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Abstract. In this paper, we introduce a new class of surfaces, called as normal

surface pencil. We parameterize a normal surface pencil by using the principal
normal vector n and the binormal vector b of the Frenet frame of a space

curve α(s) as follows φ(s, t) = α(s)+y(s, t)n+z(s, t)b. A well known example
of normal surface pencil is a canal surface. Finally, we propose the sufficient

conditions of a normal surface pencil being a developable surface. Then several

new examples of developable normal surface pencil are constructed from these
conditions.

1. Introduction

Let φ = φ(u, v) be a local parametrization of a surface parameterized by

φ(u, v) = (x(u, v), y(u, v), z(u, v)).

A well known Gauss curvature K of a surface is given by

K =
LN −M2

EG− F 2
, (1)

where E,F,G and L,M,N are the coefficients of the first and the second funda-
mental forms of a surface, respectively [11].

An important topic in differential geometry is the study of curvature conditions
of a surface [12, 13]. For instance, the surfaces with constant Gauss curvature
are investigated in many papers [8]. Recently, Lopez and Moruz investigated the
constant Gauss curvature of translation and homothetical surfaces [14]. A special
case of constant Gauss curvature surface is flat ones. A surface with vanishing
Gaussian curvature is called a flat surface (K = 0) [9, 18]. The geometric meaning
of a flat surface is that if we flattened a developable surface (flat ruled surface) into
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a planar figure (with no distortion), any geodesic on it will be mapped to a straight
line in the planar figure [4].

Let α(t) be a regular space curve [10], then the Frenet frame is defined as follows

t =
α′

∥α′∥
,b =

α′ ∧ α′′

∥α′ ∧ α′′∥
,n = b ∧ t.

The well-known Frenet formulas are given by t′

n′

b′

 = ∥α′(t)∥

 0 κ 0
−κ 0 τ
0 −τ 0

 t
n
b

 ,

where the curvature κ and the torsion τ of the curve are given by

κ =
∥α′ ∧ α′′∥
∥α′∥3

, τ =
det(α′, α′′, α′′′)

∥α′ ∧ α′′∥2
.

Let us consider the Frenet frame {t,n,b} along a unit speed space curve α(s). By
using the Frenet frame, we can define lots of special class of surfaces. For instance,
we define the ruled surfaces F (s, u) = α(s) + un(s) or F (s, u) = α(s) + ub(s)
which are called the principal normal surface or principal binormal surface of the
curve α(s), respectively [15]. The other example is that a canal surface is defined
by F (s, u) = α(s) + r(s) cos(u)n + r(s) sin(u)b where r(s) is radii function [3].
Moreover a pipe surface (tube) is a canal surface with a constant radii [2].

Theorem 1. The principal normal or principal binormal surfaces are flat (devel-
opable) if and only if the corresponding curve is a planar [1].

Theorem 2. The regular canal surface is developable if and only if the canal surface
is a cylinder or cone. That is, the curvature κ(s) = 0; the spine curve is a line and
radii function r(s) is a constant or linear function of s [3].

A surface pencil can be parameterized by using the Frenet frame as follows

φ(s, t) = α(s) + u(s, t)t(s) + v(s, t)n(s) + w(s, t)b(s),

where u(s, t),v(s, t) and w(s, t) are functions of s and t [4, 6]. Wang et al. used
the surface pencil to answer the problem ”assume we are given a space curve, how
to characterize those surfaces that possess this curve as a common geodesic”. The
generalized solution of this problem is studied in [5]. The study of surface pen-
cil has been extended Minkowski and Galilean spaces [7, 17]. Recently, Zhao and
Wang derived the necessary and sufficient conditions to construct a developable
surface through a given curve [16]. However they studied this problem with some
constraints such as the curve is isoparametric on surface. In this paper we have
studied this problem without any constraints. Moreover we derived possible pa-
rameterizations of flat normal surface pencil. Surprisingly we obtained new class of
space curve which we call it the helical extension of a space curve. In [20] we give
the characterization of this class of curve.
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Rotation Minimizing Frame(RMF) or sometimes called as Bishop frame which is
well defined even when the curve has vanishing second derivative in 3-dimensional
Euclidean space [21]. Because Bishop frame is formed with the tangent vector and
any convenient arbitrary basis for the remainder of the frame [22,23].

