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HOMOTHETIC MOTIONS IN THE GENERALIZED 3-SPACE
Mehdi JAFARI!

Abstract

A complete treatment of one parameter homothetic motions in three and four dimensional
Euclidean spaces is provided in the Yayli's PhD thesis [15]. Here we follow his idea to define one

parameter homothetic motion in generalized 3-space Eiﬁ“ By means of the generalized Hamilton

operators, we also define a Hamilton motion and show that it is a homothetic motion. We investigate
some properties of this motion and show that Darboux vector of the motion can be written as
multiplication of two generalized quaternions.

Keywords: Darboux vector, generalize Hamilton operator, Generalized quaternion, Homothetic motion,
Pole point.

UC BOYUTLU GENELESTIRLMIS UZAYDA HOMOTETIK HAREKET
Oz
Ug ve dért boyutlu Oklid uzayinda, bir parametre homotetik hareketleri Yayli’nin doktora
tezin’de [15] tam olarak temin edilir. Burada biz bu fikri kulanarak, genellestirilmis 3-boyutlu uzayda
bir parametre homotetik hareketi tamitirdik. Genellestirilmis Hamilton operatdrler ile, ayn1 zamanda
Hamilton hareket tanimlar ve bu bir homototik hareket oldugunu goéstermektedir.Bu hareketin bazi

ozelliklerini arastirdik ve gosterdik ki bu hareketin Darboux vektdrii Iki genellestirilmis
kuaterniyonlarin ¢arpmasi yazilabilir.

Anahtar Kelimeler: Darboux vektor, Genellestirilmis Hamilton operator, Genellestirilmis kuaterniyon,
homotetik hareket, Pol noktast.

1. INTRODUCTION
In the Euclidean space E", H.R. Miiler [12] has studied the one-parameter singular motions and

has given some characterizations for axoid surfaces. One-parameter homothetic motions of a rigid
body in n-dimensional Euclidean space is investigated in [1] and some of its properties are given by
Hacisalihoglu [2], showing that the motion is regular and has one pole point at every instant t. The

homothetic motions in E® and E* via the Hamilton operators are studied by Yaylh [14,15].
Subsequently, Kula and Yayli [10] expressed the Hamilton motions by means of Hamilton operators
in semi-Euclidean space E; and have showed that these motions all are a homothetic motion. In

Lorentz 4-space, properties of the homothetic motions are considered in [13]. In our previous work, a
matrix corresponding to the Hamilton operators is defined for generalized quaternions, which
determines a Hamilton motion in four-dimensional spaceE; . It is shown that this is a homothetic

motion [6]. In this paper, the homothetic motions in an n-dimensional generalized space Ejﬂ are

defined and some of their properties are investigated. Subsequently, with the aid of the generalized
Hamilton operators, we define a Hamilton motion in three-dimensional space E? . We demonstrate

that this motion is a one-parameter homothetic motion. We investigate some properties of this motion
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and show that Darboux vector of the motion can be written as multiplication of two generalized
guaternions.

Generalized Quaternions Algebra

A generalized quaternion ( is an expression of the form
4=2 +ai +a,] +ak
where a,,a,a, and a, are real numbers and i,j, kK are quaternionic units which satisfy the
equalities

and
ki=aj=—ik, a,fBeR.

The set of all generalized quaternions are denoted by H ;. A generalized quaternion { is a sum
of a scalar and a vector, where called scalar part is, Sq =a,, and vector part is
\7q —ai+a,j+ake EZ,. If S, =0,then qis called pure generalized quaternion. The set of all the pure
generalized quaternions is denoted by K.

H,,
real linear space E;, sothat, H,,=R®E:,.

is form a 4-dimensional real space which contains the real axis R and a 3-dimensional

Special cases:

a = =1, isconsidered, then H_, is the algebra of real quaternions.

a =1, p=-1, is considered, then H,, is the algebra of split quaternions.

a =1, =0, isconsidered, then H_, is the algebra of semi-quaternions [11].
a=-1, f=0, isconsidered, then H_, is the algebra of split semi-quaternions [8].

a > w0

a=0, #=0, isconsidered, then H_; is the algebra of quasi-quaternions[3].

