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1. Introduction 

In general, suspension systems consist of springs, shock absorb-

ers, and connection elements. Thanks to the suspension systems, 

the disruptive effects coming from the road through the wheels are 

transmitted to the car and are reduced by damping. Suspension sys-

tems in cars affect driving safety and especially passenger comfort. 

Therefore, the performance of the suspension systems of the vehi-

cles is essential for the automotive industry. However, it is not pos-

sible to have both driving safety and passenger comfort with supe-

rior performance at the same time. In such cases, actuators that can 

apply linear force in the vertical direction are added to the suspen-

sion systems to provide the desired performance in both features. 

Such systems are called active suspension systems. In other words, 

suspension systems can be examined in three categories as passive, 

semi-active and active. 

In the literature, quarter car [1–7], half car [8–10], and full car 

[11–13] models are generally used for the analysis of car suspen-

sion systems. Hanafi controlled the semi-active car suspension sys-

tem using PID (Proportional-Integral-Derivative) controller [14]. 

On the other hand, Güçlü and Metin used fuzzy logic control to 

control the vibration of the light rail vehicle [15]. Özmen and 

Közkurt suggested modeling and simulation of a fuzzy logic sup-

ported car driver control system in order to reduce human errors 

and uneconomical driver habits in traffic [16]. Doğan et al. used a 

quarter car model to control the suspension system separately in 

the Matlab/Simulink environment using PID and fuzzy logic [17]. 

The PID type controller can be used alone or usually used with 

other controllers. Emam used a fuzzy self-tuning PID controller to 

control the suspension system using a quarter car model [18]. 

Eroğlu et al. performs the control of the quarter car and bridge in-

teraction model by using a self-tuning fuzzy PID controller [19]. 

Paksoy et al. performed semi-active control of the full car model 

using self-tuning fuzzy logic using Mr damper [20]. 

Traditional PID and fuzzy logic controllers are generally used to 

control car suspension systems. Apart from these, some studies 

prefer controllers such as SMC (Sliding mode control), LQR (lin-

ear quadratic regulator), and adaptive neuro-fuzzy inference sys-

tem (Anfis). In this context, Yağız and Yüksek realized the control 

of the car model with 4 degrees of freedom using the SMC [21]. 

Sever et al. performed vibration control to ensure driving comfort 

and safety in quarter car model with biodynamic driver model by 

using LQR controller [3]. LQR controllers have many uses outside 

the car suspension system. For example, Çakır and Bayraktar used 
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an LQR controller in the main battle tank to reduce the oscillations 

of weapons and control the tank’s movements, such as yaws and 

rolls [22]. In another study, active suspension control of smart flex-

ible cantilever beams was performed using LQR [23]. There are 

also studies in which many of the control applications given above 

are used simultaneously. For example, Gandhi et al. used PID, 

LQR, fuzzy logic, and Anfis to control the 4 degrees of freedom 

half-car model and compared them with each other [9]. In addition, 

there are studies on the quarter car model using the bee algorithm 

and particle swarm optimization in some studies [24,25]. 

Active suspension control is carried out to increase the driving 

safety and passenger comfort of the eight degrees of freedom full 

car model with the driver examined in this study. The performance 

of the controllers is evaluated by applying the disturbance of the 

road on which the car passed to the car by considering two differ-

ent scenarios. In the first scenario, it is aimed to control the pitch 

movement of the car, while in the second scenario, it is aimed to 

control both the pitch movement and the roll movement. In addi-

tion, analyzes are carried out by considering two different car 

speeds, not taking the car speed constant. A simulation study of the 

effect of modeled PID and LQR controllers on full car dynamics 

is conducted and compared with each other. In addition, the RMS 

graphics of the results of the analyzes made at all speeds from 1 

m/s to 100 m/s are also given. In this case, it is understood that 

while the PID controller is superior at some speeds of the car, the 

LQR controller is superior at some speeds. However, in general, it 

has been determined that the LQR controller is more efficient in 

damping the vertical displacement of the driver and the rotational 

movements of the car. 

