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Research Article

Abstract − The paper introduces a new kind of special ruled surface. The base
of each ruled surface is taken to be one of the Smarandache curves of a given curve
according to Frenet frame, and the generator (ruling) is chosen to be the correspond-
ing unit Darboux vector. The characteristics of these newly defined ruled surfaces
are investigated by means of first and second fundamental forms and their corre-
sponding curvatures. An example is provided by considering both the helix curve
and the Viviani’s curve.

Keywords − Ruled surfaces, Smarandache curve, fundamental forms, curvatures, developable and minimal
surfaces

Mathematics Subject Classification (2020) − 53A04, 53A05

1. Introduction

A surface is defined as an image of a function with two real valued variables (domain) by a mapping
to two or three dimensional space. The surfaces are characterized by means of their curvatures and
accordingly they are used in many areas such as engineering, architectural designs, computer graphics,
automobile industry, etc. Researches on surface curvature went through various stages starting from
Ancient Greece, and gained momentum with the calculations developed by Newton and Leibniz in the
17th century after the studies of Descartes, Kepler, Fermat and Huygens. The curvature theory for
curves and surfaces is an important subject of differential geometry. The theory was first introduced
by Gauss in 19th century and it was named by his name as the Gaussian curvature. It is related to the
dimensions of the surface. The developability of a surface can be determined by its Gaussian curvature.
A surface with zero Gaussian curvature at every point is known as a developable surface. Another
kind of curvature for a surface is named as mean curvature. Since a mean curvature corresponds to
a ratio, it is independent of the size of the surfaces. Surfaces with a mean curvature of zero at every
point are known as minimal surfaces. In the theory of surfaces, there is a special kind that is known
as ruled surfaces. A ruled surface is constructed by infinitely many straight lines moving along a given
curve. Among other types, the ruled surfaces are mostly referred in computer based geometric designs
to deal with real world problems on modeling the real objects. For this reason, introducing new ruled
surfaces may lead new potentials to the related fields. Providing their characteristics by means of
curvatures may also enable easy adaptations for interested researchers.
The basic theory related to ruled surfaces can be found in many differential geometry textbooks such
as [1–4]. However, the generalization of those was first studied by Juza in the 1960s [5]. The ruled
surfaces with rulings of Frenet vectors are already covered in textbooks. Apart from Frenet frame,
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Şentürk and Yüce (2015) examined the characterizations of ruled surfaces with Darboux frame in [6].
Tunçer (2015) in [7] and Masal and Azak (2019) in [8], separately, studied some characteristics of the
ruled surfaces according to Bishop frame (introduced by Bishop, (1975) in [9]), whereas Ouarab et al.
(2018) provided the main properties of ruled surfaces according to alternative frame in [10]. Moreover,
some characteristics of the ruled surface with Frenet frame of a non-cylindrical one were investigated
in 2020 by Ouarab and Chahdi in [11].
Recently, Ouarab, (2021a) put forth a method to generate new ruled surfaces by taking the advantage
of the idea of Smarandache geometry introduced in [12, 13]. By assigning the base curve as one of
the Smarandache curves and taking the generator as the another vector element of Frenet frame, she
introduced these ruled surfaces as Smarandache ruled surfaces according to Frenet frame in [14]. The
same method of generating such ruled surfaces is applied to the Darboux frame by Ouarab, (2021b)
in [15] and according to the alternative frame by Ouarab, (2021c) in [16].
Motivated by these studies and acknowledging the great potential use of ruled surfaces, it is of interest
for us to define and introduce new kinds of ruled surfaces incorporated with the Darboux vector and
Smarandache curves. The geometric properties of these have been examined by means of fundamental
forms and the corresponding curvatures.

2. Preliminaries

In this section, we recall some basic notions of which we refer through out the paper. Let
α : I → E3 be a regular unit speed curve. We define the quantities of the Frenet apparatus and
Frenet formulae as in the following way:

T = α′, N =
α′′

‖α′′‖
, B = T ∧N, κ =

∥∥α′′∥∥ , τ =
〈
N ′, B

〉
T ′ = κN, N ′ = −κT + τB, B′ = −τN

The Darboux vector W of Frenet frame is defined as W = τT + κB. Corresponding to this, the unit
Darboux vector is

