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1. Introduction

Let G be a non-abelian group and Z(G) be its center. The commuting graph of G,
denoted by I'.(G), is a simple undirected graph in which the vertex set is G\ Z(G),
and two distinct vertices x and y are adjacent if and only if xy = yx. This graph
is precisely the complement of the non-commuting graph of a group considered
in [1] and [16]. The origin of this notion lies in a seminal paper by R. Brauer
and K. A. Fowler [7] who were concerned primarily with the classification of the
finite simple groups. However, the ever-increasing popularity of the topic is often
attributed to a question, posed in 1975 by Paul Erdds and answered affirmatively
by B. H. Neumann [18], asking whether or not a non-commuting graph having no
infinite complete subgraph possesses a finite bound on the cardinality of its complete
subgraphs. In recent years, the commuting graphs of groups have become a topic
of research for many mathematicians (see, for example, [4], [13]). In [14], it was
conjectured that the commuting graph of a finite group is either disconnected or has
diameter bounded above by a constant independent of the group G. This conjecture
was well-supported in [19] and [24]. However, in [11], it is shown that, for all positive

integers d, there exists a finite special 2-group G such that the commuting graph of
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G has diameter greater than d. But in [17], it is proved that for finite groups with
trivial center the conjecture made in [14] holds good. The concept of commuting
graphs of groups (taking, as the vertices, the non-trivial elements of the group in
place of non-central elements) has also been recently used in [20] to show that
finite quotients of the multiplicative group of a finite dimensional division algebra
are solvable. There is also a ring theoretic version of commuting graphs (see, for
example, [2], [3]).

Most of the works cited above on commuting graphs of groups deal with con-
nectedness, diameter and some algebraic aspects of the graph. Also, some of the
results for the non-commuting graphs of groups have their obvious analogues for the
commuting counterparts, the commuting and non-commuting graphs being com-
plements of each other. In the present paper, however, we deal with a topological
aspect, namely, the genus of the commuting graphs of finite non-abelian groups,
and on this count the commuting and the non-commuting graphs are independent
of each other. Here we show that every collection of isomorphism classes of finite
non-abelian groups whose commuting graphs have the same genus is finite. One
of the sections in this paper is devoted entirely to the computation of the genus
of the commuting graphs of some well-known families of finite non-abelian groups.
The primary objective of this paper is, of course, to determine (up to isomorphism)
all finite non-abelian groups whose commuting graphs are planar or toroidal, that
is, can be drawn on the surface of a sphere or of a torus (without any crossing of
edges). We, however, begin by classifying all non-abelian groups whose commuting
graphs have no triangles, which, in fact, turns out to be equivalent to saying that
the corresponding non-commuting graphs are planar. It may be mentioned here
that the motivation for this paper comes from [9], [15], [25], [28] and [29], where

similar problems for certain graphs associated to finite rings have been addressed.

2. Some prerequisites

In this section, we recall certain graph theoretic terminologies (see, for example,
[26] and [27]) and some well-known results which have been used extensively in
the forthcoming sections. Note that all graphs considered in this and the following
sections are simple graphs, that is, graphs without loops or multiple edges.

Let I" be a graph with vertex set V(I') and edge set E(T"). Let 2,y € V(T'). Then
2 and y are said to be adjacent if x # y and there is an edge x — y in E(T") joining
x and y. A path between x and y is a sequence of adjacent vertices, often written

asx —xr] — X9 — -+ - — Ty — Y, where the vertices z, x1, xo,...,x,,y are all distinct
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(except, possibly, x and y). T is said to be connected if there is a path between
every pair of distinct vertices in I". A path between z and y is called a cycle if
2 = y. The number of edges in a path or a cycle, is called its length. A cycle of
length n is called an n-cycle, and a 3-cycle is also called a triangle. The girth of T’
is the minimum of the lengths of all cycles in T', and is denoted by girth(T). If T is
acyclic, that is, if T has no cycles, then we write girth(I") = co.

A graph G is said to be complete if there is an edge between every pair of distinct
vertices in G. We denote the complete graph with n vertices by K,. A bipartite
graph is the one whose vertex set can be partitioned into two disjoint parts in
such a way that the two end vertices of every edge lie in different parts. Among
the bipartite graphs, the complete bipartite graph is the one in which two distinct
vertices are adjacent if and only if they lie in different parts. The complete bipartite
graph, with parts of size m and n, is denoted by K, ,.

A subset of the vertex set of a graph T is called a clique of T" if it consists entirely
of pairwise adjacent vertices. The least upper bound of the sizes of all the cliques of
G is called the cligue number of T', and is denoted by w(T'). The chromatic number
of a graph T, written x(T'), is the minimum number of colors needed to label the
vertices so that adjacent vertices receive different colors. Clearly, w(I") < x(T').

Given a graph I, let U be a nonempty subset of V' (I'). Then the induced subgraph
of T' on U is defined to be the graph T'[U] in which the vertex set is U and the edge
set consists precisely of those edges in I' whose endpoints lie in U. If {T'y}aen is
a family of subgraphs of a graph I', then the union aLgJAI‘a denotes the subgraph
of I' whose vertex set is aLEJAV(Fa) and the edge set is aLEJAE(Fa). Further, given a
graph T, its complement is defined to be the graph in which the vertex set is the
same as the one in I and two distinct vertices are adjacent if and only if they are
not adjacent vertices in IT'.

The genus of a graph T, denoted by ~(T'), is the smallest non-negative integer
n such that the graph can be embedded on the surface obtained by attaching n
handles to a sphere. Clearly, if ' is a subgraph of T, then y(f) < 4(T"). Graphs
having genus zero are called planar graphs, while those having genus one are called
toroidal graphs.

A block of a graph I' is a connected subgraph B of I' that is maximal with
respect to the property that removal of a single vertex (and the incident edges)
from B does not make it disconnected, that is, the graph B\ {v} is connected for
all v € V(B). Given a graph I', there is a unique finite collection B of blocks of
I', such that I' = BLEJ%B . The collection B is called the block decomposition of T.
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In [5, Corollary 1], it has been proved that the genus of a graph is the sum of the
genera of its blocks. Thus, it follows that the following.