2. Full car modeling and system description 

This section will examine the modeling of a full car with eight 

degrees of freedom and different road profiles affecting the car. As 

shown in Fig. 1, the car body, wheels, and only one passenger are 

taken into account in the full car model with eight degrees of free-

dom. While only the vertical movements of the passenger and 

wheels are taken into account, the pitch and roll movements of the 

car are also examined along with the vertical movement. Apart 

from these, the lateral and rotational movements are neglected. The 

parameters md, mc, and mw represent the driver mass, car mass 

and wheel mass, respectively. The parameters Icx, and Icy corre-

spond to the mass moment of inertia around the roll and pitch axis, 

respectively. The parameters kd and cd represent the suspension 

spring and damping coefficient between the driver and the car. kw1, 

kw2, kw3, and kw4 indicate the vertical suspension spring coefficient 

between the car and the wheels, whereas cw1, cw2, cw3, and cw4 indi-

cate the vertical suspension damping coefficient between the car 

and the wheels. kr1, kr2, kr3, and kr4 represent the tire spring coeffi-

cients. rd and rc represent the vertical displacement of driver and 

car, respectively, while rw1, rw2, rw3, and rw4 represent the vertical 

displacement of four wheels. Also, the roll and the pitch motion of 

the car are shown as Өcx and Өcy. r1, r2, r3, and r4 represent the road 

inputs of the full car model. F1, F2, F3, and F4 are the actuator 

forces between the car and the wheels that can provide vertical 

force when necessary. The distances a and b represent between 

front wheels and center of car mass and rear wheels, and center of 

car mass. Whereas c and d represent right wheels and center of car 

mass and left wheels and center of car mass, respectively. e and f 

indicate the distance between the driver and the center of the car. 

All given parameters of the full car with eight degrees of freedom 

are shown in Table 1. 

Since the full car model has eight degrees of freedom, eight in-

dependent equations of motion are obtained using the Lagrangian 

method. Two different road inputs, case I and case II, are applied 

to the vehicle wheels. In case I, the front and rear wheels of the 

vehicle enter the bump at the same time, while in the case II, first 

the left front wheel and then the right front wheel enter the bump. 

After these assumptions the kinetic energy, potential energy and 

damping function of the car model shown in Fig. 1 are given in the 

equations below. 
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The Lagrangian expression (L=Ek-Ep) is equal to the difference 

between the kinetic and potential energies given in Eq. 1 and Eq. 

2 and can be written as follows. 

 

 

 

 



 

Eroğlu et al. / International Journal of Automotive Science and Technology 6 (2): 178-188, 2022 

 

180 

 

 

 

Fig 1. Physical model of full car model with driver 

 
Table 1. Full car and road profile parameters 

 

Full car model 

Driver mass (md) 100 kg 

Car mass (mc) 2000 kg 

Wheel mass (mw) 45 kg 

Mass moment of inertia of car around pitch axis (Өcy) 1500 kg.m2 

Mass moment of inertia of car around roll axis (Өcx) 1680 kg.m2 

Primary suspension stiffness coefficient (kd) 8000 N/m 

Secondary suspension stiffness coefficient (kw1, kw2, kw3, 

kw4) 

25000 N/m 

Tyre stiffness coefficient (kr1, kr2, kr3, kr4) 150 kN/m 

Primary suspension damping coefficient (cd) 600 Ns/m 

Secondary suspension damping coefficient (cw1, cw2, cw3, 

cw4) 

1000 Ns/m 

Distance between front wheels and center of the car (a) 1.4 m 

Distance between rear wheels and center of the car (b) 1.7 m 

Distance between right wheels and center of the car (c) 0,75 m 

Distance between left wheels and center of the car (d) 0.75 m 

The vertical distance between driver and center of the 

car (e) 

0.5 m 

The lateral distance between driver and center of the car 

(f) 

0.05 m 

Road parameter 

Width of bump (a1) 1 m 

Distance between two successive bumps (a2) 0.5 m 

Height of bump (a3) 0.1 m 

Offset distance of bump (a4) 0.75 m 

 

 
(4) 

 

d
0 , 1,2,3.

d ( ) ( ) ( )k k k

L L D
k

t t t t  

   
    

   
             (4) 

Generalized coordinates are given as in Eq. 5. 

 

 1 2 3 4( )        ,  
T
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Eight equations of motion have been determined as follows, us-

ing the above. 

 

For the driver seat’s vertical displacement: 
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For the car’s pitch motion: 
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Fig 2. The road profile models 

 

1 1 2 2

3 3 4 4

1 1

2 2

cy d d c cy cx

w c w cy cx w c w cy cx

w c w cy cx w c w cy cx

d d c cy cx w c w cy cx

c

w w

y

c

I k e r r e f

k a r r a c k a r r a d

k b r r b c k b r r b d

c e r r e f c a r r a c

c a r r

 

   

   

   

      

             

             

             

 

   

3 3

4 4 1 2 3 4 0

cy cx w c w cy cx

w c w cy cx

a d c b r r b c

c b r r b d a F F b F F

   

 

           

          

 (8) 

 

For the car’s roll motion: 
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For the vertical displacement of the first wheel: 
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For the vertical displacement of the second wheel: 
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For the vertical displacement of the third wheel: 
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For the vertical displacement of the fourth wheel: 
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In this study, eight second-order differential equations belong-

ing to the full car are obtained. These equations are reduced to 16 

first-order differential equations with the help of state-space forms. 

