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ABSTRACT. Let G = (V, E) be a (p,q) graph.
Define

—1

. 2 if p is even
5=, ifpisodd

and L = {£1,£2,43, .-, £p} called the set of labels.

Consider a mapping f : V — L by assigning different labels in L to the dif-
ferent elements of V when p is even and different labels in L to p-1 elements of
V and repeating a label for the remaining one vertex when p is odd.The label-
ing as defined above is said to be a pair difference cordial labeling if for each
edge uv of G there exists a labeling |f(u) — f(v)| such that )Afl —Agpe| <1,
where Ay, and A I respectively denote the number of edges labeled with 1
and number of edges not labeled with 1. A graph G for which there exists a
pair difference cordial labeling is called a pair difference cordial graph. In this
paper we investigate the pair difference cordial labeling behavior of Certain
broken wheel graphs.

1. INTRODUCTION

In this paper we consider only finite, undirected and simple graphs. The origin
of graph labeling is graceful labeling [17]. In 1980, Cahit introduced the cordial
labeling of graphs in [1]. In the sequal several cordial related labeling was studied
in [13,14,15,16,18,19,20,21,22]. Ponraj et al introduced the pair difference cordial
labeling in [4]. Also we have investigated various graphs [4,5,6,7,8,9,10] for pair dif-
ference cordial labeling. In this paper we investigate pair difference cordial labeling
behavior of Certain broken wheel graphs.

2. PRELIMINARIES

Definition 2.1. [2] Let W3 = C3 + K; where Cj5 is abca and V(K;) = {u}.
The broken wheel W (I, m,n) is obtained from the wheel W3 with V(W (l,m,n)) =
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VW) U{w; : 1 <i<l—-1}U{y; 1 <i<m-1}U{w; : 1 <i<
and E(W(l,m,n)) = E(Wg) U {uiui_,_l 12 S ) § [ — 2} U {Uivi+1 1 2
m— 2} U{wyw;yr 12 <i<n-—1}U{auy,ui—1,bv1,vm_1¢,awy, Cwy_1 }.

3. PAIR DIFFERENCE CORDIAL LABELING

Definition 3.1. [4] Let G = (V, E) be a (p, ¢) graph.
Define

=L if pis odd

g, if p is even
p =
2

and L = {£1,4£2,43,---  +p} called the set of labels.

Consider a mapping f : V — L by assigning different labels in L to the different
elements of V when p is even and different labels in L to p-1 elements of V and
repeating a label for the remaining one vertex when p is odd.The labeling as de-
fined above is said to be a pair difference cordial labeling if for each edge uv of G
there exists a labeling | f(u) — f(v)| such that |Ap, — Aye| <1, where Ay, and Aye
respectively denote the number of edges labeled with 1 and number of edges not
labeled with 1.A graph G for which there exists a pair difference cordial labeling is
called a pair difference cordial graph.

Theorem 3.2. [4] The wheel W, is pair difference cordial if and only if n is even.

4. MAIN RESULTS

Theorem 4.1. The broken wheel W (n,n,n) is pair difference cordial for all values
ofn > 2.

Proof. Take the vertex and edges set from the definition 2.1. Now there are four
cases arises.

Case(i). n =0 (mod 4)

Fix the label 1, —1 to the vertex u1, vy respectively and assign the labels 2,4 to
the vertices ug, ug respectively and assign the labels 3, 5 respectively to the vertices
ug, u5. Next assign the labels 6,8 to the vertices ug, uy respectively and assign the
labels 7,9 respectively to the vertices ug, ug. Proceeding like this until we reach the
vertex u,_1. Note that in this process the vertex u,_1 gets the label n — 1.

Now we assign the labels —2, —4 to the vertices vy, v3 respectively and assign
the labels —3, —5 respectively to the vertices vy, v5. Next assign the labels —6, —8
to the vertices vg, v7 respectively and assign the labels —7, —9 respectively to the
vertices vg, vg. Proceeding like this until we reach the vertex v, _;. Here we notice
that in this process the vertex v,,_; gets the label —n + 1.

Next we assign the labels n,n + 1 to the vertices w,_1,w,_o respectively and
assign the labels —n, —(n + 1) respectively to the vertices wy_3,w,—4. Now we
assign the labels n+ 2, n 4+ 3 to the vertices w,,_5, w,_¢ respectively and assign the
labels —(n + 2), —(n + 3) respectively to the vertices wy,_7, w,_g. Proceeding this

process until we reach the vertices wi,a. Finally assign the labels 37", 3"2_ 2, —37”
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respectively to the vertices u, b, c.
Case(ii). n =1 (mod 4)

First we assign the labels 1,2,4,3 to the vertices uy, us, ug, uq respectively and
assign the labels 5, 6,8, 7 respectively to the vertices us, ug, u7, ug. Next assign the
labels 9,10, 12,11 to the vertices ug, u1g, u11, w12 respectively and assign the labels
13, 14, 16, 15 respectively to the vertices w13, t14, u15, u16. Proceeding like this until
we reach the vertex u,_1. Note that in this process the vertices w, 4, Un_3, Un_2,
Un,—1 gets the label n —4,n —3,n — 1,n — 2.