Lemma 2.1. If a graph T has two disjoint subgraphs I'y and I's such that 'y =2 K,
and Iy & K,, for some positive integers m and n, then v(T') > v(K,) + v(Kn).

We conclude the section with the following two useful results.

Lemma 2.2. [27, Theorem 6-38] If n > 3, then
n—3)(n—4
V(Kn) = {( X )w -

12
Lemma 2.3. [27, Theorem 6-37] If m,n > 2, then

(o) = |22

3. Some basic results

In this section we derive some results concerning the genus of the commuting
graphs of finite groups which are not only of interest in their own right but also
used extensively in the forthcoming sections. Our notations are quite standard; for
example, given a group G and an element x € G, we write o(x), Cg(x) and Clg(x)
to denote the order of x in G, the centralizer of x in G and the conjugacy class of
z in G, respectively.

In the study of the genus of a graph, the cycles in the graph play a crucial role.
Therefore, determining whether or not the graph is acyclic can be considered as
the first step in this direction. Even otherwise, whether or not a graph associated
to a group has a triangle is a topic of substantial interest (see, for example [10]).
Keeping this is mind, we begin the section with the following result which, in view
of [1, Proposition 2.3], also says that the commuting graph of a non-abelian group
is acyclic if and only if its complement (that is, the non-commuting graph of the

group) is planar.

Proposition 3.1. Let G be a non-abelian group. Then, T'.(G) has no 3-cycle if
and only if G is isomorphic to the symmetric group Ss, the quaternion group Qs,

or the dihedral group Dsg.

Proof. If G is isomorphic to S3, Qs or Dsg, then it is easy to see that I'.(G) has
no 3-cycle; in fact, T'.(G) is acyclic.

Conversely, suppose that I'.(G) has no 3-cycle. Then, |Z(G)| < 2; otherwise,
for all z € G\ Z(G), any three distinct elements of 2Z(G) would form a 3-cycle in
L'.(G).
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Case 1. |Z(G)| = 1.

In this case, every element of G has order 2 or 3; otherwise {z, 2,23} would
form a 3-cycle in I'¢(G) for all x € G with o(z) > 3. Therefore, G is a group of
exponent dividing 6. Let H be a finitely generated subgroup of G. Then, H is a
finite group (see [12, Sections 18.2, 18.4]), and so, we have |H| = 2™3" for some
non-negative integers m and n. First assume that m > 2 and let Hy be a Sylow
2-subgroup of H. Clearly, Hs is elementary abelian of order at least 4. Hence, any
three distinct elements of Hy \ {1} form a 3-cycle in I'¢(G). Therefore, we must
have m < 1. Next assume that n > 2 and let H3 be a Sylow 3-subgroup of H.
Clearly, |Hs| > 9. If Hj is abelian, then any three distinct elements of Hs \ {1}
form a 3-cycle in I'¢(G). If Hj is non-abelian, then, choosing « € H3 \ Z(H3) and
noting that |Z(H3)| > 3, we see that any three distinct elements of xZ(Hjs) form
a 3-cycle in I'.(G). Therefore, we must have n < 1. Thus, every finitely generated
subgroup of G is of order at most 6. It follows that G itself is of order not exceeding
6. Since G non-abelian, we have G = S3.

Case 2. |Z(G)| = 2.

In this case, G/Z(G) is an elementary abelian 2-group; otherwise, for all = €
G\ Z(G) with 22 ¢ Z(G), any three distinct elements of 27 (G)Uz? Z(G) would form
a 3-cycle in I'.(G). It follows that every element of G is of order 2 or 4. Since G is
non-abelian, there is an element z € G of order 4, and so, we have Z(G) = {1,2%}.
It is easy to see that Cg(z) = (z); otherwise {z, 23 w} would form a 3-cycle in
I'.(G) for all w € Cg(z) \ (x). Thus, |Ce(z)| = 4. Let z € Clg(x) \ {z}. Then,
1 +# 2071 € G’ C Z(G). Therefore, we have zx~! = 2%, and so, z = 2®. Thus,
Clg(r) = {z,2%}, and so, |G : Cg(x)| = |Clg(z)| = 2. Tt follows that |G| = 8.

Since G is non-abelian, we have G = Qg or Dg . This completes the proof. ([l

It follows, in particular, from the above result that the girth of the commuting
graph of a non-abelian group is 3 or co. Our next result is used not only in this

section but also in the forthcoming sections.

Lemma 3.2. Let G be a finite non-abelian group whose commuting graph has genus

g, where g is a non-negative integer. Then the following assertions hold:
(a) If 0 # S C G\ Z(G) such that xy = yx for all x,y € S, then |S| <
L7+\/WJ
5 .

(b) 1Z2(G)| < ﬁL”j Vl;““gj, where t = max{o(zZ(G)) | ¢ Z(G) € G/Z(G)}.
C is an abelian subgroup of G, then < ||+ AN .
If A bel b f G, then |A] < [THAE89 | 4 |AN Z(G
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Proof. Consider the induced subgraph I'.(G)[S] = K\g|. If g = 0, then v(K\g) =
YT A(G)[S]) < v(Te(G)) = 0, and so, it follows that |[S| < 4. On the other
hand, if g > 0, then, by Heawood’s formula [26, Theorem 6.3.25], we have |S| =
w(l(@)S]) < w(lo(G)) < x(T(G)) < |TVIEE9 | This proves (a). The re-

t—1
maining two assertions follow from (a); in fact, for (b) we take S = | |y*Z(G),
i=1

where y € G\ Z(G) such that o(yZ(G)) = t, and for (¢) we simply note that
A=(A\Z(G))U(ANZ(Q)). O

Our main result of this section says that every collection of isomorphism classes

of finite non-abelian groups whose commuting graphs have the same genus is finite.

