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ABSTRACT. In this paper, we present a new fixed point result for multivalued
0-contractions on M-complete M-metric spaces using Feng-Liu’s technique.
Our results extend and generalize some related fixed point theorems in the
literature.

1. INTRODUCTION AND PRELIMINARIES

Matthews [9] introduced the notion of the partial metric space, which is more
general than the metric space, and presented a fundamental fixed point theorem
on partial metric spaces. Then, Asadi, Karapinar and Salimi [5] extended the
concept of partial metric spaces to M-metric spaces and presented some fixed point
theorems for single valued mappings on M-metric spaces.

Definition 1.1 ([5]). Let X be a nonempty set. A function m : X x X — [0,00)
is called an M -metric if the following conditions are satisfied: for all z,y,z € X
ml) m(z,x) = m(y,y) =m(z,y) &z =y,
m2) myy = min{m(z,z), m(y,y)} < m(z,y),
m3) m(z,y) = m(y, z),
md) m(z,x) — Mgy < m(x,2) — My, +m(2,y) — Myy.

Then, the pair (X, m) is called an M-metric space.

A~ N N

Next, Altun et al. [4] studied on the topological structures of M-metric space,
and then presented some fixed point theorems for multivalued mappings of Feng-
Liu type on M-metric space (see [4] [14] [T5] and references therein). Let (X, m) be
an M-metric space, x € X and € > 0. The open ball with centered z € X and
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radius ¢ is defined by
Bp(z,e) ={y € X :m(z,y) < myy +¢c}.

Then, the family
{Bm(z,¢) :z € X,e >0}

is a base of a topology on X. This topology is defined by 7, and the closure of a
subset A of X with respect to 7,,, by A™.

Example 1.1. Let X = {5 :n € {1,2,3,---}} U{0} and m: X x X — [0,00) be
defined by m(z,y) = min{z,y}. Then, (X,m) is a M-metric space. In this case,
we have 1, = {0, X}.

Definition 1.2. Let (X, m) be an M-metric space, {x,} be a sequence in X and
x € X. Then,

(1) {xn} is said to be M-converges to x if and only if

lim [m(zp,x) — My, ] = 0.
n—oo
(2) {zn} is said to be M-Cauchy sequence if limy, m—soo [M(Zny Tm) — My, ]
exists and is finite.
(3) (X,m) is said to be M-complete if every M-Cauchy sequence M -converges
to a point x € X.

Note that the M-convergence of a sequence on an M-metric space coincides with
the convergence with respect to 7,,.

Altun et al [4] proved the following fixed point theorem, which is M-metric
version of Feng-Liu’s fixed point theorem [12].

Theorem 1.1. Let (X, m) be a M-complete M -metric space and T : X — Cp,(X)
(the family of all nonempty closed subsets of X ) be a multivalued map. If there
exist two constants b,c € (0,1) such that for all x € X with m(xz,Tx) > 0 there is
y € TF(m) satisfying
m(y, Ty) < em(,y),
where
Ty (m) ={y € Tz : bm(z,y) < m(z,Tx)},
and
m(z, Tx) = inf{m(z,y) : y € Tz}

Then, T has a fized point in X provided that ¢ < b and the function f(x) = m(z,Tx)
is lower semicontinuous with respect to T,,.

On the other hand, Jleli and Samet [I2] introduced the concept of #-contraction
and then gave a fixed point theorem. So that, they generalize Banach contraction
principle which is a quite different from many results in literature.

Let O be the family of all functions 6 : (0, 00) — (1, 00) satisfying the following
conditions:

(©1) 6 is non-decreasing;

(©2) for each sequence {t,} C (0, m),nlin;o t, = 0if and only if lim 6(¢,) = 1;

n—oo

(0©3) there exist r € (0,1) and ¢ € (0, o0] such that lirgl+ % ={.
t—
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Example 1.2. Let us consider the functions 01(t) = eVt, 0,(t) = eVie, 0s(t) =
2 — 2 arctan (1) for0 < o < 1 and 04(t) = e 4t Then it can be seen that 0; € ©

forie {1,2,3,4}.
Jleli and Samet [12] proved the following theorem.

