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Abstract. The generalized difference operator 
uv  has been defined by Fathi and Lashkaripour: 

   2 1 0uv uv n n n n n n
x x v x u x



  
      with 

2 1 0 0u u u    ,    ,  k ku v  are convergent sequences of nonzero real 

numbers satisfying certain conditions. The purpose of this paper is to completely determine the approximate point spectrum, 

the defect spectrum and the comprossion spectrum of the operator  
tuv

uv    on the sequence space 
1
. Also, with this 

division, the fine spectrum of generalized lower triangular double band matrices 
uv  which is given by Fathi and 

Lashkaripour in 2012, has been proved more shortly and different method on 
0c space. 

 

Keywords: Generalized difference operator, approximate point spectrum, defect spectrum, comprossion spectrum. 

 

Genelleştirilmiş Altüçgensel Çift Bant Matrisi 
uv  nin 

0c  Dizi Uzayı Üzerinde İnce Spektrumu  

Özet. Genelleştirilmiş fark operatörü 
uv  Fathi ve Lashkaripour tarafından tanımlanmıştır:    ,  k ku v  bazı koşulları 

sağlayan sıfırdan farklı reel sayıların yakınsak dizileri olmak üzere    1 1 0uv uv n n n n n n
x x v x u x



  
      biçiminde 

tanımlanır. Burada 
1 1 0x u    dır. Bu makalenin amacı 

1
 dizi uzayı üzerinde  

tuv

uv    operatörünün yaklaşık nokta 

sepktrumunu, eksik spektrumunu ve sıkıştırılmış spektrumunu tam olarak belirlemektir. Ayrıca bu ayrışım yardımıyla 2012 de 

Fathi ve Lashkaripour tarafından verilen 
uv  genelleştirilmiş altüçgensel çift bant matrisinin ince spektrumu 

0c  uzayı üzerinde 

daha farklı ve kısa bir yolla hesaplanmıştır. 

 

Anahtar Kelimeler: Genelleştirilmiş fark operatörü, yaklaşık nokta spektum, eksik spektrum, sıkıştırılmış spektrum. 

 

1. INTRODUCTION 

Spectral theory is an important part of functional analysis. It has numerous applications in many 

parts of mathematics and physics including matrix theory, function theory, complex analysis, 

differential and integral equations, control theory and quantum physics. For example, in 

quantum mechanics, it may determine atomic energy levels and thus, the frequency of a laser 

or the spectral signature of a star. 

In recent years, spectral theory has witnessed an explosive development. There are many types 

of spectra, both for one or several commuting operators, with important applications, for 

example the approximate point spectrum, Taylor spectrum, local spectrum, essential spectrum, 

etc. 
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1.1 The Spectrum 

 

By w , we shall denote the space of all real or complex valued sequences. Any vector subspace 

of w  is called a sequence space. we shall write 
0,  ,   and c c bv

 for the space of all bounded, 

convergent, null and bounded variation sequences, respectively. Also by 1,  ,  p pbv  we denote 

the spaces of all absolutely summable sequences, p-absolutely summable sequences and p-

bounded variation sequences, respectively. 

Several authors have studied the spectrum and fine spectrum of linear operators defined by 

some particular limitation matrices over some sequence spaces. We summarize the knowledge 

in the existing literature concerned with the spectrum and the fine spectrum. The fine spectrum 

of the Cesáro operator on the sequence space  for 1p p    has been studied by Gonzalez 

[14]. Also, Wenger [22] examined the fine spectrum of the integer power of the Cesáro operator 

over c , and Rhoades [19] generalized this result to the weighted mean methods. Reade [18] 

worked the spectrum of the Cesáro operator over the sequence space 
0c . The spectrum of the 

Rhaly operators on the sequence spaces 
0c  and c  is studied by Yildirim [20] and the fine 

spectrum of the Rhaly operators on the sequence space 
0c  is studied by Yıldırım [21]. 

Quite recently, several authors have investigated spectral divisions of generalized differance 

matrices. For example, Akhmedov and El-Shabrawy, [1, 2] have studied the spectrum and fine 

spectrum of the generalized lower triangle double-band matrix 
v  over the sequence spaces 

0 p ,   and c c , where 1 p   . The fine spectrum of the difference operator   over the 

sequence spaces 
1  and bv  is investigated by Kayaduman and Furkan [21] and 

0  and c c , is 

investigated by Altay and Başar [3]. Karaisa et al., [15] have studied the fine spectra of 

triangular triple-band matrices on sequence spaces p  and c   0 1p  . Also, Karakaya et al. 

[16] examined the fine spectrum of the second order difference operator over the sequence 

spaces p  and pbv ,  1 p    etc. 