Theorem 3.3. The order of a finite non-abelian group is bounded by a function
of the genus of its commuting graph. Consequently, given a non-negative integer g,
there are at the most finitely many (up to isomorphism) finite non-abelian groups

whose commuting graphs have genus g.

Proof. Let G be a finite non-abelian group whose commuting graph has genus g.
Let us put h = L@J. Then, by Lemma 3.2(a), we have |Z(G)| < h. Let p
be a prime divisor of |G|, and P be a Sylow p-subgroup of G with |P| = p™, where
n is a positive integer. If P C Z(G), then |P| < h. So, let P ¢ Z(G). If P is
abelian, then, by Lemma 3.2(a), we have |P \ Z(G)| < h, and hence, |P| < 2h.
So, we assume that P is non-abelian. Then, |Z(P)| = p© for some positive integer
¢ < n, and, by [8, Section I, Para 4], P has an abelian subgroup A of order p”,
where v is a positive integer such that v > —% +4/2n+c2 —c+ i; in particular,
n < (2v +1)2. By Lemma 3.2(c), we have p” = |A| < 2h; in particular, v < 2h
and p < 2h. Hence, it follows that |P| = p" < (2h)(4h+1)2. Since the number of
primes less than 2h is at most h, we have |G| < (2h)"“@h+D*  This completes the
proof. ([

Recall that a group is said to be an AC-group if the centralizer of each of its
non-central elements is abelian. The AC-groups have been extensively studied by
many authors (see, for example, [1], [21], [23]). Our final result of this section deals

with finite non-abelian AC-groups.
Proposition 3.4. Let G be a finite non-abelian AC-group. Then
YTe(G)) = > (K x)),
XeP

where P = {Cg(u) \ Z(G) |u € G\ Z(G)}.
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Proof. Let X € P. Then, X = Cg(u)\Z(G) for some u € G. Clearly, for z,y € X,

we have xy = yz, since Cg(u) is abelian. On the other hand, for z € X and

y € G\Z(G) with zy = yx, we have y € X, since y, u € Cg(z) and Cg(z) is abelian.

It follows that the induced subgraph I'.(G)[X] = K|x) is a block of I'.(G), and, since

G\ Z(G) = XLéPX, the collection {T'.(G)[X] | X € P} is the block decomposition

of T'.(G). Therefore, by [5, Corollary 1], we have v(T'.(G)) = > v(K|x))- O
XeP

Remark 3.5. If G is a finite non-abelian AC-group and A is a finite abelian group,
then A x G is also a finite non-abelian AC-group with Caxg(a,u) \ Z(A x G) =
A X (Ca(u)\ Z(Q)) for all (a,u) € (Ax G)\ Z(A x G). Therefore, it follows from
Proposition 3.4 that
YTe(A X G)) = 3 y(Kjajx)),
XeP
where P = {Cg(u) \ Z(G) |u e G\ Z(G)}.

We close this section with a couple of immediate corollaries to Proposition 3.4.

Corollary 3.6. The genus of the commuting graph of a mon-abelian group G of

order pq, where p and q are primes with p | ¢ — 1, is given by
W(FC(G)) = V(qul) + Q'V(Kpfl)'

Proof. Note that G is an AC-group with |Z(G)| = 1, in which the centralizers of
the non-central elements are precisely the Sylow subgroups of GG, and so, the result

follows from Proposition 3.4. O

Corollary 3.7. The genus of the commuting graph of a non-abelian group G of

order p3, where p is a prime, is given by

1(Te(@)) = (p+ Dy (Kpp-1))-

Proof. Note that G is an AC-group with |Z(G)| = p, in which the centralizers
of the non-central elements are of order p?. Since any two distinct centralizers of
the non-central elements of G intersect at Z(G), it follows that the number of such

centralizers is p + 1. Hence, the result follows from Proposition 3.4. (]

4. Genus of the commuting graphs of some well-known AC-groups

In this section, we determine the genus of the commuting graphs of some well-
known finite non-abelian AC-groups. Some of the results obtained here play crucial
role in the study of planarity and toroidality of the commuting graphs of finite non-

abelian groups.
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Proposition 4.1. The genus of the commuting graph of the dihedral group Do,
1

(v,y |y =2 = 1,oyx~! = y~1), where n > 3, is given by

Y(Kn—2) if n is even,
Y(Kn—1) if nis odd.

'Y(FC(DQn)) =

Proof. Note that Ds, is a non-abelian AC-group. If n is even, then Z(Da,) =
{Ly%}, Cp,, (y') = (y) for 1 < i <n—1(i # %), and Op,, (vy) = {1,297, y%,
ryit2} for 0 < j < n—1. If nis odd, then Z(Dy,) = {1}, Cp,, (v*) = (y)
for 1 <i <n-—1,and Cp,, (vy’) = {1,297} for 0 < j < n —1. Thus, if n
is even, the distinct centralizers of the non-central elements in D, are (y) and
{1,297, y%, 29772}, where 0 < j < 5 — 1, and so, by Proposition 3.4, we have
Y(Le(D2n)) = v(Kn—2) + 57(K2) = v(Kpn—2). On the other hand, if n is odd, the
distinct centralizers in Dy, are (y) and {1,zy’}, where 0 < j < n — 1, and so, by

Proposition 3.4, we have v(I'.(Day)) = v(Kn-1) + ny(K1) = y(Kpn-1). O

Proposition 4.2. The genus of the commuting graph of the dicyclic group or the

1

generalized quaternion group Qun, = (z,y | ¥*" = 1,22 = y", zyx~! =y~ 1), where

n > 2, 1s given by
V(FC(QZLTL)) = ’Y(KZ(nfl))

Proof. It is well-known that Q4, is a non-abelian AC-group with Z(Q4,) =
{Ly"}, Cqu,(y") = (y) for 1 <i < 2n—1 (i # n), and Cq,, (zy’) = {Lzy’,y",
2yl ™"} for 0 < j < 2n — 1. Therefore, the distinct centralizers of the non-central
elements in Qg are (y) and {1,xy’,y", zy?*"}, where 0 < j < n — 1, and so, by
Proposition 3.4, we have ¥(I'e(Qu4n)) = 7(Kom—1)) + n7(K2) = y(Ko(n—1))- O

Proposition 4.3. The genus of the commuting graph of the semidihedral group

ne1 n—2 . .
SDyn = (r,s|r?  =s>=1,srs =712 1), where n >4, is given by

Y(Le(SD2n)) = y(Kgn-1_5).