2. Flat Normal Surface Pencils

In this section, we introduce the normal surface pencil to generalize two special
classes of surfaces, namely, the principal normal surfaces and the canal surfaces.
Then we derive the necessary and sufficient conditions for a normal surface pencil
to be flat.

Definition 1. Let α(s) be a unit speed space curve with the Frenet frame {t,n,b},
then a normal surface pencil is parameterized by

φ(s, t) = α(s) + y(s, t)n(s) + z(s, t)b(s), (2)

where y(s, t) and z(s, t) are functions of s and t. For simplicity, we take the
functions y(s, t) and z(s, t) that can be decomposed into two factors that allows us
instead of solving partial differential equations we deal with ordinary differential
equations

y(s, t) = y(s)w(t), z(s, t) = z(s)l(t).

Here y(s), w(t), z(s) and l(t) are all functions of s and t. Then a normal surface
pencil is parameterized by

φ(s, t) = α(s) + y(s)w(t)n+ z(s)l(t)b. (3)

Now, we can give the following theorems for classification of flat normal surface
pencil.

Theorem 3. Let α(s) be a unit speed space curve (τ ̸= 0, κ ̸= 0). A normal surface
pencil is flat, if and only if it is either

(1) a surface parameterized by φ(s, t) = α(s) +
1

κ(s)
n+ z(s)l(t)b,

(2) a surface parameterized by φ(s, t) = α(s) + y(s)w(t)n−
∫ τ

κ
dsb,

(3) a surface parameterized by φ(s, t) = α(s)+z(s)(tan
∫
τ+c11)l(t)n+z(s)l(t)b.

If the curve α(s) is a unit speed plane curve (τ = 0). Then a normal surface
pencil is flat, if and only if it is either

(1) a surface parameterized by φ(s, t) = α(s) + y(s)c2n+ z(s)l(t)b

(2) a surface parameterized by φ(s, t) = α(s) + y(s)w(t)n+ c7c8b

If the curve α(s) is a unit speed line (κ = τ = 0). We use Rotation Minimizing
Frame basis (e1 and e2), then a normal surface pencil is flat, if and only if it is
either
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(1) a surface parameterized by φ(s, t) = α(s) + c3(c4s + c5)w(t)e1 + (c4s +
c5)l(t)e2.

(2) a surface parameterized by φ(s, t) = α(s) + y(s)w(t)e1 + z(s)c6e2.

where ci(i = 1..11) ∈ R.

The rest of the section is devoted to the proof of the above theorem.

Proof. From (1) and (3), it is easy to see that a surface is flat if and only if it
satisfies the following equation:

⟨φs ∧ φt, φss⟩ ⟨φs ∧ φt, φtt⟩ − ⟨φs ∧ φt, φst⟩
2
= 0. (4)

By using the well known Frenet formulas, we obtain the partial derivatives of
the normal surface pencil as follows

φs = (1−κ(s)y(s)w(t))t+(ys(s)w(t)−τ(s)z(s)l(t))n+ (τ(s)y(s)w(t)+zs(s)l(t))b.
(5)

and
φt = y(s)wt(t)n+ z(t)lt(t)b. (6)

where φs and φt denote the partial derivatives of the surface with respect to s and
t.