Theorem 1.2. Let (X, d) be a complete metric space and T : X — X be a mapping.
Suppose that there exist 0 € © and k € (0,1) such that

z,y € X, d(Tx,Ty) > 0= 6 (d(Tx,Ty)) < [0 (d(m,y))]k
Then, T has a unique fized point.

Then, taking into account the family ©, many authors have presented some fixed
point results for both single valued and multivalued mappings on metric space. For
example, in [2] the authors obtained a fixed point theorem for compact set valued
mappings on metric space. Also, a similar result for closed set valued mappings
on metric spaces have been provided by taking the following condition (©4) into
consideration (see [I], 2 [3, [6], [7, [8] IO, 1T, 13] and references therein):

(©4) O(inf A) = inf #(A) for all A C (0,00) with inf A > 0.

We denote by E the set of all functions 6 : (0,00) — (1, 00) satisfying (©1)-(04).

In this paper, we present Feng-Liu type fixed point theorems for multivalued
mappings considering the both families © and = in M-metric spaces.

2. MAIN RESULT

Let (X,m) be an M-metric space. P, (X) and C,,(X) denotes the family of
all nonempty subsets and the family of all nonempty closed (w.r.t. 7,,) subsets of
X, respectively. Also, we indicate the family of all subsets A of X satisfying the
following property by A,,(X): for all x € X

m(z,A)=0=>z€ A
and
m(z,A) > 0= Ja, € A, m(z,A) = m(x,ay)

If (X,m) is a metric space, then it is clear that
An(X)={AC X :Vz e X,3a, € A,m(xz,A) =m(z,a,)}

and also A,,(X) € Cpn(X). Let T : X — P,,,(X) be a mapping, § € © and b €
(0,1]. For € X with m(x, Tz) > 0, consider the set

OF(m) = {y €Tz : [0 (m(z,y)]” <6 (m(x,Tx))} .
It is clear that if by < by, then OF (m) C ©f (m) for fixed z € X.

Theorem 2.1. Let (X, m) be an M-complete M -metric space and T : X — A, (X)
be a multivalued map 6 € ©. If there exists a constant k € (0,1) such that for any
x € X with m(z,Tz) > 0, there is y € OF(m) for b € (0,1] satisfying

0 (m(y, Ty)) < [0 (m(z,y))]", (2.1)

then T has a fized point in X provided that k < b and the function f(z) = m(x, Tx)
is lower semi-continuous with respect to ,,.
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Proof. Suppose that T has no fixed point. Then, for all z € X we have m(z, Tz) >
0. Since Tz € A,,,(X) for every x € X, the set ©F (m) is nonempty for any b € (0, 1].
Let 9 € X be any initial point, then there exists 1 € ©;°(m) such that

O (m (1, T1)) < [0 (m(,21))])"
and for z; € X, there exists zo € O} (m) satisfying
O (m (w2, Ts)) < [O (m(w1,22))]" .

Continuing this process, we get an iterative sequence {x,}, where z,, 11 € ©;"(m)
and

0 (m (41, T2n11))) < [0 (M@, 2011)]" (2.2)
We will show that {x,} is a Cauchy sequence. Since x,41 € ©;"(m), we have
[0 (m (2, 2011))]" < 0 (m(@n, Ty)) - (2.3)

From and (2.3), we have
0 (m (Tnt1, Tps1)) < [0 (M (20, Tan))]

ol

and

ol

0 (m (Tni1,Tnt2)) < [0 (m (20, Tni1))]
By the way, we can obtain

o3

)" (2.4)

1< 0/(m (2, 2ns1)) < [0 (m (20, 21))](

and

Sk

1 < 0 (m (20, Tn)) < [0 (m (0, To))](F)" . (2.5)

Letting n — oo in (2.4)),

nlLIEOH (m (zp, Tpy1)) = 1.

From (O3),

lim m (2, Zny1) = 0T,
n—oo

Similarly, we can obtain

lim m (zy, Tz,) = 0.
n—oo

So from (O3), there exist r € (0,1) and ¢ € (0, co] such that
lim 0 (m (zn, Tnt1)) - 1
n=o (M (Tn, Tpt1))
Suppose that £ < co. In this case, let ¢ = £/2 > 0. From the definition of the limit,
there exists ng € N such that, for all n > ng

L.