2

Proof. Note that SDyn is a non-abelian AC-group with Z(SDgn) = {1,72" "},
Csp,n (1) = (r), for 1 <i <271 —1 (i #272), and Csp,, (sr?) = {1,srd, r2" ",
srj+2n72} for 0 < j < 2771 — 1. Therefore, the distinct centralizers of the non-
central elements in SDyn are (r) and {1, sr7, 72", srit2" "} where 0 < j < 27— 2—
1, and so, by Proposition 3.4, we have v(T'¢(SD2n)) = y(Kgn-1_5) + 2" 2y (K3) =
V(EKan-1-2). O
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Proposition 4.4. The genus of the commuting graph of the projective special linear
group PSL(2,2%), where k > 2, is given by

Y(Le(PSL(2,2))) = (2 4+ 1)y (Kor 1) +2" 125+ 1)y (K on ) +277 1 (25— 1)y (Jn).

Proof. It is well-known that PSL(2,2*) is a non-abelian group of order 2¥(22* —1)
with Z(PSL(2,2%)) = {1}. Moreover, in view of [1, Proposition 3.21], the following
assertions hold for PSL(2,2%):
(a) PSL(2,2%) has an elementary abelian 2-subgroup P of order 2* such that
the number of conjugates of P in PSL(2,2%) is 2% + 1.
(b) PSL(2,2%) has a cyclic subgroup A of order 2¥ — 1 such that the number
of conjugates of A in PSL(2,2%) is 28=1(2%F 4 1).
(c) PSL(2,2%) has a cyclic subgroup B of order 2¥ + 1 such that the number
of conjugates of B in PSL(2,2F) is 28=1(2% —1).
(d) The centralizers of the non-trivial elements of PSL(2,2*) constitute pre-
cisely the family {z Pz~ xAz~!, 2Bz~ | * € G}; in particular, PSL(2,2%)
is an AC-group.

Hence, the result follows from Proposition 3.4. (]

Proposition 4.5. The genus of the commuting graph of the general linear group

GL(2,q), where ¢ =p™ > 2 (p is a prime), is given by

v(T(GL(2,q))) = W%le)(qmﬂy

Proof. Note that GL(2,q) is a non-abelian AC-group (see [1, Lemma 3.5]) with
|IGL(2,q)| = (¢*> —1)(¢* —q) and |Z(GL(2,q))| = g— 1. Also, in view of [1, Proposi-
tion 3.26], the centralizers of the non-central elements of GL(2, q) are precisely the
members of the family {xDz~!, zlx~ 2 PZ(GL(2,q))x~! | + € G}, where

YK yg—1)) + (q+ 1)V (K (g—1)2)-

(a) D is the subgroup of GL(2,q) consisting of all diagonal matrices, |D| =
. . . q(g+1)

(¢ —1)2, and the number of conjugates of D in GL(2,q) is L4,

(b) I is a cyclic subgroup of GL(2, q), |I| = ¢*>—1, and the number of conjugates
of I'in GL(2,q) is 291

(c) P is the Sylow p-subgroup of GL(2,q) consisting of all upper triangular
matrices with 1 in the diagonal, |PZ(GL(2,q))| = q¢(¢—1), and the number
of conjugates of PZ(GL(2,q)) in GL(2,q) is ¢+ 1.

Hence, the result follows from Proposition 3.4. O

In view of Remark 3.5 and the results obtained in this section, one can easily

compute the genus of the commuting graph of the group A x G, where A is a finite
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abelian group and G is any one of the groups considered in the Propositions 4.1 to
4.5.

5. Finite non-abelian groups whose commuting graphs are planar

In this section, we characterize all finite non-abelian groups whose commuting
graphs are planar. However, we begin the section with a lemma containing a couple

of elementary properties of finite 2-groups.

Lemma 5.1. Let G be a finite 2-group. Then, the following assertions hold:

(a) If |G| > 16, then G contains an abelian subgroup of order 8.
(b) If |G| > 32 and |Z(G)| > 4, then G contains an abelian subgroup of order
16.

Proof. If |G| = 32 and |Z(G)| = 4, then, using GAP [30] or otherwise (see, for
example [6, Theorem 35.4]), it is not difficult to see that G contains an abelian
subgroup of order 16. The rest of the lemma follows immediately from [8, Section
I, Para 4]. O

If G is a finite non-abelian group whose commuting graph is planar, then, by
Lemma 3.2(b), we have 1 < |Z(G)| < 4. Our next lemma of this section provides

some useful information regarding the size of G and its abelian subgroups.

Lemma 5.2. Let G be a finite non-abelian group whose commuting graph is planar.
Then the following assertions hold:

(a) If p is a prime divisor of |G|, then p < 5.

(b) Neither 9 nor 25 divides |G|, and hence, |G| is even with |G| > 6.

Proof. If p > 7 is a prime divisor of |G|, then G/Z(G) has an element of order p,
and so, by Lemma 3.2(b), we have |Z(G)| < zﬁ < 1, which is impossible. This
proves (a). For (b), note that if 9 or 25 divides |G|, then, a Sylow 3-subgroup or a
Sylow 5-subgroup of G contains a subgroup of order 9 or 25. Since such a subgroup
is abelian, we have, in view of Lemma 3.2(c), a contradiction in either situation.
That |G| is even with |G| > 6, follows from the fact that G is non-abelian. O

Given a finite non-abelian group G, whose commuting graph is planar, it follows
from Lemma 5.2 that |G| = 273°5%, where r > 1 and s,t € {0,1}. However,
depending on the values of |Z(G)|, the range of possible values of |G| gets reduced
further.

Lemma 5.3. Let G be a finite non-abelian group whose commuting graph is planar.