It follows that the cross product of φs and φt is obtained as

φs ∧φt = ((ysw− τzl)zlt−(τyw+ zsl)ywt)t− (1−κyw)zltn+(1−κyw)ywtb. (7)

Combining the equations (4), (5), (6) and (7) and higher order partial derivatives
of normal surface pencil, we have a non-linear partial differential equation (PDE)
in the following form

τ2z4(−y2w2κ2 + 2wκy − 1)l4t + (...)l3twt + ...+ (...)lt−
y4(z2sc

2κ2 + τ2 + 2zscκτ)w
4
t + (...)w3

t lt + ...+ (...)wt = 0.
(8)

We can rearrange the equation (8) as follows

4∑
i=1

Ai(s, t)l
i
t(t) +Bi(s, t)w

i
t(t) +

3∑
i=1

Ci(s, t)l
i
t(t)w

4−i
t (t) = 0, (9)

where upper ”i” indicates the degree of function and the coefficients Ai(s, t) Bi(s, t)
(i = 1..4) and Ci(s, t) (i = 1..3) are smooth functions on s and t.

We will solve the equation (9) whether the set of functions {l, w} is linearly
independent or linearly dependent.

• If l and w functions are not linearly dependent. Then a normal surface
pencil is flat if the coefficients Ai(s, t), Bi(s, t) and Ci(s, t) vanishes.

From (8) and (9) the coefficient A4(s, t) of l
4
t (t) can be computed as follows

A4 = −τ2z4(ywκ− 1)2. (10)

It follows that the coefficient A4(s, t) vanishes if and only if ywκ− 1 = 0, τ(s) =
0, z(s) = 0 or lt = 0, respectively.
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Now, we discuss these four cases:
Case 1) If ywκ− 1 = 0 then we have

y(s)w(t) =
1

κ(s)
. (11)

Thus, observe that w(t) is a constant function.
Combining (11) with (9) we obtain that all the coefficients Ai, Bi and Ci in

(9) vanishes. Therefore, substituting (11) into (3) allow us to parameterize a flat
normal surface pencil as follows

φ(s, t) = α(s) +
1

κ(s)
n+ z(s)l(t)b. (12)

Conversely, a simply calculation implies that the Gauss curvature of the surface
is zero.

Now, let us construct an example belonging to case 1.

Example 1. Let us consider a space curve parameterized by

α(s) = (cos(s), sin(s), s).

It is easy to see that the curvature κ = 1/2. Hence, from (11) we have y(s)w(t) =
2. Then a flat normal surface pencil is illustrated in Figure 1, in which z(s)l(t) =
t cosh(t), if we set z(s)l(t) = t cos(s), we obtain another member of flat normal
surface pencil shown in Figure 1.

Case 2) If lt(t) = 0(l(t) = c1, c1 ∈ R) in equation (10), then we have the
coefficient B4(s, t) of w

4
t (t) as follows

B4 = −y4(z2sc
2
1κ

2 + τ2 + 2zsc1κτ).

It follows that for y(s) ̸= 0, wt(t) ̸= 0 (in these cases it is not a surface) the
coefficient B4(s, t) vanishes if and only if the following equation is satisfied:

z2sc
2
1κ

2 + 2zsc1κτ + τ2 = 0.

The solution of the above differential equation can be obtained as

z(s) = −
∫

τ(s)

c1κ(s)
ds. (13)

It follows that substituting l(t) = c1 and (13) into (9) gives a flat normal surface
pencil parameterized by

φ(s, t) = α(s) + y(s)w(t)n−
∫

τ

κ
dsb.

Note that if the curve α(s) is an arbitrary speed curve, then one calculates the
function z(s) as follows

z(s) = −
∫

τ

c1κ
∥α′∥ ds. (14)

Now, let us construct an example about case 2.
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(a) A member of flat normal surface pencil,

with zl = tcosh(t).

(b) A member of flat normal sur-

face pencil, with zl = tcos(s).

Figure 1. Flat normal surface pencil.

Example 2. Assume that a space curve is given by

α(s) = (
3s2 − 1

3s2 + 3
,
s(s2 − 3)

3s2 + 3
,
2
√
2
√
s2 + 1

3
).

