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Abstract

The aim of this paper is to introduce the class of the analytic functions called §(c) and to
investigate the various properties of the functions belonging this class. For the functions in this
class, some inequalities related to the angular derivative have been obtained.
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Ozet

Bu ¢alismanin amaci, §(c) olarak adlandirilan analitik fonksiyonlar sinifini tanitmak ve bu sinifa
ait fonksiyonlarin cesitli 6zelliklerini arastirmaktir. Bu siniftaki fonksiyonlar icin, agisal tiireve
iliskin bazi esitsizlikler elde edilmistir.

Anahtar Kelimeler: Jack’s lemma, Subordination Prensibi, Schwarz lemma

1. Introduction

Let g be an analytic function in the unit disc U ={z:|z| <1}, g(0) =0 and g:U - U . In
accordance with the classical Schwarz Lemma, for any point z in the unit disc U, we have |g(z)| <
|z| for all z € U and |g'(0)| < 1. In addition, if the equality |g(z)| = |z| holds for any z # 0, or
lg’(0)| = 1, then g is a rotation; that is g(z) = ze'?, 6 real ([5], p.329). Schwarz lemma has
important applications in engineering [16, 17]. In this study, the Shwarz Lemma will be obtained
for the following class §(c) which will be given.

We will use of the following definition and lemma to prove our results [5, 6].

Lemma 1 (Jack's Lemma) Let g(z) be a non-constant anaytic function in U with g(0) = 0. If
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|9 (20)| = max{|g(2)[: |z] < |z},
then there exists a real number k > 1 such that
209’ (20) —
9(zo)

«

Definition 1 (Subordination Principle) Let g and h be analytic functions in U. A function is said
to be subordinate to h, written as g(z) < h(z), if there exists a Schwarz function w(z), analytic in U
with w(0) = 0, |w(z)| < 1 such that g(z) = h(w(2)).

Some applications of Jack Lemma and Subordination Principle have been given in [11, 12, 13, 20].
Also, in [13], authors have been studied some first-order differential subordinations.
Let A denote the class of functions f(z) = 1 + b,z + b,z%+... that are analytic in U. Also, let S(c)
be the subclass of A consisting of all functions f (z) satisfying

l+azf'(z)<1+2z z€U,
2V1+c

where a > ,0<c< 1.

[
In this paper, we study some of the properties of the clases §(c). Namely, an upper bound will be
obtained for the modulus of the coefficient b; = f'(0) for this class. The aim of this paper is to
examine some properties of the function f(z) which belongs to the class of §(c) by employing
Jack’s Lemma.
Let f € §(c) and consider the following function

2_
9(z) = L2, (L1

where we choose the principle branches of the square root.
It is an analytic function in U and 9(0) = 0. Now, let us now demonstrate that [9(z)| < 1 in U.

From (1.1), we have
f@2) =1+ c9(2)

p(2) =1+ azf'(2).

and let

Then
aczd'(z)

p(z) =1+ 2\/1+c9(2)

We assume that there exists a z, € U such that
maxllﬁ(z)l =[9(zy)| = 1.

|z|=]zo
From Jack’s Lemma, we have

9(zy) = e and 220 —

9(20)
Thus, we obtain
1y _ | wezod o) | _ | ackd(zo)
Ip(20) — 1| = 2/1+c0(z0)| ~ |2/1+¢0(z0)
ack cka

- 2\/|1+cei9| B 2,/[1+ccosf +icsind|
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_ cka

- ZV(1+cc059)2+czsin29

_ cka

- 24\/1+ch()5¢9+£2
and

cka
|p(Z0) - 1| = 24\/1+20c059+02. (12)

Since the right hand side of (1.2) takes its maximum value for cosf = 1, we take

cka

Ip(z0) — 1] = aror

2vV1+c
c

Also, since a > and k = 1, we obtain

k2\/ 1+c

cka
7 = <
2 (1+4¢)? 2V1+c

Ip(zo) — 1] 2

This contradicts the f € §(c). This implies that there is no point in doing so z, € U such that

|r|r1;11x||19(z)| = |9(z,)| = 1. Hence, we take [9(z)| < 1in U. From the Schwarz Lemma, we obtain
z|<|zq

2_
§(z) = L2

' 2f(2)f'(2)
9'(z) = LOLD

, 2f(0)f' (0
9 (0] = [ <1

and
IROIES
As aresult, we have the following lemma.
Lemma 2 If f € §(c), then we have
JHOIES: (1.3)

Now let us consider the following function by taking into account of the zeros, which are different
from zero, of the function f(z) — 1,

Since f € §(c), from Schwarz Lemma, we obtain
2_
0(z) = 2@, U@t

n -4 - n Z-4
1=11-a;z =11-a;z

_ 2(b12+b222+b3z3+...)+(blz+b222+b3z3+...)2+...

z—a; ’
n L
¢ l_[i=11—a_iz

0(z) _ 2(by+byz+b3z2+.)+z(b1+boz+bsz?+.) +..