Then the possible values of |G| are given as follows:
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(a) If |Z(G)| =1, then |G| = 2735, where 1 <r < 3 and s,t € {0,1}.
(b) If|Z(G)| = 2, then |G| € {8, 12,24}

(c) If |Z(G)| = 4, then |G| = 16.

(d) [2(@)] # 3.

Proof. We have |G| = 2"3%5¢, where r > 1 and s,t € {0,1}. Let H be a Sylow
2-subgroup of G. If |Z(G)| < 3 and r > 4, then, by Lemma 5.1(a), H has an
abelian subgroup of order 8. However, by Lemma 3.2(c), the size of an abelian
subgroup of G does not exceed 7 if |Z(G)| < 3. Thus, r < 3 if |Z(G)] < 3. On
the other hand, if |Z(G)| = 4 and r > 5, then, using Lemma 5.1(b) and noting
that Z(G) C Z(H), there is an abelian subgroup of H of order 16. But, by Lemma
3.2(c), this is impossible. Thus, r < 4 if |Z(G)| = 4. If 5 divides |G|, then G/Z(G)
has an element of order 5, and so, by Lemma 3.2(b), we have |Z(G)| = 1. Also, if
|Z(G)| = 4, then 3 does not divide |G[; otherwise G/Z(G) would have an element
of order 3, which, by Lemma 3.2(b), is impossible. Now, it is a routine matter to
see that the assertions (a), (b) and (c) hold. Finally, note that if |Z(G)| = 3, then,
by the above argument, we have |G| = 12 or 24. Therefore, G has a subgroup A
of order 4, and hence, an abelian subgroup AZ(G) of order 12, which, by Lemma
3.2(c), is impossible. Thus, (d) holds as well. O

Note that some of the possibilities mentioned in Lemma 5.3 are not maintainable;
for example, in (a), it is obviously not possible to have s = t = 0. In fact, the
following small result helps us in avoiding few more finite groups as far as the

planarity of their commuting graphs is concerned.

Lemma 5.4. Let G be a finite non-abelian group. If |G| = 30, or if G is a solvable
group with |G| = 60 or 120, then G has an subgroup of order 15 (which is obviously
abelian). Also, if |G| = 40, then G has an abelian subgroup of order 10.

Proof. If |G| = 30, or if G is a solvable group with |G| = 60 or 120, then, by a
theorem of Hall (see [22, Theorem 5.28]), G has a subgroup of order 15. On the
other hand, if |G| = 40, then G has a unique Sylow 5-subgroup, and so, considering
the centralizer and the number of conjugates of an element of order 5, one can show

that G has an element (hence, an abelian subgroup) of order 10. (]

In view of Lemma 3.2(c) and Lemma 5.3, it follows from Lemma 5.4 that if G is
a finite non-abelian group whose commuting graph is planar, then |G| ¢ {30,40};
in addition, if G is solvable, then |G| ¢ {60, 120}.

We also have the following useful result concerning the groups of order 16.
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Lemma 5.5. Let G be a finite non-abelian group with |Z(G)| = 4. Then, the
commuting graph of G is planar if and only if |G| = 16.

Proof. Let G be a finite group with |G| = 16 and |Z(G)| = 4. Note that, for each
x € G\ Z(G), we have |Cg(z)| = 8 and Cg(x) = () Z(G), which is abelian. Thus,
G is an AC-group with |Cg(x)\ Z(G)| = 4. Hence, it follows from Proposition 3.4
that v(T'.(G)) = 0, that is, the commuting graph of G is planar. This, in view of
Lemma 5.3(c), completes the proof. a

Remark 5.6. Up to isomorphism, there are exactly six non-abelian groups of order
16 with centers of order 4, namely, the two direct products Zo X Dg and Zo X Qs,
the Small Group SG(16,3) = (a,b | a* = b* = 1,ab = b~ 'a"',ab~! = ba™ 1), the
semi-direct product Zy x Zy = {a,b | a* = b* = 1,bab™! = a~1), the central product
Dg x Zy = (a,b,c | a* = b?> = ¢? = 1,ab = ba,ac = ca,bc = a’cb) and the modular
group Mig = {a,b | a® = b*> = 1,bab = a®).

We now state and prove the main result of this section, where two new groups
make their appearance, namely, the Suzuki group Sz(2) = (a,b | a® = b* =
1,bab—! = a?), and the special linear group SL(2,3) = (a,b,c | a® = b*> = ¢? = abc).

Theorem 5.7. Let G be a finite non-abelian group. Then, the commuting graph
of G is planar if and only if G is isomorphic to either Ss, D1g, A4, Sz(2), Sa, As,
Dg, QS; D12, ng, SL(2,3), ZQ X Dg, Z2 X Qs, SG(16,3), Z4 X Z4, Dg *Z4 or
M16.

Proof. In view of Lemma 5.3, Lemma 5.5, Remark 5.6 and the paragraph following
Lemma 5.4, it is enough to study the planarity of the commuting graph of a finite
group G that belongs to one of the following categories:

I |Z(G)| =1 and |G| € {6,10,12,20,24}.

II. |Z(G)| =1, |G| € {60,120} and G is not solvable.

III. |Z(G)| =2 and |G| € {8,12,24}.

We use GAP [30] to examine the groups that belong to the above categories and
look into some of their properties which eventually help in concluding whether their
commuting graphs are planar or not.

There are exactly five groups that belong to category I, namely, S3, Dig, Ay,
Sz(2) and Sy. Among these groups, Ss, Dig, A4 and Sz(2) are AC-groups such
that, in each case, the size of the centralizer of every non-central element is at
most 5, and so, by Proposition 3.4, the commuting graph of each of these groups is

planar; on the other hand, the commuting graph I'.(S4) has a block decomposition
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given by
Pe(SOIH]U U Te(Sa)[Ho],

with F = {(12),(13),(14),(1234),(1243),(1324),(123),(124),(134),(234)},
H ={(12)(34),(13)(24),(14)(23)} and H, = C,(S4) \ {(1)} for all 0 € F, and
so, by [5, Corollary 1], it follows that v(T'.(S4)) = 7v(K3) + 4v(K2) = 0.