If g= (ao,\7q) and p= (bo,\7p) are two quaternions, their sum is defined as
q+p=(8+hy, Vo +V,)
and their product (non-commutative) as
qop = (a,b, —<\/”q ,v*p>, 8V, +boV, VXV,

3

here "<,>" and "x" are the inner and vector products in Eaﬂ,

respectively. The conjugate quaternion of
q isdefined as q = (ao,—\7q) and the length or norm as
Ny=goq =0oq=a;+aa’+fa; +apa; cR.
Note that N, = N_N_. Every non-zero quaternion has a multiplicative inverse given by its
conjugate divided by its norm: q’lzq/Nq. The generalized quaternion with a norm of one,
N, =1, is a unit generalized quaternion.
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If a generalized quaternion is looked at as a four-dimensional vector, the generalized quaternion
product can be described by a matrix-vector product as
a, —aa, —fa, —afa,| b
& Eh) _ﬂas :Baz bl
a, aa, a -—aa ||b,|
8 & 4 2 b3

Let g be a unit generalized quaternion, then ﬁq :H,, —>H,, and hq: H,, — H,,are defined
as follows:

q°p=

ho(x)=qox, ha(x)=xoq X eH,,.

In both cases, considering Haﬁ to be Eiﬂ spanned by the usual basic elements. We suspect that
both these maps correspond to rotation, since it easy to show that they are norm and angle preserving.
For example, considering the map ﬁq, we have already seen that if x,y,qeH,_, and N, =1, then

Ny = NN, =N,

The generalized Hamilton operators H and H , could be represented as the matrices;
8 —og _ﬁaz —0[,333

¥ & q _ﬁas ﬂaz
H(q) = 6))
a, ag 2 -0
8 & & EN
and
a, —aa —pfa, —afa,
¥ a & Pa,  —pa,
H(q) = ()
a, —aa; g aq
& & -8 E
A direct consequence of the above operators is the following identities:
H@=1, H()=E, H(J)=E,, H(k) =E,,
and

HO=1, H@)=F, H()=F, HK®=F,
where 1, is a 4x4 identity matrix. Note, that the properties of the E, and F, (n=1,2,3) are identical

to those of generalized quaternionic unit i, j,k. Since H and I:| are linear, it follows that;
H(a)=a,H(@)+a H(i)+a, H(j)+a, H(k)
:ao|4 +a1E1+a2E2 +a3E3'
and
H(a)=a,H(@)+a H(i)+a, H(j)+a, H(k)
=a,l, +aF +a,F +a,F,.
Using the definitions of H and |:|, the multiplication of the two generalized quaternions ¢ and
p is given by

qep=H(@)p=H(p).
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Theorem 1: If gand pare two generalized quaternions, A is a real number and H and H are
operators as defined in equations (1) and (2), respectively, then the following identities hold:

. q=peH(@=H(p) <= H(@)=H(p).
i H(@+p)=H(@+H(p), H(@+p)=H(q)+H(p).
i.  HAQ=AH(Q), H(q)=1H(q).

v.  H(@op)=H@H (p). H@Gop)=H(p)H (@)

1

" ﬁ(ql){ﬁ(q)}l, M@= @] (v 0
" ﬁ(q)z[ﬁ(q)] H(m:[H(q)T.

et F(@) |~ (N, et @) |=(N,

i tr| G |4, tr| HG@) |4,

Proof: The proof can be found in [4].

A matrix A is called a quasi-orthogonal matrix if A'sA=gand det A=1 where

a 0 0
e=|0 g 0|,
0 0 op

and «,feR.The set of all quasi-orthogonal matrices, QO(3),with the operation of matrix
multiplication is called rotations group in 3-spaces Eiﬂ [7].