When c1 = 1, from (14) we have

z(s) = −1

2
s2.

In addition, if we set y(s)w(t) = 5 cos(t) sin(t) or y(s)w(t) = st then the flat
normal surface pencils are illustrated in Figure 2.

Case 3) If the curve α(s) is a plane curve (τ = 0) in equation (10) then the
coefficient B4(s, t) of w

4
t (t) is calculated as

B4 = −y4z2s l
2κ2. (15)

Now, we distinguish the following five cases:
Subcase 3.1) If wt(t) = 0(w(t) = c2, c2 ∈ R) in equation (15) then the Gauss

curvature vanishes (K = 0), which implies that the normal surface pencil is a flat
surface parameterized by

φ(s, t) = α(s) + y(s)c2n+ z(s)l(t)b.
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(a) A member of flat normal surface pencil,

with yw = 5cos(t)sin(t).

(b) A member of flat normal surface pencil,

with yw = st.

Figure 2. Flat normal surface pencil.

Now, lets construct an example about subcase 3.1.

Example 3. Assume that a plane curve is given by

α(s) = (cos(s), sin(s), 0).

A straightforward computation shows that τ = 0, therefore for w(t) = 3, we can
set l(t) = cos(t), y(s) = 2s/3 and z(s) = cosh(s/5) or l(t) = cos(t), y(s) = cos(s)
and z(s) = cos(5s) to construct members of flat normal surface pencil, shown in
Figure 3.

Subcase 3.2) If y(s) = 0 in equation (15) then the Gauss curvature vanishes,
thus a flat normal surface pencil is parameterized by

φ(s, t) = α(s) + z(s)l(t)b.

It is easy to see that if we set z(s) = 1 and l(t) = t in the above equation,
then we have a principal binormal surface, therefore the above result coincides with
Theorem 1.

Subcase 3.3) If l(t) = 0 in equation (15), then we have K = 0, thus a flat
normal surface pencil is parameterized by

φ(s, t) = α(s) + y(s)w(t)n.
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(a) A member of flat normal surface pencil,

with l = cos(t), y = 2s/3 and z = cosh(s/5).

(b) A member of normal flat surface pencil,

with l = cos(t), y = cos(s) and z = cos(5s).

Figure 3. Flat normal surface pencil.

Note that when we set y(s) = 1 and w(t) = t in the above equation, then we
have a principal normal surface, therefore the above result coincides with Theorem
1.

Subcase 3.4) If the curve is a line (κ(s) = 0) then the coefficient C2(s, t) of
l2t (t)w

2
t (t) is calculated as

C2 = 2yszyzs − z2y2s − y2z2s .

The condition wt = 0 is investigated in subcase 3.1. Therefore, two subcases
must be considered.

Subsubcase 3.4.1) If 2yszyzs − z2y2s − y2z2s = 0 then we have

y(s) = c3z(s).

where c3 ∈ R.
With these conditions (9) becomes

c23z
3zss(ltw − wtl)(lttwt − ltwtt) = 0.

It is easy to see that z(s) = 0 and l = kw,k ∈ R contradiction. therefore, there
is just one subcase:

If zss(s) = 0(z(s) = c4s+ c5) c4, c5 ∈ R, then the normal surface pencil is a flat
surface parameterized by

φ(s, t) = α(s) + c3(c4s+ c5)w(t)e1 + (c4s+ c5)l(t)e2. (16)
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Observe that if we set c3 = 1, w(t) = cos(t) and l(t) = sin(t) in the equation
(16), then the surface is a flat canal surface, therefore this result coincides with the
Theorem 2. Now, let us construct an example about this case.

Example 4. Assume that a line is given by

α(s) = (s, 3, 0).