There are exactly two groups that belong to category II, namely, A5 and S5. Of
the two groups, As is an AC-group in which the centralizer of every non-central
element is at most 5, and so, by Proposition 3.4, its commuting graph is planar;
on the other hand, S5 has an abelian subgroup of order 6, namely, Cs,(12) =
((12),(345)), and so, by Lemma 3.2(c), its commuting graph is not planar.

Finally, there are exactly nine groups that belong to category III. However,
except Dg, Qs, D12, Q12 and SL(2,3), each of the remaining four groups has an
abelian centralizer of order at least 8, and so, by Lemma 3.2(c), has commuting
graph of positive genus. The groups Dg, Qs, D12, Q12 and SL(2,3), on the other
hand, are all AC-groups such that, in each case, the size of the centralizer of every
non-central element is at most 6, and so, by Proposition 3.4, the commuting graph

of each of these groups is planar. This completes the proof. O

6. Finite non-abelian groups whose commuting graphs are toroidal

In this section, we characterize all finite non-abelian groups whose commuting
graphs are toroidal.

The following result is analogous to Lemma 5.2.

Lemma 6.1. Let G be a finite non-abelain group whose commuting graph is toroidal.
Then, the following assertions hold:

(a) [2(G)] < 3.

(b) If p is a prime divisor of |G|, then p < 7.

(¢) None of 25, 27 and 49 is a divisor of |G)|.

Proof. Suppose that |Z(G)| = 4. If p is an odd prime divisor of |G|, then G/Z(G)
has an element of order at least 3, and so, by Lemma 3.2(b), we have a contradiction.
Therefore, in view of Lemma 5.5, |G| = 2" for some r > 5. But, by Lemma 5.1(b)
and Lemma 3.2(c), we again have a contradiction. So, let |Z(G)| > 5. Choose
z,y € G\Z(Q) such that zy # yz. Then, ©Z(G) and yZ(QG) are two disjoint subsets
of G\ Z(@G), and the induced subgraph I'.(G)[zZ(G)] = K, 2 T'.(G)[yZ(G)], where
m = |Z(G)|. Hence, by Lemma 2.1 and Lemma 2.2, it follows that v(I'.(G)) > 2,
which is impossible. Thus, (a) holds.
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If p > 11 is a prime divisor of |G|, then, by (a), there is an element of order
p in G/Z(G). Therefore, by Lemma 3.2(b), we have |Z(G)| < p—zl < 1, which is
impossible. This proves (b).

For (c), note that if 25 or 49 divides |G|, then G has an abelian subgroup of
order 25 or 49. Since such a subgroup is obviously abelian, we have a contradiction
according to (a) and Lemma 3.2(c). On the other hand, if 27 divides |G|, then G
has a subgroup of order 27. Therefore, since the commuting graph of a subgroup
of G is a subgraph of the commuting graph of G, we have, by Corollary 3.7, a

contradiction. This completes the proof. O

Analogous to Lemma 5.5, we have the following result concerning the groups of
order 16.

Lemma 6.2. Let G be a finite non-abelian 2-group with |Z(G)| = 2. Then, the
commuting graph of G is toroidal if and only if |G| = 16, that is, if and only if G

is isomorphic to either Dig, Q16 or SD1g.

Proof. Let |G| > 32. Then, by the class equation [22, page 74], there exists x €
G\ Z(G) such that |G : Cg(z)| = 2, and so, |Cg(z)| > 16. Clearly |Z(Cq(x))| > 4.
First, let us assume that |Z(Cq(z))| = 4. Let v € Cg(z) \ Z(Cg(x)). Then, there
exists w € Cg(x) \ Z(Cg(x)) such that vw # wv. Let z denote the non-trivial
element of Z(G). Consider the two disjoint subsets Hy = {z,v,vz,zv,zvz} and
Hy = {zz,w,wz, 2w, zwz} of G\ Z(G). Clearly, the induced subgraph I'.(G)[H;] =
K5 2 T.(G)[Hz]. Hence, by Lemma 2.1 and Lemma 2.2, it follows that y(T'.(G)) >
2. Next, let us assume that | Z(Cg(z))| > 8. Consider a subset V of Z(Cq(z))\Z(G)
such that |[V| =3 and put W = Cg(z) \ (VUZ(G)). Clearly, the induced subgraph
I'.(G)[V U W] has a subgraph isomorphic to the complete bipartite graph Ks ,,
where n = |Cg(z)] — 5 > 11. This, by Lemma 2.3, implies that the genus of the
commuting graph of G is at least 3. Thus, in view of Theorem 5.7, it follows that
if the commuting graph of G is toroidal, then |G| = 16. On the other hand, it is
well-known (using GAP [30], for example) that if |G| = 16 and |Z(G)| = 2, then G
is isomorphic to either Dqg, Q16 or SD1g, and, by Proposition 4.1, Proposition 4.2
and Proposition 4.3, the commuting graph of each of these groups is toroidal. This

completes the proof. O

We also have the following result concerning the finite groups that are not 2-

groups.

Lemma 6.3. Let G be a finite non-abelian group with |G| = 2"m, where r > 0,
m > 1 and m is odd. If the commuting graph of G is toroidal, then r < 3.
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Proof. Suppose that the commuting graph of G is toroidal and that » > 4. Let H
be a Sylow 2-subgroup of G. In view of Lemma 3.2(c), H is non-abelian. Moreover,
the commuting graph of H, being a subgraph of the commuting graph of G, is
either planar or toroidal.
Case 1. T.(H) is planar.

In this case, by Lemma 5.3, we have |Z(H)| = 4. Therefore, by Lemma 6.1(a),
we have |Z(H)\ Z(G)| > 2. Let vy,ve € Z(H) \ Z(G) such that v; # va. Also,
let z,y € H\ Z(H) such that zy # yx. Then, it is easy to see that {v1} UxzZ(H)
and {va} UyZ(H) are two disjoint subsets of G \ Z(G), and the induced subgraph
T (G){vi}UzZ(H)] =2 K5 2 T'o(G)[{v2}UyZ(H)]. This implies that v(I'.(G)) > 2,
which is a contradiction.