Now we assign the labels —1, —2, —4, —3 to the vertices v1, v9, v3, v4 respectively
and assign the labels —5, —6, —8, —7 respectively to the vertices vs, vg, v7,vs. Next
assign the labels —9, —10, —12, —11 to the vertices vg, v19, V11, V12 respectively and
assign the labels —13, —14, —16, —15 respectively to the vertices vi3, v14, V15, V16-
Proceeding like this until we reach the vertex v, _4. We notice that in this process
the vertex v, _4 gets the label —n+4 and assign the labels —(n—3), —(n—2), —(n—1)
respectively to the vertices v,,_3,vp_2,Vn_1.

Next we assign the labels n,n + 1 to the vertices ¢, w,_1 respectively and assign
the labels —n, —(n + 1) respectively to the vertices wy_o,w,—3. Now we assign
the labels n + 2, n 4+ 3 to the vertices w,,_4, w,—_5 respectively and assign the labels
—(n+2),—(n+3) respectively to the vertices wy,_g, w,—_7. Proceeding this process
until we reach the vertices ws. Finally assign the labels 3%=1 3ntl _3n-l - 3ntl
respectively to the vertices wy, a,u, c.

Case(iii). n =2 (mod 4)
There are subcases arises.

Subcase(i). n =2
Assign the labels 1,2, 3, —1, —2, —3, 1 respectively to the vertices a, u1, b, v1, ¢, wy, u.
Subcase(i). n > 2

Assign the labels to the vertices u;,v; , (1 < i < n—1) as in technique of case
(i). Next we assign the labels —n, —(n + 1) to the vertices ¢, w,_1 respectively and
assign the labels n, (n + 1) respectively to the vertices w2, w,_3. Now we assign
the labels —(n 4 2), —(n + 3) to the vertices wy,_4,w,_5 respectively and assign
the labels (n 4+ 2), (n + 3) respectively to the vertices wy_¢, wn_7. Proceeding this
process until we reach the vertices wi, a.Note that the vertices wy, w3 gets the la-
bels 3”2_6, 3”2_4. Lastly assign the labels —37”, —3”2_2, 3”2_2, 37”, 3"2_2 respectively
to the vertices ws, w1, a,u,b.

Case(iv). n =3 (mod 4)

There are subcases arises.
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Subcase(i). n =3

Assign the labels 1,2, 3,4, —1, —2, —3, —4, 5, —5 respectively to the vertices a, u1, ug,
b7 U1, V2, C, W1, W2, U.

Subcase(i). n > 2

Assign the labels to the vertices u;,v; , (1 <i <n —1) as in technique of case
(i). Next we assign the labels —n, —(n + 1) to the vertices ¢, w,—1 respectively and
assign the labels n, (n + 1) respectively to the vertices w2, w,_3. Now we assign
the labels —(n + 2), —(n + 3) to the vertices w,_4,w,_5 respectively and assign
the labels (n 4 2), (n + 3) respectively to the vertices wy,_g, w,_7. Proceeding this
process until we reach the vertices ws. Note that the vertices wi, a gets the labels

%7 3"2_1 Finally assign the labels ?’”2—+17 —3”2—"’1 respectively to the vertices u, b.

The Table 1 given below establish that this vertex labeling f is a pair difference
cordial of W(n,n,n).

Nature of n. | Ay | Age
n=0 (mod 4) | 3L [ 321
n=1 (mod 4) [ %5 [ 3255
n=2 (mod 4) | 3 [ 32
n =3 (mod 4) | 25 [ 3253

TABLE 1

O

Theorem 4.2. The broken wheel W (1, m,m) is pair difference cordial for all values
of l,m > 2.

Proof. Take the vertex and edges set from the definition 2.1. Now there are four
cases arises.

Case(1). I =0 (mod 4)

Here four subcases arises.