2. HOMOTHETIC MOTIONS AT Ezﬁ

In this section, we define one-parameter homothetic motion along a curve in a generalized 3-
space and show this motion satisfy all of the properties in Euclidean 3-space which is investigated by
Yayli [15].

In three-dimensional generalized space Eiﬁ, one-parameter homothetic motions of a body are

Y| |hA C|| X

SN
where A is a 3x3 quasi-orthogonal matrix and h is homothetic scalar. The matrix B =hA is called a
homothetic matrix and Y,X and C are 3x1 real matrices. The homothetic scalar h and the elements

of A and C are continuously differentiable functions of a real parameter t.

To avoid the case of affine transformation we suppose that
h(t) # cons.
and to avoid the case of a pure translation or a pure rotation, we also suppose that

generated by the transformation

d d
—(hA) =0, —(C)=0.
Olt( ) dt( ) #
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If we differentiate the equation A"¢A = &, we get
(ATe)A+ AT A=0.
By choosing A"¢sA=0 and Q" = (A"¢)A, we can see that

0 o -Q
Q=0 0 Q|
Q 9 0

is an anti-symmetric matrix in generalized 3-space, i.e., Q=-Q". Q is called the instantaneous
rotation vector (Darboux vector) of the motion.
Theorem 1. The homothetic motions of generalized space Eip are regular motions.

Proof: Differentiating the equation B=hA with respect to t gives
B =hA +Ah
or
: h .
B = h(ﬁA +A).
We may write detB =h" .det(%A +A). Itis obviously, forany t, detB = 0.

Pole Points and Pole Curves of the Motion

To find the pole points, we have to solve the equation
BX +C =0. (3)
Any solution of the equation (3) is a pole point of the motion at that instant in R . Since B is regular,
the equation (3) has only one solution, i.e.,, X_=(—B)™C =0 at every instant t. This pole point in
the fixed system is
X =B(-B)*C+C.

Theorem 4. During the homothetic motion of generalized space of 3-dimensions, there is a unique
instantaneous pole point at every time t.

3. HAMILTON MOTIONS IN GENERALIZED 3-SAPCE

Let us consider the curve y: 1 =R —E;, defined by

7 (®) = (3, (1), a (), a, (1), a;(t)), 4
for every t € |. We suppose that y(t)is a differentiable curve of order r which does not pass through
the origin.
Also, the map F, acting on a pure quaternion o is

F KoK, F (0)=yowoy, )
where y is conjugate of the y and K is the set of all the pure generalized quaternions. We put

F (w) = '. Using the definition of H and H the equation (5) is written as

o' =HOHF)o.
From (1) and (2), we obtain
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a +aa] + pal +apal 0 0 0
BV EG) = 0 8 +aal —fa;—apa; 223, ~a) 2B (8,3, +2,3;)
0 2a(a@, +aa) 8y -aaf +fa —afa;  2a(faa -a:a,)
0 2(caa, —aya,) 23 +f2,8,) 8 -ad - fa; +af;
This simplifies to
ﬁ(y)H(y)z[h' O},
0 B
where h=N, =a]+aa + fa; +afa; and
8 +aa) —fa; —afa;  2p(aa, —agd;) 23(ra @, +83,)
B=[b, | =| 2a(ag+ag) al-oaai+pal-afa;  2a(fa,a-an)
2(cra,, ~a,a,) 2@, +fa8;) & —oa - fa; +afa;

For the matrix B, we have B"¢B=h%¢ and detB =h>.
The 1-parameter Hamilton motions of a body in generalized 3-space are generated by transformation
X |B C||X
ol o
where B is the above matrix. X, X, and C are 3x1 real matrices. B and C are continuously
differentiable functions of a real parameter t. X and X, correspond to the position vectors of the
same point P.