Case 2. T':(H) is toroidal.

In this case, by Lemma 6.1(a), we have |Z(H )| = 2. Therefore, by Lemma 6.2, we
have |H| = 16 and there exists an element = € H with o(x) = 8. Note that, for each
y € G with o(y) = 8, we have (x) = (y); otherwise, choosing M = {z, 23, 2% 27, 2%}
and N = {y,v%,v°,y",w} with w € {y%¢y°} \ {22}, we would have the induced
subgraph T'.(G)[M] & K5 = I'.(G)[N], which, by Lemma 2.1 and Lemma 2.2,
implies that v(I'.(G)) > 2, a contradiction. Also, in view of Lemma 3.2, we have
|Ca(z)| = 8; otherwise either Z(H) would have an element of order 8 or G would
have an abelian subgroup of order at least 24. Hence, it follows that the number
of conjugates of x in G is 2m > 6, that is, there are at least six elements of order

8 in G. This contradiction completes the proof. (|

If G is a finite non-abelian group whose commuting graph is toroidal, then it
follows from Lemma 6.1 that |G| = 273%5!7%, where r > 0, 0 < s < 2 and t,u €
{0,1}. However, as in Lemma 5.3, the range of possible values of |G| gets reduced

further depending on the values of |Z(G)|.

Lemma 6.4. Let G be a finite non-abelian group whose commuting graph is toroidal.
Then the possible values of |G| are given as follows:

(a) If |Z(G)| = 1, then |G| = 2"355!7% where 0 < r < 3 and s,t,u € {0,1}.

(b) If |Z(G)| = 2, then |G| € {16, 24}.

(¢) If |Z(G)| = 3, then |G| = 18.

Proof. If 5 or 7 divides |G|, then G/Z(G) has an element of order 5 or 7, and
so, by Lemma 3.2(b), we have |Z(G)| = 1. If |Z(G)| < 2, then 9 does not divide
|G|; otherwise G would have an abelian subgroup T of order 9, which, by Lemma
3.2(c), is impossible noting that |T'N Z(G)| = 1. If |Z(G)| = 3, then 4 does not
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divide |G|; otherwise G would have a subgroup A of order 4, and hence, an abelian
subgroup AZ(G) of order 12, which, by Lemma 3.2(c), is impossible. In view of
Theorem 5.7, Lemma 6.2 and Lemma 6.3, it is now not difficult to see that all the

three assertions hold. O

Needless to mention that some of the possibilities mentioned in Lemma 6.4 are
clearly not maintainable; for example, in (a), it is impossible to have s = ¢t = u = 0,
r=u=0orr=s=0. Moreover, in view of Lemma 3.2(c) and Lemma 6.4, it
follows from Lemma 5.4 that if G is a finite non-abelian group whose commuting
graph is toroidal, then |G| ¢ {30,40}; in addition, if G is solvable, then |G| ¢
{60, 120}.

The following result, along with Lemma 5.4, helps us in rejecting some more

possibilities.

Lemma 6.5. Let G be a finite non-abelian group whose commuting graph is toroidal.
If |G| = Tm, where m > 2 and 7t m, then m =2 or 3.

Proof. By Lemma 6.4, we have |Z(G)| = 1. Let H be a Sylow 7-subgroups of
G. If S is a Sylow 7-subgroups of G such that S # H, then it is easy to see
that the induced subgraph I'.(G)[S \ Z(G)] = K¢ = I'.(G)[H \ Z(G)], and so,
we have a contradiction to the toroidality of I'.(G). Therefore, H is the unique
(hence, normal) Sylow 7-subgroup of G. Note that Cq(H) = H; otherwise Cq(H)
(hence, G) would have an element (hence, an abelian subgroup) of order at least 14,
which, by Lemma 3.2(c), is impossible. Therefore, by [22, Theorem 7.1(i)], G/H is
isomorphic to a subgroup of the cyclic group Zg = Aut(H). Since |G/H| = m, it
follows that m|6 and G has an element x of order m. If m = 6, then the induced
subgraph I'.(G)[{z)\ Z(G)] = K5, and so, we have a contradiction to the toroidality
of T'.(G) since I'.(G)[H \ Z(G)] = K. Hence, we have m = 2 or 3. O

We now state and prove the main result of this section.

Theorem 6.6. Let G be a finite non-abelian group. Then, the commuting graph
of G is toroidal if and only if G is isomorphic to either D1y, Zr X Z3, Zo X Ay,
Z3 % S, Dig, Q16 or SDig.

Proof. In view of Lemma 6.2, Lemma 6.4 (and the paragraph following it), Lemma
6.5 and the proof of Theorem 5.7, it is enough to study the toroidality of the
commuting graph of a finite group G that belongs to one of the following categories:
L |Z(G)| =1 and |G| € {14,21}.
II. |Z(G)| =1, |G] =120 and G is not solvable.
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III. |Z(G)| =2, |G| =24 and G % SL(2,3).

IV. |Z(G)| = 3 and |G| = 18.

As in the proof of Theorem 5.7, we use GAP [30] to determine the groups be-
longing to the above categories whose commuting graphs are toroidal.

D14 and Z7 x7Z3 are the only groups that belong to category I and, by Proposition
4.1 and Corollary 3.6, the commuting graphs of these groups are toroidal.

S5 is the only group that belongs to the category II. However, S5 has two abelian
subgroups S = ((1 2)(3 4 5)) and T = ((4 5)(1 2 3)) such that |S| = |T| = 6 and
S NT is trivial. It follows that the commuting graph of S5 is not toroidal.

There are exactly four groups that belong to category III and all of them are
AC-groups. However, except Zo X Ay, each of the remaining three groups have an
abelian centralizer of order 12, whereas Zo, X A4 has only one abelian centralizer
of order 8 and the rest of order 6. Therefore, by Proposition 3.4, it follows that
Zo x Ay is the only group in category III whose commuting graph is toroidal.