0 (m(zn,Tnt1)) — 1 B

= I <e
(M (Tn, Tnt1))
This implies that, for all n > ng,
0 nyn -1
Y I S

(m (T, Tn41))"
Then, for all n > ng,
n[m (zn, tny1)]” < An (0 (m (zn, 2ny1)) — 1],

where A = %
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Suppose now that ¢ = co. Let € > 0 be arbitrary positive number. From the
definition of the limit, there exists ng € N such that, for all n > nyg

0 (m (Tpn, Tnt1)) — 1
(m (Tn, $n+1))T

This implies that, for all n > ng,

>e

n[m (2, Tny1)]” < An 0 (m (20, Tnt1)) — 1],

where A = % Thus, in all cases, there exist A > 0 and ng € N such that, for all

n 2 ng
n[m (zn, xni1)]” < An 0 (m (20, Tnt1)) — 1.
Using (2.4)), we obtain for all n > ng

r kR
nm(zn,, tne1)] < An |[0 (m (1’0,1'1))](17) —1l.
Letting n — oo in the above inequality, we obtain

nh_}n;on [m (2, Znt1)] =0.

Thus, there exists n; € N such that, for all n > ny

1

— (2.6)

m (l’n, -TnJrl) S

In order to show that {z,} is a Cauchy sequence, consider m,n € N such that
m >n > ny. Using (m4) and from (2.6, we have

m (mn,xm) - My, < [m (xnvanrl) - mwnajn+1:| + [m ($n+1a a?m) - m:vn+1wm]

S [m (xna xn+1) - mznmn_H] + -+ [m (l’m_l, xm) — mzm_lzm]
< m(xn7xn+1) +m(xn+1,mn+2)+"‘+m(1’m—17$m)

m—1 00 o] 1
< Z m(fﬂi,xi—l-l) < Zm(xiaxi—i-l) < Z 217

i=n i=n i=n

By the convergence of the series Y ;- ﬁ, letting to limit n — oo, we get

hm [m (-/I:na xm) - mwnw'm] = O
n,m— oo

Hence, we find that {z,} is an M-Cauchy sequence. Because X is M-complete,
one sees that there exists z € X such that

nlgl;o [m (zn,2) —my,.]=0

that is, {x,} converges to z with respect to 7,,. Now, we show that z is fixed point
of T. On the other hand, from 1’ and (©3), we have lim m (x,,Tx,) = 0. Since
n—oo

f(x) = m(x,Tx) is lower semi-continuous with respect to 7,,, then
0<m(zTz) = f(z) < lim inf f (z,/) = lim infm (z,,Tx,) = 0.
n—oo n—oo
This is a contradiction. Hence, T has a fixed point. ([l

To give a fixed point result for C,,(X) valued multivalued mappings, we will
consider the family =.
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Theorem 2.2. Let (X, m) be an M -complete M -metric space and T : X — Cpp(X)
be a multivalued map 0 € Z. If there exists a constant k € (0,1) such that for all
any x € X with m(x,Tx) > 0, there is y € OF(m) for b € (0,1) satisfying

6 (m(y. Ty)) < [0 (m(.y)))" -
Then, T has a fized point in X provided that k < b and the function f(x) =

m(x,Tx) is lower semi-continuous with respect to Ty, .

Proof. Suppose that T has no fixed point. Then, for all z € X we have m(z, Tz) >
0. Indeed, if m(z,Tz) = 0, then z € Tz™ = Tx. Since 0 € Z, for any z € X with
m(x, Tx) > 0, the set ©F(m) is nonempty for any b € (0,1). Indeed, using the
property (©4), we obtain

Or(m) = {yeTe:[0(m(zy) <0 (m,Tz))}

{y eTx: [0 (m(m,y))]b <0 (inf {m(z,y) :y € Tx})}

= {y € T : [0 (m(z,y)]" < inf {6 (m(z,y): y € Tx)}}

£ 0.
The rest of the proof can be completed as in the proof of Theorem[2.1] by considering
the Tz € Cpp(X). O
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