C = sinω T + cosωB

cosω =
κ√

κ2 + τ2
, sinω =

τ√
κ2 + τ2

, ω′ =
(τ
κ

)′(
1 +

τ2

κ2

)
(1)

where ω = ∠(B,W ). Moreover, a unit vector with a linear combination of Frenet vectors can be
defined as

γ =
fT + gN + hB√
f2 + g2 + h2

(2)

where f, g, h : < → < are some arbitrary functions. For ∀s ∈ I ⊂ <, the image of the vector γ is
a special differentiable curve. If, specifically, each function f, g and h is considered to be a constant
valued function and the vector γ is taken to be the position vector, then the generated curves are
known to be the special Smarandache curves [12]. These curves were outlined in many studies by
using different frames and considering different spaces, as well [4, 13,17–23].
On the other hand, a surface is said to be ruled if it is formed with a straight line r(s) sharing the
same parameter of the given curve α. The parametric form of a ruled surface is as following:

X(s, v) = α(s) + vr(s) (3)

The unit normal vector field of a ruled surface X(s, v) is computed as

NX =
Xs ∧Xv

‖Xs ∧Xv‖
(4)

and are the curvatures as:

K = − f2

EG− F 2
and H =

eG− 2fF

2 (EG− F 2)
(5)
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where the corresponding coefficients are defined by

E = 〈Xs, Xs〉 , F = 〈Xs, Xv〉 , and G = 〈Xv, Xv〉
e = 〈Xss, NX〉 , f = 〈Xsv, NX〉 , and g = 〈Xvv, NX〉

(6)

3. Smarandache ruled surfaces by Darboux vector according to Frenet frame in E3

In this section, we define and examine some special ruled surfaces where the base curve is considered
to be one of the Smarandache curves of α = α(s) which we define them by referring the equation (2)
as:

if h = 0 and f = g = 1 ⇒ the vector γ =
T +N√

2
draws the TN-Smarandache curve that is

γ1 =
T +N√

2

if g = 0 and f = h = 1 ⇒ the vector γ =
T +B√

2
draws the TB-Smarandache curve that is

γ2 =
T +B√

2

if f = 0 and g = h = 1 ⇒ the vector γ =
N +B√

2
draws the NB-Smarandache curve that is

γ3 =
N +B√

2

if f = g = h = 1 ⇒ the vector γ =
T +N +B√

3
draws the TNB-Smarandache curve that is

γ4 =
T +N +B√

3
and the generator for each ruled surface is taken to be the unit Darboux vector C given by the relation
(1).

Definition 3.1. The ruled surface generated by unit Darboux vector C along the TN- Smarandache
curve γ1 is given as

Φ (s, v) =
1√
2

(T +N) + vC

The first and second partial derivatives of the surface Φ are given in respective order as follows:

Φs =
1√
2

((
−κ+

√
2vω′ cosω

)
T + κN +

(
τ −
√

2vω′ sinω
)
B
)

Φss =
1√
2


((
−κ+

√
2vω′ cosω

)′ − κ2
)
T +

((
τ −
√

2vω′ sinω
)′

+ κτ
)
B

+
(
−
(
κ2 + τ2

)
+ vω′

√
2κ2 + 2τ2

)
N


Φsv = ω′ (cosωT − sinωB) , Φv = sinωT + cosωB, Φvv = 0

By considering (4), we first compute

Φs ∧ Φv =
1√
2

(
κ cosωT +

(√
κ2 + τ2 −

√
2vω′

)
N − κ sinωB

)
‖Φs ∧ Φv‖ =

1√
2

√
2κ2 + τ2 − vω′

√
2κ2 + 2τ2 + 2(vω′)2

to provide the unit normal vector as

NΦ =
κ cosωT +

(√
κ2 + τ2 −

√
2vω′

)
N − κ sinωB√

2κ2 + τ2 − vω′
√

2κ2 + 2τ2 + 2(vω′)2
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From (6), the coefficients of the first and second fundamental forms are

EΦ =
1

2

(
2κ2 + τ2 − 2

√
2vω′

√
κ2 + τ2 + 2

(
vω′
)2)

, FΦ = 0, GΦ = 1

eΦ =

−κ
(√

κ2 + τ2
)′
− κ
(
κ2 + τ2

) 3
2 +
√

2vκ
(
ω′′ + 2ω′

(
κ2 + τ2

))
−2v2ω′2κ

√
κ2 + τ2

√
2
√

2κ2 + τ2 − vω′
√

2κ2 + 2τ2 + 2(vω′)2

fΦ =
ω′κ√

2κ2 + τ2 − vω′
√

2κ2 + 2τ2 + 2(vω′)2
, gΦ = 0

Thus, by using (5) we compute the mean and Gaussian curvatures as following:

KΦ = −2

(
ω′κ

2κ2 + τ2 − vω′2
√

2
√
κ2 + τ2 + 2(vω′)2

)2

HΦ =

−κ
(√

κ2 + τ2
)′
− κ
(
κ2 + τ2

) 3
2 +
√

2vκ
(
ω′′ + 2ω′

(
κ2 + τ2

))
−2v2ω′2κ

√
κ2 + τ2

√
2
(

2κ2 + τ2 − vω′2
√

2
√
κ2 + τ2 + 2(vω′)2

) 3
2

Corollary 3.2. If the curve α = α(s) is planar or general helix, then the surface Φ is developable.

Proof. From (1), ω′ =
(τ
κ

)′(
1 +

τ2

κ2

)
. If α is either planar or general helix, then ω′ = 0 which

corresponds to that KΦ = 0.

Definition 3.3. Another ruled surface generated by unit Darboux vector C along the TB- Smaran-
dache curve γ2 is given as

Ψ (s, v) =
1√
2

(T +B) + vC

The first and second partial derivatives of Ψ(s, v) are given in respective order as follows:

Ψs = vω′ cosωT +
κ− τ√

2
N − vω′ sinωB

Ψss =

((
vω′ cosω

)′ − κ2 − κτ√
2

)
T +

(
vω′
√
κ2 + τ2 +

κ′ − τ ′√
2

)
N

+

((
−vω′ sinω

)′
+
κτ − τ2

√
2

)
B

Ψsv = ω′ cosωT − ω′ sinωB, Ψv = sinωT + cosωB, Ψvv = 0

By considering (4), we first compute

Ψs ∧Ψv =
(κ− τ) cosω√

2
T − vω′N − (κ− τ) sinω√

2
B

‖Ψs ∧Ψv‖ =
1√
2

√
(κ− τ)2 + 2(vω′)2

to get the unit normal vector denoted by NΦ as

NΨ =
(κ− τ) cosωT −

√
2vω′N − (κ− τ) sinωB√

(κ− τ)2 + 2(vω′)2
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Next, by using (6), the coefficients of the first and second fundamental forms are

EΨ =
1

2

(
(κ− τ)2 + 2

(
vω′
)2)

, FΨ = 0, GΨ = 1

eΨ =

√
2(vω′)′ (κ− τ)−

√
κ2 + τ2

(
2(vω′)2 + (κ− τ)2

)
−
√

2vω′ (κ′ − τ ′)
√

2
√

(κ− τ)2 + 2(vω′)2

fΨ =
ω′ (κ− τ)√

(κ− τ)2 + 2(vω′)2
, gΨ = 0.

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

KΨ = −2

(
ω′ (κ− τ)

(κ− τ)2 + 2v2ω′2

)2

, κ− τ 6= 0,

HΨ =

√
2 (κ− τ) (vω′)′ −

√
κ2 + τ2

(
2(vω′)2 + (κ− τ)2

)
−
√

2vω′ (κ′ − τ ′)
√

2
(

(κ− τ)2 + 2(vω′)2
) 3

2

Corollary 3.4. If the curve α = α(s) is planar or general helix, then the surface Ψ is developable.

Proof. The proof is as same as of the proof of Corollary 3.2

Definition 3.5. The ruled surface generated by unit Darboux vector C along the NB- Smarandache
curve γ3 is given as

Ω (s, v) =
1√
2

(N +B) + vC

The first and second partial derivatives of Ψ(s, v) are given in respective order as follows:

Ωs =

(
− κ√

2
+ vω′ cosω

)
T − τ√

2
N +

(
τ√
2
− vω′ sinω

)
B

Ωss =
1√
2

 (
κτ − κ′ +

√
2
(
vω′ cosω

)′)
T +

(√
2vω′

√
κ2 + τ2 − τ ′ − κ2 − τ2

)
N

+
(
τ ′ − τ2 −

√
2
(
vω′ sinω

)′)
B


Ωsv = ω′ cosωT − ω′ sinωB, Ωv = sinωT + cosωB, Ωvv = 0

By considering (4), we first compute

Ωs ∧ Ωv =
1√
2

(
−τ cosωT +

(√
κ2 + τ2 −

√
2vω′

)
N + τ sinωB

)
‖Ωs ∧ Ωv‖ =

1√
2

√
κ2 + 2τ2 − vω′

√
2κ2 + 2τ2 + 2(vω′)2

to get the unit normal vector denoted by NΦ as

NΩ =
−τ cosωT +

(√
κ2 + τ2 −

√
2vω′

)
N + τ sinωB√

κ2 + 2τ2 − vω′
√

2κ2 + 2τ2 + 2(vω′)2
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Next, by using (6), the coefficients of the first and second fundamental forms are