Z3 x Ss is the only group that belongs to the category IV and it is an AC-group
with only one abelian centralizer of order 9 and the rest of order 6. Therefore, by
Proposition 3.4, it follows that the commuting graph of Zz x S3 is toroidal. This
completes the proof. O

Acknowledgment. The first author is grateful to Group-Pub-Forum for many
useful discussions. The second author wishes to express his sincere thanks to CSIR
(India) for its financial assistance (File No. 09/347(0209)/2012-EMR-I). Both the

authors are thankful to the referee for his/her helpful suggestions.

References

[1] A. Abdollahi, S. Akbari and H. R. Maimani, Non-commuting graph of a group,
J. Algebra, 208(2) (2006), 468-492.

[2] S. Akbari, M. Ghandehari, M. Hadian and A. Mohammadian, On commuting
graphs of semisimple rings, Linear Algebra Appl., 390 (2004), 345-355.

[3] S. Akbari, A. Mohammadian, H. Radjavi and P. Raja, On the diameters of
commuting graphs, Linear Algebra Appl., 418(1) (2006), 161-176.

[4] C. Bates, D. Bundy, S. Hart and P. Rowley, A note on commuting graphs for
symmetric groups, Electron. J. Combin., 16(1) (2009), 13 pp.

[5] J. Battle, F. Harary, Y. Kodama and J. W. T. Youngs, Additivity of the genus
of a graph, Bull. Amer. Math. Soc., 68 (1962), 565-568.

[6] Y. Berkovich, Groups of Prime Power Order, Vol. 1, de Gruyter Expositions
in Mathematics, 46, Walter de Gruyter, Berlin, New York, 2008.



108 ASHISH KUMAR DAS AND DEIBORLANG NONGSIANG

[7] R. Brauer and K. A. Fowler, On groups of even order, Ann. of Math., 62(2)
(1955), 565-583.

[8] W. Burnside, On some properties of groups whose orders are powers of primes,
Proc. London Math. Soc., 11(2) (1913), 225-245.

9] A. K. Das, H. R. Maimani, M. R. Pournaki, and S. Yassemi, Nonplanarity
of unit graphs and classification of the toroidal ones, Pacific J. Math., 268(2)
(2014), 371-387.

[10] M. Fang and P. Zhang, Finite groups with graphs containing no triangles, J.
Algebra, 264(2) (2003), 613-619.

[11] M. Giudici and C. Parker, There is no upper bound for the diameter of the
commuting graph of a finite group, J. Combin. Theory Ser. A, 120(7) (2013),
1600-1603.

[12] M. Hall, Jr., The Theory of Groups, The Macmillan Co., New York, 1959.

[13] A. Iranmanesh and A. Jafarzadeh Characterization of finite groups by their
commuting graph, Acta Math. Acad. Paedagog. Nyhdazi. (N.S.), 23(1) (2007),
7-13.

[14] A. Iranmanesh and A. Jafarzadeh On the commuting graph associated with the
symmetric and alternating groups, J. Algebra Appl., 7(1) (2008), 129-146.

[15] H. R. Maimani, C. Wickham and S. Yassemi, Rings whose total graphs have
genus at most one, Rocky Mountain J. Math., 42(5) (2012), 1551-1560.

[16] A. R. Moghaddamfar, W. J. Shi, W. Zhou and A. R. Zokayi, On the noncom-
muting graph associated with a finite group, Siberian Math. J., 46(2) (2005),
325-332.

[17] G. L. Morgan and C. W. Parker, The diameter of the commuting graph of a
finite group with trivial centre, J. Algebra, 393(1) (2013), 41-59.

[18] B. H. Neumann, A problem of Paul Erdds on groups, J. Austral. Math. Soc.
Ser. A, 21(4) (1976), 467-472.

[19] C. Parker, The commuting graph of a soluble group, Bull. Lond. Math. Soc.,
45(4) (2013), 839-848.

[20] A.S. Rapinchuk, Y. Segev and G. M. Seitz, Finite quotient of the multiplicative
group of a finite dimensional division algebra are solvable, J. Amer. Math. Soc.,
15(4) (2002), 929-978.

[21] D. M. Rocke, p-Groups with abelian centralizers, Proc. London Math. Soc.,
30(3) (1975), 55-75.

[22] J. J. Rotman, An Introduction to the Theory of Groups, Fourth edition, Grad-
uate Texts in Mathematics, 148, Springer-Verlag, New York, 1995.



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

GENUS OF THE COMMUTING GRAPHS OF FINITE NON-ABELIAN GROUPS 109

R. Schmidt, Zentralisatorverbinde endlicher Gruppen, Rend. Sem. Mat. Univ.
Padova, 44 (1970), 97-131.

Y. Segev and G. M. Seitz, Anisotropic groups of type A, and the commuting
graph of finite simple groups, Pacific J. Math., 202(1) (2002), 125-225.

H.-J. Wang, Zero-divisor graphs of genus one, J. Algebra, 304(2) (2006), 666-
678.

D. B. West, Introduction to Graph Theory, Second edition, Prentice Hall, Inc.,
2001.

A. T. White, Graphs, Groups and Surfaces, North-Holland Mathematics Stud-
ies, 8, American Elsevier Publishing Co., Inc., New York, 1973.

C. Wickham, Classification of rings with genus one zero-divisor graphs, Comm.
Algebra, 36(2) (2008), 325-345.

C. Wickham, Rings whose zero-divisor graphs have positive genus, J. Algebra,
321(2) (2009), 377-383.

The GAP Group, GAP - Groups, Algorithms, and Programming, Version
4.6.4, 2013. http://www.gap-system.org.

Ashish Kumar Das and Deiborlang Nongsiang

Department of Mathematics

North-Eastern Hill University

Permanent Campus
Shillong-793022, Meghalaya, India
e-mails: akdasnehu@gmail.com (A. K. Das)

ndeiborlang@yahoo.in (D. Nongsiang)