Then Euler's method is used to solve these equations. The dynamic 

responses of the full car while passing through the road with dif-

ferent geometric shapes are analyzed with the commercial analysis 

program MATLAB. The necessary parameters for the car and road 

for the analysis are given in Table 1. 

In this study, an active suspension system is used to increase 

passenger comfort, which is adversely affected by road disturb-

ances. The road defects that adversely affect the car can be in dif-

ferent geometric shapes. In this study, as seen in Fig. 2, two differ-

ent road disturbances are added to the system as inputs. In addition, 

four successive bump inputs are taken into account in both cases. 

 

3. Controller Design 

In this section, the controller design will be introduced, reducing 

the vibrations that negatively affect the car and the passenger in 

case of different speeds and disruptive road inputs. An active sus-

pension system is obtained by adding an actuator that can create 

the vertical force to the suspension system of the full car model. 

Actuator force is shown with the symbol F in the full car's motion 

equations, and four controller forces will be obtained. 

 

3.1 PID Controller Design 

PID (Proportional-Integral-Derivative) controller is the most 

widely used type of controller in the literature, and its implemen-

tation is quite simple. The PID controller obtains a controller out-

put by using the error signal of the system, as shown in Fig. 3. The 

error signals in this study are given in the following equation. 
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Each controller force can be determined separately using the er-

ror signals above as in the equation below. 

 

   
 

0

       i=1,2,3,4.

t

i

i p i i i d

dE t
F k E t k E t dt k

dt
    (15) 

 

In the above equation, the coefficients kp, ki, and kd represent the 

proportional gain, integral gain, and derivative gain of the PID con-

troller. There are several methods for determining PID controller 

coefficients. The most preferred of these methods is the Ziegler-

Nichols method. In this study, the parameters kp=5*104 ki=1*104 

kd=9*102 were chosen to provide the desired settling time and short 

rising time. 

 

 
Fig 3. Controller design of PID 

 

3.2 LQR Controller Design 

The primary purpose of LQR control, which is an optimal con-

trol theory, is to control dynamic systems with a minimum cost 

function. The cost function can be written as in Eq. 17 [23]. In LQR 

control, after the equations of motion of the full car model are con-

verted to state-space form as in Eq. 16, an output feedback control 

force is determined by using state variables as in Fig. 4. 

    ( )x t Ax t Bu t   (16) 

 

 
0

1
2

T TJ x Qx u Ru dt



   (17) 

In the above equation, J defines the cost function, while Q and 

R define the matrices determined to reduce the cost function. Here, 

Q is a positive semi-definite matrix, and R is a positive definite 

matrix. The feedback control signal is defined as in Eq. 18. Here K 

is the state feedback gain matrix and can be determined as in Eq. 

19. The P matrix is obtained using the algebraic Riccati equation 

shown in Eq. 20. 

 

 F t Kx   (18) 

 
1 TK R B P  (19) 

 
1 0T TPA A P PBR B P    (20) 

 

 

Fig 4. Controller design of LQR 

 

In this study, the K gain matrix was found using the MATLAB 

command [K=lqr(A,B,QR)]. Here, Q and R parameters are im-

portant in determining the feedback gain matrix. These parameters 

were found using Bryson's method given in Eq. 21. The Q and R 

matrices found are given in Eq. 22 and Eq. 23. 
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𝑄 = 104

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
167 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 3.7 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 614 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 9.5 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 2567 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 12 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 3971 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 82 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 114 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.15 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 541 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0.054 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 98.35 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0.15 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 643 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.05]
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4. Simulation Results 

In this study, the simulation results of the full car model with 

eight degrees of freedom are performed using Matlab software and 

by using different road profiles. The suspension parameters of the 

car to be controlled are given in Table 1. Accordingly, the control 

of the active suspension system was carried out using PID and 

LQR controllers in order to ensure passenger comfort and driving 

safety of the full car model. 

The bumps were applied as disruptive road input to the car, and the 

vertical displacement of the driver and the rotational movements 

of the car were examined. In order to determine the performance 

of the designed controllers, two different paths, case I and case II, 

shown in Fig. 2, were defined as the system’s input. Here, by ap-

plying Case I, it is desired to control the pitch movement of the car, 

while both pitch and roll movements are controlled by applying 

Case II. In addition, the performance of the two different control-

lers used was compared with each other using two different speeds, 

25 m/s, and 50 m/s. 