EΩ =
κ2 + 2τ2

2
+
(
vω′
)2 −√2κ2 + 2τ2vω′, FΩ = 0, GΩ = 1

eΩ =

τ
(√

κ2 + τ2 −
√

2vω′
)′
− τ2
√
κ2 + τ2

+
(√

κ2 + τ2 −
√

2vω′
)(

vω′
√

2
√
κ2 + τ2 − τ ′ − κ2 − τ2

)
√

2
√
κ2 + 2τ2 − vω′

√
2κ2 + 2τ2 + 2(vω′)2

fΩ = − ω′τ√
κ2 + 2τ2 − vω′

√
2κ2 + 2τ2 + 2(vω′)2

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

KΩ = −2

(
ω′τ

κ2 + 2τ2 + 2(vω′)2 − vω′2
√

2κ2 + 2τ2

)2

HΩ =

τ
(√

κ2 + τ2 −
√

2vω′
)′
− τ2
√
κ2 + τ2

+
(√

κ2 + τ2 −
√

2vω′
)(

vω′
√

2
√
κ2 + τ2 − τ ′ − κ2 − τ2

)
√

2
(
κ2 + 2τ2 + 2(vω′)2 −

√
2κ2 + 2τ2vω′

) 3
2

Corollary 3.6. If the curve α = α(s) is planar or general helix, then the surface Ω is developable.

Proof. The proof is the same as of the previous proofs.

Definition 3.7. The ruled surface generated by unit Darboux vector C along the TNB- Smarandache
curve γ4 is given as:

ξ (s, v) =
1√
3

(T +N +B) + vC

The first and second partial derivatives of Ψ(s, v) are given in respective order as follows:

ξs =

(
− κ√

3
+ vω′ cosω

)
T +

κ− τ√
3
N +

(
τ√
3
− vω′ sinω

)
B

ξss =

((
− κ√

3
+ vω′ cosω

)′
− κ2 − κτ√

3

)
T +

(
−κ

2 + τ2 − κ′ + τ ′√
3

+ vω′
√
κ2 + τ2

)
N

+

((
τ√
3
− vω′ sinω

)′
+
κτ − τ2

√
3

)
B

ξsv = ω′ cosωT − ω′ sinωB, ξv = sinωT + cosωB, ξvv = 0

By considering (4), we first compute

ξs ∧ ξv =
1√
3

(
(κ− τ) cosωT +

(√
κ2 + τ2 −

√
3vω′

)
N − (κ− τ) sinωB

)
‖ξs ∧ ξv‖ =

1√
3

√
(κ− τ)2 +

(√
κ2 + τ2 −

√
3vω′

)2

to get the unit normal vector denoted by NΦ as

Nξ =
(κ− τ) cosωT +

(√
κ2 + τ2 −

√
3vω′

)
N − (κ− τ) sinωB√

(κ− τ)2 +
(√

κ2 + τ2 −
√

3vω′
)2
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Next, by using (6), the coefficients of the first and second fundamental forms are

Eξ =
1

3

(
(κ− τ)2 +

(√
κ2 + τ2 −

√
3vω′

)2
)
, Fξ = 0, Gξ = 1

eξ =

(
κ′ − τ ′ − κ2 − τ2 + vω′

√
3
√
κ2 + τ2

)(
κ2 + τ2 − vω′

√
3
√
κ2 + τ2

)
+ (κ− τ)

(√
3vω′ −

√
κ2 + τ2

)′
− (κ− τ)2

√
κ2 + τ2

√
3

√
(κ− τ)2 +

(√
κ2 + τ2 −

√
3vω′

)2

fξ =
ω′ (κ− τ)√

(κ− τ)2 +
(
κ2 + τ2 −

√
3vω′

)2 , gξ = 0

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

Kξ = −3

 ω′ (κ− τ)

