergent double set sequences in the Wijsman sense is denoted by{

W2Sσ
}
.

A double set sequence {Cmn} is called lacunary invariant statistically convergent to the set C in the
Wijsman sense if every ξ > 0 and each y ∈ Y,

lim
u,v→∞

1
huv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0

uniformly in s, t.

3. Main Results

In this section, for double set sequences, we introduced the notions of invariant and lacunary invariant
statistical convergence of order η (0 < η ≤ 1) in the Wijsman sense. Also, we investigated the inclusion
relations between them.

Definition 3.1. The double set sequence {Cmn} is invariant statistically convergent of order η to the set C in the
Wijsman sense if every ξ > 0 and each y ∈ Y,

lim
p,q→∞

1
(pq)η

∣∣∣∣∣{(m,n) : m ≤ p,n ≤ q,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0

uniformly in s, t where 0 < η ≤ 1 and we denote this in Cmn
W2Sησ
−→ C format.

Example 3.2. Let Y = R2 and a double set sequence {Cmn} be defined as following:

Cmn :=


{
(a, b) ∈ R2 : a2 + (b + 1)2 = 1

mn

}
; if m and n are square integers

{(−1, 0)} ; otherwise.

In this case, the double set sequence {Cmn} is invariant statistically convergent of order η (0 < η ≤ 1) to the set
C = {(−1, 0)} in the Wijsman sense.

Remark 3.3. For η = 1, the notion of invariant statistical convergence of order η in the Wijsman sense coincides
with the notion of invariant statistical convergence in the Wijsman sense for double set sequences in [8].

Definition 3.4. The double set sequence {Cmn} is lacunary invariant statistically convergent of order η to the set C
in the Wijsman sense if every ξ > 0 and each y ∈ Y,

lim
u,v→∞

1
hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣ = 0

uniformly in s, t where 0 < η ≤ 1 and we denote this in Cmn
W2Sησθ
−→ C format.

The set of all lacunary invariant statistically convergent double set sequences of order η in the Wijsman
sense is denoted by

{
W2Sησθ

}
.
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Example 3.5. Let Y = R2 and a double set sequence {Cmn} be defined as following:

Cmn :=


{
(a, b) ∈ R2 : (a +m)2 + (b − n)2 = 1

}
; if (m,n) ∈ Iuv, m and n are square integers

{(1, 1)} ; otherwise.

In this case, the double set sequence {Cmn} is lacunary invariant statistically convergent of order η (0 < η ≤ 1) to the
set C = {(1, 1)} in the Wijsman sense.

Remark 3.6. For η = 1, the notion of lacunary invariant statistical convergence of order η in the Wijsman sense
coincides with the notion of lacunary invariant statistical convergence in the Wijsman sense for double set sequences
in [8].

Theorem 3.7. If
lim inf

u
qηu > 1 and lim inf

v
qηv > 1

where 0 < η ≤ 1, then

Cmn
W2Sησ
−→ C⇒ Cmn

W2Sησθ
−→ C.

Proof. Let 0 < η ≤ 1 and suppose that lim infu qηu > 1 and lim infv qηv > 1. Then, there exist α, β > 0 such that
qηu ≥ 1 + α and qηv ≥ 1 + β for all u, v, which implies that

huv

ℓuv
≥

αβ

(1 + α)(1 + β)
⇒

hηuv

ℓηuv
≥

αηβη

(1 + α)η(1 + β)η
.

For every ξ > 0 and each y ∈ Y, we have

1
ℓηuv

∣∣∣∣∣{(m,n) : m ≤ ju,n ≤ kv,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
≥

1
ℓηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
=

hηuv

ℓηuv

1
hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
≥

αηβη

(1 + α)η(1 + β)η
1

hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
for all s, t. If Cmn

W2Sησ
−→ C, then for each y ∈ Y the term on the left side of the above inequality convergent to 0

and this implies that
1

hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣→ 0

uniformly in s, t. Thus, we get Cmn
W2Sησθ
−→ C.

Theorem 3.8. If
lim sup

u
qu < ∞ and lim sup

v
qv < ∞,

then

Cmn
W2Sησθ
−→ C⇒ Cmn

W2Sησ
−→ C

where 0 < η ≤ 1.
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Proof. Let lim supu qu < ∞ and lim supv qv < ∞. Then, there exist M,N > 0 such that qu < M and qv < N for

all u, v. Also, we suppose that Cmn
W2Sησθ
−→ C (where 0 < η ≤ 1) and ξ > 0, and let

κuv :=
∣∣∣∣∣{(m,n) ∈ Iuv :

∣∣∣µy(Cσm(s)σn(t)) − µy(C)
∣∣∣ ≥ ξ}∣∣∣∣∣.