In this case the Frenet frame is undefined, thus we can choose an arbitrary basis
such as n = (0, 1, 0) and b = (0, 0, 1). For c3 = 3, c5 = 0 and c4 = 1 in (16), if we
set w(t) = cos(t/3) sin(t/3) and l(t) = t or w(t) = cosh(t/3)/3 and l(t) = sinh(t/5)
then the flat normal surface pencils are illustrated in Figure 4.

(a) A member of flat normal surface pencil,
with w = sin(t) cos(t) and l = t.

(b) A member of flat normal surface pencil,
with w = t− 5 and l = t3.

Figure 4. Flat normal surface pencil.
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Subsubcase 3.4.2) If lt(t) = 0(l(t) = c6, c6 ∈ R) then the normal surface pencil
is a flat surface parameterized by

φ(s, t) = α(s) + y(s)w(t)e1 + z(s)c6e2.

Subcase 3.5) If zs(s) = 0(z(s) = c7) in equation (15) then the coefficient
C2(s, t) of l

2
t (t)w

2
t (t) is obtained as

C2 = −y2sz
2.

Since the case wt(t) = 0 is investigated in subcase 3.1, there are three cases:
Subsubcase 3.5.1) If z(s) = 0 or lt(t) = 0(l(t) = c8) then the normal surface

pencil is a flat surface parameterized by

φ(s, t) = α(s) + y(s)w(t)n.

and

φ(s, t) = α(s) + y(s)w(t)n+ c7c8b,

respectively.
Subsubcase 3.5.2) If ys(s) = 0(y(s) = c9), then the equation (9) becomes

−ltyκz
2(ywκ− 1)3(lttwt − ltwtt) = 0.

Since we investigated all the cases, we omit all of these cases.
Case 4) If z(s) = 0 in equation (10) then we have the coefficient B4(s, t) of

w4
t (t) as follows

B4 = −y4τ2.

For y(s) ̸= 0 and wt(t) ̸= 0 (in these cases it is not a surface) when τ = 0 this
case is investigated in subsubcase 3.5.1.

• If l and w are linearly dependent. Then we have w = c10l and the equation
(9) becomes

−(c10(−ysz + yzs) + τc210y
2 + τz2)2l4t = 0

where c10 ∈ R. The solution of the above differential equation can be
obtained as

y = z
tan

∫
τ + c11
c10

where c11 is a integration constant. The equation (3) is written as

φ(s, t) = α(s) + z(s)(tan

∫
τ + c11)l(t)n+ z(s)l(t)b.

Note that if the curve α(s) is an arbitrary speed curve, then one calculates the
function y(s) as follows

y = z
tan

∫
τ ∥α′∥+ c11
c10

. (17)
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Example 5. Let us consider a space curve parameterized by

α(s) = (2s, s2,
s3

3
).

It is easy to see that the curvature and torsion are

κ =
2

(s2 + 2)2
= τ

For z(s) = cosh(s), w(t) = 6t and l(t) = t, by using (17) we have

y =
cosh(s) tan(

√
2 arctan( s

√
2

2 ))

6

Moreover if we set z(s) = (s), w(t) = 6t and l(t) = t, then we obtain another
member of flat normal surface pencil shown in Figure 5.

(a) A member of flat normal surface pencil,
with zl = tcosh(s) and w = 6t.

(b) A member of flat normal sur-
face pencil, with zl = tcos(s) and

w = 6t.

Figure 5. Flat normal surface pencil.

□

3. Conclusion

The surface pencil and flat surfaces are both important subjects in computer
aided design (CAD), and in this paper we describe somewhat novel analysis on
special cases of flat normal surface pencils. We recommend this new approach for
the following reasons:
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• We can construct lots of flat normal surface pencil by using this method.
• The designer can select different sets of functions y(s), w(t), z(s) and l(t)
to adjust the shape of the surface.

• We have studied this problem without any constraints such as curves that
have isoparametric properties.

Declaration of Competing Interests The author declare that he has no com-
peting interest.
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