(κ− τ)2 +
(√

κ2 + τ2 −
√

3vω′
)2


2

Hξ =

(
(κ− τ)′ −

(
κ2 + τ2

)
+ vω′

√
3κ2 + 3τ2

)(
κ2 + τ2 − vω′

√
3κ2 + 3τ2

)
+ (κ− τ)

(√
3vω′ −

√
κ2 + τ2

)′
− (κ− τ)2

√
κ2 + τ2

2
(√

3
)−1
(

(κ− τ)2 +
(√

κ2 + τ2 −
√

3vω′
)2
) 3

2

Corollary 3.8. If the curve α = α(s) is planar or general helix, then the surface ξ is developable.

Proof. The proof is the same as of the previous proofs.

Example 3.9. Let us consider the well known Viviani’s curve parameterized as

γ(t) =

(
a(1 + cost), asint, 2asin

1

2
t

)
, t ∈ [−2π, 2π], [2]

For a = 0.5 and by changing the parameter as t = 2s, we easily represent the given Viviani’s curve as
in the following way

α(s) =
(
cos2(s), sin(s) cos(s), sin(s)

)
s ∈ [−π, π]

Then, the Frenet apparatus of α = α(s) are given as

T (s) =
2√

2 cos (2s) + 6

(
− sin (2s) , cos (2s) , cos (s)

)

N(s) =
−1√

2 cos (2s) + 6
√

6 cos (2s) + 26

 cos (4s) + 12 cos (2s) + 3
sin (4s) + 12 sin (2s)
4 sin (s)


B(s) =

1√
6 cos (2s) + 26

(
sin (3s) + 3 sin (s) ,− cos (3s)− 3 cos (s) , 4

)

κ =
2
√

3cos(2s) + 13

(3 + cos(2s))
3
2

and τ =
12cos(s)

3cos(2s) + 13
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and the unit Darboux vector is found by

C (s) =



2
√

2 sin (s)3
(

6 cos (s)2 + 5
)

√
18 cos (2s)4 + 207 cos (2s)3 + 999 cos (2s)2 + 2493 cos (2s) + 2683

4
√

2 cos (s)
(

3 cos (s)4 − 2 cos (s)2 − 3
)

√
18 cos (2s)4 + 207 cos (2s)3 + 999 cos (2s)2 + 2493 cos (2s) + 2683

√
2
(

3 cos (2s)2 + 18 cos (2s) + 35
)

√
18 cos (2s)4 + 207 cos (2s)3 + 999 cos (2s)2 + 2493 cos (2s) + 2683


The figures of each ruled surface for −0.5 ≤ v ≤ 0.5 and −π ≤ s ≤ π is presented in the following:

(a) Transparent (default view) (b) Solid (oriented)

Fig. 1. The ruled surface Φ (s, v) from different orientations

(a) Transparent (default view) (b) Solid (oriented)

Fig. 2. The ruled surface Ψ (s, v) from different orientations
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(a) Transparent (default view) (b) Solid (oriented)

Fig. 3. The ruled surface Ω (s, v) from different orientations

(a) Transparent (default view) (b) Solid (oriented)

Fig. 4. The ruled surface ξ (s, v) from different orientations

Example 3.10. To generate a developable surface, we consider this time the regular unit speed

circular helix parameterized as β =
1√
2

(
cos(s), sin(s), s

)
.

The Frenet apparatus and the corresponding unit Darboux vector are given in following:

T (s) =
1√
2

(− sin(s), cos(s), 1) and N(s) = (− cos(s),− sin(s), 0)

B(s) =
1√
2

(sin(s),− cos(s), 1) , κ(s) = τ(s) =
1√
2
, and C(s) = (0, 0, 1)

The figure (5) given below is the image of Φ, Ω, and ξ which simply corresponds to cylinder as a
developable ruled surface for −0.5 ≤ v ≤ 0.5 and −π ≤ s ≤ π. However, the image of Ψ is simply a
line in the space, because the TB- Smarandache curve corresponds to a single point.
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Fig. 5. The image as a developable ruled surface of each Φ, Ω, and ξ is same

4. Conclusion

Overall, in the paper, four new ruled surfaces based on Smarandache curves and ruled by unit Darboux
vector have been introduced. The characteristics of each surface have been drawn. It is seen that the
characteristics of surfaces are effected if the initial curve α is chosen to be a special curve general or
circular helix.
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