 

Fig 5. Time histories of the driver and car dynamic responses for the case I and v=25m/s 

In Figs. 5 and 6, the effects on the driver of the car moving at 25 

m/s and 50 m/s and the rotational movements of the car are ana-

lyzed. According to the graphics, it is seen that both controllers 

perform quite well compared to the passive suspension system. 

When the maximum vertical displacement of the driver is exam-

ined, it is seen that while it is 0.058 m in the case of the passive 

suspension system, it is 0.023 m and 0.037 m in the case of PID 

and LQR controllers, respectively. In this case, it is seen that the 

PID controllers perform better on the vertical displacement of the 

driver, but the LQR controller also dampens the oscillations in a 

shorter time. In Fig. 5b, it is clearly seen that the LQR controller is 

relatively superior to the passive and PID controller. According to 

the pitch and roll motion graphics of the car in Figs. 5c and 5d, it 

is seen that the PID controller reduces the pitch motion, while the 

LQR controller also reduces the roll motion. In Fig. 6, the car speed 

of 50 m/s is given for case I. Although the graphics in Fig. 6 are 

quite similar to those in Fig. 5, it has been observed that the per-

formance of the LQR controller increases more than the PID con-

troller as the speed increases 
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Fig 6. Time histories of the driver and car dynamic responses for the case I and v=50m/s 

 

Fig 7. Time histories of the driver and car dynamic responses for the case II and v=25m/s 

 .
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Fig 8. Time histories of the driver and car dynamic responses for the case II and v=50m/s time 

In Figs. 7 and 8, dynamic behaviors of the driver and the car are 

given in case II road input. Similarly, while the PID controller is 

superior in damping vertical displacements, the LQR controller is 

superior in damping vertical accelerations. However, when Fig. 8b 

is examined, although the vertical displacement of the driver is less 

in the PID controller, it is understood that the LQR controller is 

more successful in this graph. In both Figs. 7b and 8b, it is seen 

that the LQR controller is more efficient in reducing the accelera-

tion values than the PID controller. 

When case I and case II road input are examined, it is understood 

that the roll motion of the car is quite different. For example, in Fig. 

5d, the maximum roll motion of the car is 4.6x10-4 rad, while in 

Fig. 7, the roll motion of the car is 6.3x 10-3 rad. In other words, 

the roll motion of the car increases approximately 14 times. How-

ever, thanks to the active suspension controllers, the roll motion of 

the full car is considerably reduced and can be damped in a short 

time. 

In Figs. 9a and 10a, the RMS values of the simulation results of 

the passive suspension and active suspension systems when the car 

speed changes from 1 m/s to 100 m/s in the range of 1 m/s are 

given. When the vertical displacement graphs of the driver in Figs. 

9a and 10a are examined, it is seen that both controllers perform 

better than the passive suspension system. However, in both graphs, 

while the PID controller was superior up to the car's speed of about 

40 m/s, the LQR controller was superior at car speeds above this 

speed. When the vertical acceleration values of the car are exam-

ined in Figs. 9b and 10b, it is seen that the LQR controller is more 

efficient at almost all speeds. The results in the graphs in Figs. 9c 

and 10c are quite similar to the results for vertical displacement of 

the driver. In these graphs, the LQR controller gives better results 

if the car speed is more than 40 m/s. When Figs. 9d and 10d are 

examined, it is understood that they are different from each other. 

This is because the case II road input forces the car to oscillate in 

the roll direction. In addition, in these graphs, the LQR controller 

dampens vibrations by reducing oscillations in a much shorter time 

than passive and PID controllers. 
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Fig 9. Time RMS of the driver and car dynamic responses for the case I 

 

Fig 10. Time RMS of the driver and car dynamic responses for the case II 
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5. Conclusions 

In this study, an active suspension system was designed to improve 

the road holding and passenger comfort of the car by using the full car 

model. The control of the active suspension system was carried out 

using conventional PID and LQR controllers. Matlab software was 

used to determine the dynamic behaviors of the full car model. The 

equations of motion of the car were obtained using the Lagrangian 

method, and the obtained equations of motion were converted into 

state-space form. The performances of the controllers were compared 

by considering two different disruptive effects from the road to the full 

car model, taking into account two different car speeds. According to 

the simulation results, the PID controller was more efficient in reduc-

ing the displacement and pitch movement of the car at low speeds. It 

has been seen that the LQR controller is more efficient in controlling 

the acceleration and roll motion of the car, regardless of car speed. In 

addition, when all graphics are examined, the oscillations of the car 

and the dynamic behavior of the car can be reduced much faster, espe-

cially at high speeds, thanks to the LQR controller. 
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