Sub Case(i). m =0 (mod 4)

First we assign the labels 1,2,4,3 to the vertices vy, vs,v3, v4 respectively and
assign the labels 5,6, 8,7 respectively to the vertices vs, vg, v7,vg. Next assign the
labels 9,10,12,11 to the vertices vg, v19, V11, V12 respectively and assign the labels
13,14, 16, 15 respectively to the vertices v13, v14, V15, v16. Proceeding like this until
we reach the vertex v,,_1. Note that in this process the vertices vy, _4, Vym_3, Um_2,
Um—1 gets the label m —4,m —3,m —1,m — 2.

Now we assign the labels —1, —2, —4, —3 to the vertices Wy, 1, Wimn—2, Wym—3, Wi —4
respectively and assign the labels —5, —6, —8, —7 respectively to the vertices wy,_s,
Win—6, Wm—7, Wm—g. Next assign the labels —9, —10, —12, —11 to the vertices w;,_g,
Win—10, Wm—11, Wm—12 respectively and assign the labels —13, —14, —16, —15 respec-
tively to the vertices w.,_13, Wm_14, Win_15, Wm_16. Proceeding like this until we
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reach the vertex w;. We notice that in this process the vertex w; gets the label
—n 4+ 1.

Next we assign the labels m,m + 1,—m, —(m + 1) to the vertices a, uy, uz, us
respectively and assign the labels m + 2, m + 3, —(m + 2), —(m + 3) respectively to
the vertices ug, us, ug, u7. Now we assign the labels m+4,m+5, —(m+4), —(m +
5) to the vertices ug,ug,u19,u11 respectively and assign the labels m + 6,m +
7,—(m + 6), —(m —+ 7) respectively to the vertices uia,u13,u14,u15. Proceeding
this process until we reach the vertices u;_;.Note that in this process the ver-

tices wuj_4, U3, U2, U1 gets the label ”272” 4 l+2m 2 l+2m 4 l“’; 2 re-
spectively . Finally assign the labels — =27 l+22m, L2 respectlvely to the vertices
b, u, c.

Sub Case(ii). m =1 (mod 4)

Assign the labels to the vertices v; , (1 < ¢ < m—1), u; , (1 <i <1-1)
and w; , (1 < i < m —5) as in technique of case (i). Next we assign the labels
—(m—4),—(m —3),—(m —2),—(m — 1) to the vertices Wy,—4, Wm—3, Wm—_2, Wm_1
respectively and assign the labels H2m —b2m _ L2m=2 yeqpectively to the ver-

tices b, u, c.

Sub Case(iii). m =2 (mod 4)

Assign the labels to the vertices v;,w; , (1 < i < m — 1) as in technique of case
(i). Next we assign the labels —n,—(n + 1),n,n + 1 to the vertices a,uq,us,us
respectively and assign the labels —(n + 2), —(n + 3),n + 2,n + 3 respectively to
the vertices ug4, us, ug, u7. Next assign the labels —(n +4),—(n+5),n +4,n+5
respectively to the vertices usg, ug, w10, u11. Proceeding this process until we reach
the vertices u;_1.Note that in this process the vertices w;_4, uj_3, uj_o2, u;—1 gets the
label —l+272”_47 —2m=2 I2m—d 42m=2 .egpectively . Finally assign the labels

2 2 0 2
I42m _it2m _ L42m-—2 respectlvely to the vertices b, u, c.

2 0 20 2

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of case (i).

The Table 2 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m,m).

Nature of n Ay, Age
n =0 (mod 4) | F2ZnFZ | F2Zntd

n=1 (mod 4; l+2z”+2 l+2§”+4

n =2 (mod 4) l+272”+2 l+272"+4

n=3 (mod 4) l+2m+4 l+272n+2
TABLE 2

Case(2). =1 (mod 4)
Here four subcases arises.
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Sub Case(i). m =0 (mod 4)

Assign the labels to the vertices v;, w; , (1 <i <m—1),u;, (1 <i<l-2)andaasin

technique of subcase (i) in case 1. Finally assign the labels H2m=1 b2mtl © It2m-1

_I4+2m+1
2

respectively to the vertices u,,_1, b, u, c.

Sub Case(ii). m =1 (mod 4)

Assign the labels to the vertices v;,w; , (1 < i < m — 1) as in technique of sub-
case (i) in case 1. Next we assign the labels —m, —(m+1), m,m+1 to the vertices
a,uy,uz, ug respectively and assign the labels —(m+2), —(m+3), m+2, m+3 respec-
tively to the vertices w4, us, ug, u7. Next assign the labels —(m+4), —(m+5),m +
4, m+5 respectively to the vertices usg, ug, w10, u11. Proceeding this process until we
reach the vertices u;_o.Note that in this process the vertices w;_s5, u;—4, u;—3, uj—2
gets the label H2m=>5 2m=3 _ I£2m=5 _ [+2m=3 regpectively . Finally assign the

) 2 )
I+2m—1 14+2m+1 _ [+2m—1 _ [4+2m+1
labels === === o, 5

respectively to the vertices u,_1,b,u,c.