Let X  and Y  be the Banach spaceces, and :L X Y  also be a bounded linear operator. By 

 R L , we denote the range of L , i.e.,  

    : ,  R L y Y y Lx x X    .  

By  B X , we also denote the set of all bounded linear operators on X  into itself. If X  is any 

Banach spaces and  L B X  then the adjoint 
*L  of L  is a bounded linear operator on the dual 

*X  of X  defined by     *L f x f Lx  for all *f X  and x X . 

Let  :L D L X  be a linear operator, defined on  D L X , where  D L  denote the 

domain of L  and X  is a complex normed linear space. For  L B X  we associate a complex 
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number   with the operator  I L   denoted by L
 defined on the same domain  D L , where 

I  is the identity operator. The inverse  
1

I L


 , denoted by 1L

  is known as the resolvent 

operator of L
. 

A regular value of L  is a complex number   of L  such that 1L

  exists, is bounded and, is 

defined on a set which is dense in X . 

The resolvent set of L  is the set of all such regular values a of L , denoted by  ,L X . Its 

complement is given by  ℂ − 𝜌(𝐿, 𝑋) in the complex plane ℂ is called the spectrum of L , 

denoted by  ,L X . Thus the spectrum  ,L X consist of those values of 𝜆 ∈ ℂ, for which 

L
 is not invertible. 

The spectrum  ,L X  is union of three disjoint sets as follows: The point (discrete) spectrum 

 ,p L X  is the set such that 1L

  does not exist. Further  ,p L X   is called the eigen value 

of L . We say that 𝜆 ∈ ℂ  belongs to the continuous spectrum  ,c L X  of L  if the resolvent 

operator 1L

  is defined on a dense subspace of X  and is unbounded. Furthermore, we say that 

𝜆 ∈ ℂ belongs to the residual spectrum  ,r L X  of L  if the resolvent operator 1L

  exists, but 

its domain of definition (i.e. the range  R I L   of I L  ) is not dense in X ; in this case 

1L

  may be bounded or unbounded. Together with the point spectrum, these two sub spectra 

form a disjoint subdivision 

        , , , ,p c rL X L X L X L X       (1.1) 

of the spectrum of L . 

 

1.2 Goldberg’s Classification of Spectrum 

 

Let X  be a Banach space and  T B X , then there are three possibilities for  R T : 

 (A)   ,R T X  

 (B)    ,   but  ,R T X R T X   

 (C)   .R T X  

and three possibilities for 
1 :T 

 

(1) 
1T 
exists and continuous, 

(2) 
1T 
 exists but discontinuous, 
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          (3) 1T   does not exist 

If these possibilities are combined in all possible ways, nine different states are created. These 

are labelled by: 
1 2 3 1 2 3 1 2 3,  ,  ,  ,  ,  ,  ,  ,  .A A A B B B C C C  If an operator is in state 

2C  for example, 

then   XTR   and 1T   exist but is discontinuous (see [13]). 

If   is a complex number such that 
1 1  or  T I L A T I L B         then  XL, . All 

scalar values of   not in  XL,  comprise the spectrum of L . The further classification of 

 XL,  gives rise to the fine spectrum of L . That is,  XL,  can be divided into the subsets 

             2 3 2 3 1 2 3, Ø, , ,  , , , ,  , ,  , , C ,A L X A L X B L X B L X C L X C L X L X       . 

For example, if LIT    is in a given state, 
2C (say), then we write  2 , .C L X   

 

Also the spectrum  XL,  is partitioned into three sets which are not necessarily disjoint as 

follows: 

 

1.3 Aproximate Point Spectrum, Defect Spectrum and Compression Spectrum. 

 

The above-mentioned articles, concerned with the decomposition of spectrum which defined 

by Goldberg. However, in [4] Amirov et al. have investigated subdivision of the spectra for 

Cesáro, Rhaly and weighted mean operators on 0 p ,   and c c  and in [7] Başar et al. have 

investigated subdivisions of the spectra for genarilized difference operator over certain 

sequence spaces. 

Let X  be a Banach space, and  L B X . We call a sequence  kx  in X  a Weyl sequence 

for L  if 1kx   and 0kLx   as k  . 