2 I Z—a; )
=1l1-a;z
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' 2|bq|
P'0))=——<1
| ()l et lail —
and
C
|by | =7 ~ailagl.

As aresult, we get the following lemma.

Lemma 3 Let f € §(¢) and a,,a,,...,a, be zeros of the function f(z) — 1 in U that are different
from zero. Then we have

IF' O] < ST gl

There are some important studies about the Schwarz Lemma at the boundary as well. The main
source of these studies is Schwarz Lemma at the boundary which is about the below estimation
of the modulus of the derivative on some boundary points of the unit disc. The boundary version
of Schwarz Lemma is given as follows [14, 19]:

Lemma 4 If g(z) extends continuously to some boundary point & € U = {z:|z| = 1} with |&]| =1,
and if |g(&)| = 1 and g' () exists, then

9'©O1= 5o (14

and
lg' (Ol = 1. (1.5)

These inequalities are important in the literature and still continue to be studied among current
issues [1,2,3,4,7,8,9,10, 14, 15].

The following lemma, known as the Julia-Wolff Lemma, is needed in the sequel (see, [18]).
Lemma 5 (Julia-Wolff lemma) Let g be an analytic function in U, g(0) = 0 and g(U) c U. If, in
addition, the function g has an angular limit g(¢) at& € dU, |g(¢)| = 1, then the angular derivative
g' (&) existsand 1 < |g'(&)] < oo

2. Main Results

In this section, we discuss different versions of the boundary Schwarz lemma for §(c) class. Also,
in a class of analytic functions on the unit disc, assuming the existence of angular limit on the
boundary point, the estimations below of the modulus of angular derivative have been obtained.

Theorem 1 Let f € S(c). Suppose that, for 1 € AU, f has an angular limit f(1) at the point 1,
f(1) =+1+ c. Then we have

If' (D] 2 57= (21)

Proof. Consider the function
9(z) = L,
Also, since f(1) = V1 + ¢, we have |[9(1)| = 1. Therefore, from (1.5), we obtain
1< o' (1)] = [LOL) = 205 )
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and

Il ==

Theorem 2 Under the same assumptions as in Theorem 1, we have
, 1 c?

IF' DI 2 = mmror (2.2)

Proof. Let 9(z) function be the same as (1.1). So, from (1.4), we obtain

2V1+c

e S I =2
Since
19'(0) = 21£' (O],
we take
2 ZJF
—_— 1
i T —1f" (DI
and
C2

Ol 2 7

Theorem 3 Let f € S(c). Suppose that, for 1 € dU, f has an angular limit f(1) at the point 1,
f(1) =+1+ c. Then we have

2(c=2|b1*
712 g7 (1 e ) @3)
Proof. Let 9(z) be the same as in the proof of Theorem 1 and m(z) = z. By the maximum principle,
for each z € U, we have the inequality |9(z)| < |m(2)|. So,
9(2) (F(2))*-1
d( ) - m(z) z( c )
_ (1+byz+byz? +...)2—1
- CcZ
_ 2(b1+bzz+b322+...)+z(b1+bzz+b3zz+...)2+...

is an analytic function in U and |d(z) ICS 1 for z € U. In particular, we have

jd©)] =22 <1 (2.4)
and

|d'(0)] = 21bZ + 2b, .
Furthermore, with simple calculations, we take

') m'(1)
D = 1
T = oD = ' ()] = =
The auxiliary function
_ 4(2)-d(0)
W) = i®ae
is analytic in U,W(O) =0,|w(z)| < 1for|z| < 1and|w(1)| = 1for1 € dU.From (1.4), we obtain
1-]d(0)|? '
< w' ()] = == (1))

Ltlw '(°)| [1-a(0ya()|
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1+|d(0)| ,
1 |d(0)|{|l9 M= m' (D}
__c+2|bq| (2¥1+C | _
= G- 1),
Since
' 1-|d(0)|? ,
w'(z) = %d (2)
(1-d(0)d(2)
and
0y = 14Ol _ 2lb2+2bs|  2c|pZ+2b,]
|W ( )l - 1—|d(0)|2 - 1_(M)2 - C2—4|b1|2 )
C
we obtain
2 c+2|bq| (2v1¥C | 4, _
2c|b?+2b,| S c—2|b1|( c If" (DI 1),
c2-4|bq|2
2(c%-4|b,1?) c— 2|b1| 3
c?- 4|b1|2+26|b1+2b2|c+2|b1| = |f Ml-1
and

2(c-2|b1])?
IF"l= 2\/1+ <1+c2—4|b1|2+2c|b§+2b2|>'

Theorem 4 Let f € §(c) and a4, a,, ..., a, be zeros of the function f(z) — 1 in U that are different

from zero. Suppose that, for 1 € dU, f has an angular limit f (1) at the point 1, f(1) = V1 + c. Then
we have