Sub Case(iii). m =2 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l—1)and
a,b, c,u as in technique of subcase (ii) in case 2.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices vj,w; , (1 < i < m—1), u; , (1 <i <1-—
2) and a as in technique of subcase (ii) in case 2. Finally assign the labels

— z+22171’ —l+2’2"+1, l+22171’ HQ?H respectively to the vertices u;_1, b, u, c.

The Table 3 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m, m).

Nature of n Ay, Age
n=0 (mod 4) l+272n+3 l+272n+3
n=1 (mod 4) l+2’2”+3 l+2’2"+3
n =2 (mod 4) | B2nis | Li2mis
n =3 (mod 4) l+2g”+3 l+272"+3

TABLE 3

Case(3). | =2 (mod 4)
Here four subcases arises.

Sub Case(i). m =0 (mod 4)

Assign the labels to the vertices vi, w; , (1 <i <m—1),u;, (1 <i<l-1)andaasin
technique of subcase (i) in case 1. Finally assign the labels —H2m=2 _ Lt2m - [+2m-2
respectively to the vertices b, u, c.

)

Sub Case(ii). m =1 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (ii) in case 3.
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Sub Case(iii). m =2 (mod 4)

Assign the labels to the vertices v, w; , (1 <i<m-—1),u; , (1 <i<l—1)anda as
in technique of subcase (i) in case 1. Finally assign the labels 2m=2 1£2m Lr2m=2
respectively to the vertices b, u, c.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l—1)and
a,b,c,u as in technique of subcase (iii) in case 3.

The Table 4 given below establish that this vertex labeling f is a pair difference
cordial of W(l,m,m).

Nature of n Ay, Age
n=0 (mod 4) | F2ZmEd | E2m+2

2 2
[+F2m+2 [+2m+4

)
n=1 ( ) 5 5
n=2 (mod 4) [+2m+2 [+2m+4
( )

2 2
[+2m+4 [+2m+2
2

n=3

Case(4). | =3 (mod 4)
Here four subcases arises.

Sub Case(i). m =0 (mod 4)
Assign the labels to the vertices v, w; , (1 < i < m — 1) as in technique of
subcase (i) in case 1. Next we assign the labels m,m + 1,—m,—(m + 1) to
the vertices a,uj,uq,us respectively and assign the labels m + 2,m + 3,—(m +
2),—(m + 3) respectively to the vertices w4, us,ug,u7. Next assign the labels
m+4,m+5,—(m+4),—(m + 5) respectively to the vertices us, ug, u19, u11. Pro-
ceeding this process until we reach the vertices u;_1,b.Note that in this process
the vertices u;_3,u;—2,u;_1,b gets the label l+2’2”_3, H'Q’Q”_l, —“‘2’2”_3, —H'Zg"_l
_ l+272n+1 , l+272n+1

respectively . Finally assign the labels respectively to the ver-

tices u, c.

Sub Case(ii). m =1 (mod 4)
Assign the labels to the vertices v;,w; , (1 <i<m—1),u; , (1 <i<l-1)and
a, b, c,u as in technique of subcase (i) in case 4.

Sub Case(iii). m =2 (mod 4)
Assign the labels to the vertices v;,w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (i) in case 4.

Sub Case(iv). m =3 (mod 4)
Assign the labels to the vertices v, w; , (1 <i<m—1),u; , (1 <i<l-—1)and
a,b, c,u as in technique of subcase (i) in case 4.
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The Table 5 given below establish that this vertex labeling f is a pair difference
cordial of W (I, m, m).

Nature of n Ay, Age
n=0 (HlOd 4 [+F2m+3 [+2m+3

2 2
F2m+F3 F2m+3

)
n=1( ) 5 5
n=2 (mod 4) [ F2m+3 [+2m+3
( ) l+272n+3 l+272n+3
2 2

n=3

5. DISCUSSION

The pair sum labeling was introduced by Ponraj and Parthipan in [11]. Recently
the difference cordial labeling of graphs was introduced in [12]. Follows from these
two concepts, we have defined a new concept of pair difference cordial labeling of
graphs [4]. The pair difference cordial labeling behaviour of broken wheel have been
investigated in this paper.

6. CONCLUSION

The pair difference cordial labeling behaviour of some broken wheel graphs have
been investigated in this paper. Presently, it is difficult to investigate the pair dif-
ference cordial labeling behaviour of generalized web, broken web graphs. The pair
difference cordial labeling behaviour of subdivison of broken whell graphs are the
open problems.
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