We call the set 

𝜎𝑎𝑝(𝐿, 𝑋) : = {𝜆 ∈ ℂ ∶ 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑊𝑒𝑦𝑙 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑓𝑜𝑟 𝜆𝐼 − 𝐿},                 (1.2) 

 

the approximate point spectrum of L . Moreover, the subspectrum 

 

     , : , :   is not surjectiveL X L X I L       (1.3) 

 

is called defect spectrum of L . There is another subspectrum, 

𝜎𝑐𝑜(𝐿, 𝑋) ≔ {𝜆 ∈  ℂ ∶  𝑅(𝜆𝛪 − 𝐿) ≠ 𝑋}                                        (1.4) 
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which is often called compression spectrum in the literature. Clearly,    p apL L   and 

   co L L  . Moreover, comparing these subspectra with those in (1.1) we note that 

 

      \r co pL L L    (1.5) 

and 

 

        \c p coL L L L        (1.6) 

 

Sometimes it is useful to relate the spectrum of a bounded linear operator to that of its adjoint. 

Building on classical existence and uniqueness results for linear operator equations in Banach 

spaces and their adjoints. 

Proposition 1 ([5], Proposition 1.3). The spectra and subspectra of an operator  L B X  

and its adjoint  * *L B X  are related by the following relations: 

(a)    * *, , ,L X L X   

(b)    * *, , ,c apL X L X   

(c)    * *, , ,ap L X L X   

(d)    * *, , ,apL X L X   

(e)    * *, , ,p coL X L X   

(f)    * *, , ,co pL X L X   

(g)          * * * *, , , , , .ap p p apL X L X L X L X L X         

By the definitions given above, in [8], Amirov et al. have written following table: 

 

 

 

 

Table 1. 

 1 2 3 
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1       exists

and is bounded

L



 
1         exists

and is unbounded

L



 
1  does not

     exists

L



 

A   R I L X     L   _ 

 p L   

 ap L   

B   R I L X     L   

 c L   

 ap L   

 L   

 p L   

 ap L   

 L   

C   R I L X    

 r L   

 L   

 co L   

 r L   

 ap L   

 L   

 co L   

 p L   

 ap L   

 L   

 co L   

 

2. THE FINE SPECTRUM OF THE OPERATOR 
uv  ON 

0c  

 

The generalized upper triangular double band matrices uv  has been defined by Fathi and 

Lashkaripour [12]. Let  ku  be a sequence of positive real numbers such that 0ku   for each 

𝑘 ∈ ℕ with lim 0k
k

u u


   and  kv  is either constant or strictly decreasing sequence of positive 

real numbers with lim 0k
k

v v


  , and supk kv u v  . 

In [12] Fathi and Lashkaripour define the operator 
uv  on sequence space 

1
 as follows: 

   1 1 0

uv uv

n n n n n n
x x v x u x



  
     . 

It is easy to verify that the operator 
uv  can be represented by a upper triangular double band 

matrix of the form 

0 1

1 2

2 3

3 4

0 0 0

0 0 0

0 0 0

0 0 0

uv

v u

v u

v u

v u

 
 
 
  
 
 
 
 

. 

2.1 Subdivision of the spectrum of 
uv  on 

1
. 
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If 
1 1:T   is a bounded linear operator with matrix A , then the adjoint operator * * *

1 1:T   

is defined by the transpoze of the matrix A . The dual space of 
1
 is isomorphic to 


, the space 

of all bounded sequences, with the norm supk kx x . 

The spectra and the fine spectra of the operator uv  over the sequence space 
1
 has been studied 

by Fathi and Lashkaripour [12]. In this subsection we summarize the main results. 

 

Theorem 1 ([12], Theorem 2.2).   *
*

1, .uv

p    

Theorem 2 ([12], Corollary 2.4).  1, .uv

r    

In [12] the authors define the operator 
uv  on sequence space 

0c  follows: 

   2 1 0uv uv n n n n n n
x x u x v x



  
      with  

2 1 0 0u u u    . 

It is easy to verify that the operator 
uv  can be represented by a lower triangular double band 

matrix of the form 

0

1 1

2 2

3 3

0 0 0

0 0

0 0

0 0

uv

v

u v

u v

u v

 
 
 
  
 
 
 
 

 

Note that, if 
kv  and 

ku  is a constant sequence, say 0kv r   and 0ku s   for all 𝑘 ∈ ℕ, then 

the operator 
uv  is reduced to the operator  ,B r s  and the results for the subdivisions of the 

spectra for generalized difference operator 
uv  over 0 ,  ,   and p pc c bv  have been studied in [7]. 

 

 

 

Theorem 3 ([12], Theorem 2.5).  0, .p uv c    

If 
0 0:T c c  is a bounded linear operator with matrix A , then it is known that the adjoint 

operator * * *

0 0:T c c  is defined by the transpoze of the matrix A . It is well known that the dual 

space *

0c  of c  is isomorphic to 
1
.    

Theorem 4 ([12], Theorem 2.6). 𝜎𝑟(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| < 𝑢}. 



On The Fine Spectrum of Generalized Lower Triangular 
 

288 
 

Theorem 5 ([12], Theorem 2.7). 𝜎𝑝(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| < 𝑢}. 