Theorem 5. The Hamilton motion determined by the equation (6) is a homothetic motion in Ezﬂ.
Proof: The matrix B can be represented as

B=h|-2 -2 Bl_pa

where h: 1 cR >R,

t— h(t) =ag (1) +aa/ (t) + Ba; (1) + apa; (1).
So, we find AeQO(3) and heR.. Thus B is a homothetic matrix and the equation (6) determines a
homothetic motion.

Special cases:
1) If = =1 then Theorem 5 holds for Euclidean three space E*[5].

2) If a=1 B=-1 then Theorem 5 holds for Minkowski three space E [9].
Example 1. Let y: | < R — E;  be a curve given by

t — y(t) =(cost ,t,sint,0),
forevery tel. y(t) is a differentiable regular of order r. Since, y(t)does not pass though the origin,
the matrix B can be represented as
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cos’t +at? — Bsin’t 24t sint 23(cost sint)
B = 2at sint cos’t —at? + Bsin®t 2a(—tcost)
—2(cost sint) 2(t cost) cos’t —at? — Bsin’t

=(cos’t +at? + Bsin?t)A,

where h(t) =cos?t+at® + gsin’t, A eQO(3). Thus, B is a homothetic matrix and it determines a
homothetic motion in E; .

4. DARBOUX VECTOR OF THE MOTION

In Euclidean 3-space, Yayli [15] has showed the the Darboux vector of the homothetic motion which
is defined by the Hamilton operators, can be written as multiplication of two real quaternions. In this
section, we obtain the Darboux vector of the homothetic motion in generalized 3-space and show that
it can be written as multiplication of two generalized quaternions.

Suppose that y(t) is a curve as defined in (4). The Darboux matrix in the homothetic motion defined
by homothetic matrix B, is

Q=B"¢B.
So we o_btain
> 838, + 8,8 — 8,8, — 898, —(8,8, —ada, —4,a, + ad,a,)
2| . A h o . .
Q:ﬁ —(3,3, + 8,8, — 8,3, —3y3;) 5 aa, — 8,3, + fa;a, — fa,a,
8,8, —ada —8,a, +ada;  —(&4a, a3 + faa, - fa,a,) >
We investigate the Darboux matrix in special case h=1. In the case, we have
0 8,8, +a,a —a,a, — 8,3, —(&,8, —ad,a - 8,3, + 2da,)
Q= —(aga0+a2a1—ala2—a0a3) 0 3130_3031"‘,3&33-2_,33-233
8,8, — 08,8, —aa, +add, —(4a, -3 + faa, - fa,a,) 0

The Darboux vector corresponds to skew-symmetric matrix Q is defined by
0=(Q,.Q,Q,)
Therefore, the Darboux vector of the motion
Q=2(a3, — 8 + fasa, — 2,8, , 8,8, — 8,8 —8d, + a3, , 8,8, +8,8 —a&a, —a&a,),
is obtained. This vector can be written as multiplication of two generalized quaternions as
Q=2(y°7).

Special cases:

1. a=p=1, isconsidered, then Q is Darboux vector for homothetic motion in E*[5].

2. a=1 p=-1isconsidered, then Q) is Darboux vector for homothetic motion in EX[9].
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Example 2. Let y: 1 cR — E4 be a curve given by
y(t)= —(cost ! smt 0)

forevery tel. y(t) is adifferentiable regular of order r. Smce, y(t) does not pass though the origin,

the matrix B can be represented as

1 38 sint —ﬁﬂcost
2 2Ja 2
B= —‘&Zsint 1(coszt—sinzt)+§ —ﬁsintcost
2\/2 4 4 2
1 - 1 2 - 2 3
——cost ———sintcost —(cos“t—sin“t)——
N e 3! 4]
B is a homothetic matrix and is defined a homothetic motion. The Darboux vector of this motion is
Q= (L(Sint+cost), ﬁsint, _\B cost).
2\Ja 4p 4Jap
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