THOIE ( ]_[H__'Z - 25)

_I_ Z(CH 1|a1| Zlbll)

1-|a
(c T lagl)® ~41bs [P+ T 1|a,|‘zzaz+bl+zmnn el
L

Proof. Let 9(z) be as in (1.1) and a4, ay,...,a, be zeros of the function f(z) — 1 in U that are
different from zero. Also, consider the function
z-a;

B(Z) - ZHL 142 az
Here, B(z) is analytic in U and |B(z)| < 1 for |z| < 1. By the maximum principle for each z € U,
we have

[9(2)| < |B(2)I.
Consider the function

9(@) _ ((F@)3-1 1
tz) =22 = ( ) s

B(z c
@ i=11-a;z

_ 2(by+byz+byz?+.)+z(bi+byz4bzz? ) 4 1
= c n Z-a;-
i=11—Fiz

t(z) is analytic in U and [t(z)| < 1 for |z| < 1.In particular, we have
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_ 2|bq]
lt(0)] = T el
and
2
2b2+b%+2b1]'[’i1:1#
, _ i
1t"(0)| = aiad
The auxiliary function
t(2)—t(0)
r(2) = 1-t(0)t(2)
is analytic in U, |r(z)| <1 for |z| <1 and r(0) = 0. For 1 € 9U and f(1) =+v1 + ¢, we take
lr(1)| = 1.
From (1.4), we obtain
’ _1-]t(0)]*
1+|.’.I(0)| — | ( )l - |1 t(O)t(1)| |t ( )l
1+|t(0)|
< T (9 ()] = 1B/ (D).
It can be seen that
Q)
I O1 =1 |r(0)|2
and
2by+b3+2b1 [T 1% o '|2
T 2by+b+2by [T — L
cI™ . la; i
7' (0)] = S = c [l lail

(eI la; 1)*~4lb, |2

2
1_( 2|bq| )
CH?:ﬂail

Also,we have

1-|a;|?
1B (D] = 1+ [T, et
Therefore, we obtain
2
1—a;|?

- |2102 + b2+ 2b, 2
ellimlal —r ez = b

c T la;| + 2|bq| 2\/1+c|f'(1)| 1—[ — |a;|?
~ oIt lail = 2|by| c 1—al?)

2((cITqla;iD? — 41b,1?)
— .12
(C T lail)? — 41by |2 + c T b2+ 25, T, 2l
L
<crrl1|a.|+2|bl|<w—1+c|f'(1)|_1 - 1—|ai|2>

il =2\ “LlEar
Z(CH 1|a|_2|b1|)2
(e [TialaiD)? = 41ba|? + c TE, +b? + 2b;
_2VI+cf Ml . Tl = ayl?
B c

A=

1—|a;l?
a;

and so, we get inequality (2.5).
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Theorem 5 Let f € §(c), f(z) — 1 has no zeros in U except z = 0 and b, > 0. Suppose that, for 1 €
dU, f has an angular limit f (1) at the point 1, f (1) = V1 + c. Then we have

)] = =1 = — () 2.6
"Ml 2 7755 2n(22L) by~ [p2+2b5| ) (2:6)

Proof. Let b; > 0 in the expression of the function f(z). Having in mind the inequality (2.4) and
the function f(z) — 1 has no zeros in U except z = 0, we denote by Ind(z) the analytic branch of
the logarithm normed by the condition

Ind(0) = In () < 0.
The auxiliary function
_ Ind(2)-Ind(0)
P(2) = Ind(z)+Ind(0)
is analytic in the unit disc U, |¢p(2)| < 1, $(0) = 0 and |¢(1)| = 1 for 1 € 9U.
From (1.4), we obtain

__l2md@l _|d'@
1+|¢ 1 — < l¢"(l = lInd(1)+Ind (0)|? | a(1)
—__ ~2nd©®  9r01)| —
- In2d(0)+arg2d(1) {|19 (1)| 1}.
Replacing arg?d (1) by zero, then
1 -1 (2V1+c
e Sl O
_zln(”%) by ¢
and
zin (%2 )by < 2T )

- 2In(222) by |- |p3+2b,| ~
Thus, we obtain the inequality (2.6).

Theorem 6 Let f € S(c), f(z) — 1 has no zeros in U except z = 0 and b; > 0. Then we have

b + 2b,] < 2|byIn (22))| (2.7)

Proof. Let ¢(z) be the same as in the proof of Theorem 5. Here, ¢(z) is analytic in the unit disc U,
lp(2)| <1, $(0) = 0. Therefore, the function ¢(z) satisfies the assumptions of the Schwarz
Lemma. Thus, we obtain

121nd (0)|

120" (O =2 o rmaor
L |pi+2by|
zln(ﬂ;l) by

ao| _ -1
d)| ~ 2Ind(0)

d'(0)
d(o)

and
|b? + 2by| < 2 |b11n (=)
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