Theorem 6 ([12], Theorem 2.8). 𝜎(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| ≤ 𝑢}. 

Theorem 7 ([12], Theorem 2.9). 𝜎𝑐(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢}. 

Theorem 8 ([12], Theorem 2.10). 𝐴3𝜎(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| < 𝑢}. 

Corollary 1.    3 1 3 1, , .uv uvB C      

Proof. Since        1 3 1 3 1 3 1, , , ,uv uv uv uv

p A B C           from Table 1, by using 

Theorem 5 and Theorem 8, we get the required result. 

Corollary 2.    1 1 2 1, , .uv uvC C      

Proof. Since      1 1 1 2 1, , ,uv uv uv

r C C        from Table 1, by using Theorem 4, we 

get the required result. 

Theorem 9 (a) 𝜎𝑎𝑝(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| ≤ 𝑢}, 

        (b) 𝜎𝛿(∆𝑢𝑣, ℓ1) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢}. 

        (b)  1, .uv

co    

Proof (a) Since      1 1 1 1, , ,uv uv uv

ap C        from Table 1, by using Theorem 6 

and Corollary 2, we get the required result. 

 (b) Since      1 1 3 1, , ,uv uv uvA        from Table 1, by using Theorem 6 

and Theorem 8, we get the required result.  

 (c) Since        1 1 1 2 1 3 1, , , ,uv uv uv uv

co C C C           from Table 1, by 

using Corollary 1 and Corollary 2, we get the required result. 

Theorem 10. 𝜎(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| ≤ 𝑢}. 

Proof The proof is clear from Proposition 1 (a) and Theorem 6. 

Theorem 11 (a) 𝜎𝑎𝑝(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢}, 

        (b) 𝜎𝛿(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| ≤ 𝑢}, 

 

Proof (a) Since      * *

0 0 1, , ,uv

ap uv uvc c         from Proposition 1 (d), by using 

Theorem 9 (b), we get the required result. 

 (b) Since      * *

0 0 1, , ,uv

uv ap uvc c         from Proposition 1 (c), by using 

Theorem 9 (a), we get the required result. 
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Theorem 12. 𝐶1𝜎(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| < 𝑢}. 

 

Proof. Since      0 0 1 0, , ,ap uv uv uvc c C c        from Table 1, by using Theorem 10 and 

Theorem 11 (b), we get the required result. 

 

Theorem 13.  𝐵2𝜎(∆𝑢𝑣, 𝑐0) ∪ 𝐶2𝜎(∆𝑢𝑣, 𝐶0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢}. 

Proof. Since           2 0 2 0 0 0 1 0, , , , ,uv uv uv p uv uvB c C c c c C c              from 

Table 1, by using Theorem 3, Theorem 11 (b) and Theorem 12, we get the required result. 

 

Lemma 1 ([13], Theorem II 3.7). A linear operator T  has a dense range if and only if the 

adjoint operator *T  is one to one. 

 

Theorem 14. 𝐶2𝜎(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢}. 

Proof. From Lemma 1    0uvR c


   if and only if    
* uv

uv  
    is one to one. From 

Theorem 5, if v u    then  uv


  is one to one. Thus if | v u    then C  from Lemma 

1. Hence we get 𝐶2𝜎(∆𝑢𝑣, 𝑐0) = {𝜆 ∈ ℂ ∶  |𝜆 − 𝑣| = 𝑢} from Theorem 13.  

Corollary 3.    0 2 0, , .c uv uvc B c      

Proof. Since    0 2 0, ,c uv uvc B c     from Table 1, by using Theorem 13 and Theorem 14, 

we get the required result. 

Remark 1. In here, the proof of Theorem 12-Theorem 14 and Corollary 3 which have been 

forementioned [11], give in different ways and the shorter than proof of the Theorems in [11]. 

3. CONCLUSION 

Many researchers have determined the spectrum and the fine spectrum of a matrix operator in 

some sequence spaces. Although the fine spectrum with respect to the Goldberg's classification 

of the generalized difference operator 
uv  over the sequence space 

0c  were studied by Fathi 

and Lashkaripour [11], in the present paper, the concepts of the approximate point spectrum, 

defect spectrum and compression spectrum are introduced, and given the subdivisions of the 

spectrum of the the generalized difference operator 
uv  over the sequence space 

0c , as the new 

subdivisions of spectrum. It is immediate that our new results cover a wider class of linear 

operators which are represented by infinite lower triangular double-band matrices on the 

sequence space 
0c . For this reason, our study is more general and more comprehensive than the 

previous work. We note that our new results in this paper improve and generalize the results 

which have been stated in [6,7,8]. 
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