Then, there exist u0, v0 ∈N such that for every ξ > 0, each y ∈ Y and all u ≥ u0, v ≥ v0

κuv

hηuv
< ξ

for all s, t. Now, let
γ := max {κuv : 1 ≤ u ≤ u0, 1 ≤ v ≤ v0},

and let p and q be any integers satisfying ju−1 < p ≤ ju and kv−1 < q ≤ kv. Then, for each y ∈ Y we have

1
(pq)η

∣∣∣∣∣{(m,n) : m ≤ p,n ≤ q,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
≤

1
ℓη(u−1)(v−1)

∣∣∣∣∣{(m,n) : m ≤ ju,n ≤ kv,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
=

1
ℓη(u−1)(v−1)

{
κ11 + κ12 + κ21 + κ22 + · · · + κu0v0 + · · · + κuv

}

≤
u0v0

ℓη(u−1)(v−1)

(
max

1≤m≤u0

1≤n≤v0

{κmn}

)

+
1

ℓη(u−1)(v−1)

{
hηu0(v0+1)

κu0(v0+1)

hηu0(v0+1)

+ hη(u0+1)v0

κ(u0+1)v0

hη(u0+1)v0

+hη(u0+1)(v0+1)

κ(u0+1)(v0+1)

hη(u0+1)(v0+1)

+ · · · + hηuv
κuv

hηuv

}

≤
u0v0γ

ℓη(u−1)(v−1)

+
1

ℓη(u−1)(v−1)

(
sup
u>u0
v>v0

κuv

hηuv

)( u,v∑
m,n≥u0,v0

hηmn

)

≤
u0v0γ

ℓη(u−1)(v−1)

+
1

ℓ(u−1)(v−1)

(
sup
u>u0
v>v0

κuv

hηuv

)( u,v∑
m,n≥u0,v0

hmn

)

≤
u0v0γ

ℓη(u−1)(v−1)

+ ξ
( ju − ju0 )(kv − kv0 )

ℓ(u−1)(v−1)

≤
u0v0γ

ℓη(u−1)(v−1)

+ ξ qu qv

≤
u0v0γ

ℓη(u−1)(v−1)

+ ξM N
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for all s, t. Since ju−1, kv−1 →∞ as p, q→∞, it follows that for each y ∈ Y

1
(pq)η

∣∣∣∣∣{(m,n) : m ≤ p,n ≤ q,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣→ 0

uniformly in s, t. Thus, we get Cmn
W2Sησ
−→ C.

Theorem 3.9. If

1 < lim infu qηu ≤ lim supu qu < ∞ and 1 < lim infv qηv ≤ lim supv qv < ∞

where 0 < η ≤ 1, then

Cmn
W2Sησθ
−→ C⇔ Cmn

W2Sησ
−→ C.

Proof. This can be obtained from Theorem 3.7 and Theorem 3.8, immediately.

Theorem 3.10. If

lim inf
u,v→∞

hηuv

ℓuv
> 0

where 0 < η ≤ 1, then {
W2Sσ

}
⊆

{
W2Sησθ

}
.

Proof. For every ξ > 0 and each y ∈ Y, it is obvious that{
(m,n) : m ≤ ju,n ≤ kv,

∣∣∣µy(Cσm(s)σn(t)) − µy(C)
∣∣∣ ≥ ξ} ⊃ {

(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}.
Thus, we have

1
ℓuv

∣∣∣∣∣{(m,n) : m ≤ ju,n ≤ kv,
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
≥

1
ℓuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
=

hηuv

ℓuv

1
hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣
for all s, t. If Cmn

W2Sσ
−→ C, then for each y ∈ Y the term on the left side of the above inequality convergent to 0

and this implies that
1

hηuv

∣∣∣∣∣{(m,n) ∈ Iuv :
∣∣∣µy(Cσm(s)σn(t)) − µy(C)

∣∣∣ ≥ ξ}∣∣∣∣∣→ 0

uniformly in s, t. Thus, we get Cmn
W2Sησθ
−→ C. Consequently,

{W2Sσ} ⊆ {W2Sησθ}.
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