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Abstract

Let A =Ry xR be an affine group with right Haar measure dy and ®;, i = 1,2, be Young
functions. We show that there exists an isometric isomorphism between the multiplier
of the pair (L®1(A), L?2(A)) and (LY2(A),LY1(A)) where ¥, are complementary pairs
of ®;, i = 1,2, respectively. Moreover we show that under some conditions there is no
nonzero multiplier for the pair (L®1(A), L?2(A)), i.e., for an affine group A only the spaces
M(L*1(A), L*2(A)), with a concrete condition, are of any interest.

Mathematics Subject Classification (2020). 43A15, 43A22, 46E30, 46H25, 43A20

Keywords. affine group, Orlicz space, nonzero multiplier

1. Introduction

Orlicz spaces were first proposed by Z. W. Birnbaum and W. Orlicz ([3]) and after that
developed by Orlicz himself. These spaces represent a significant class of Banach function
spaces in analysis and applications (see [14]). The concept of Orlicz space extends the
classical concept of LP Lebesgue space for p > 1. A more general convex function ®(x)
is used for the function aP appearing in the definition of LP spaces. This function & is
called a Young function. In addition to LP spaces, several function spaces are consisted
of Orlicz spaces. For instance, Llog™ L Zygmund spaces, which are Banach spaces with
regard to Hardy-Littlewood maximal functions. Moreover, Sobolev spaces could be also
contained in Orlicz spaces as subspaces (see [6]). Most of the linear properties of Orlicz
spaces have been investigated thoroughly (see [18], for example). Furthermore Orlicz
spaces determined on measure spaces have been considered thoroughly (see for example
[7,9,12,18]). In the recent years, Orlicz spaces and the weighted case are examined as
Banach algebras over a locally compact group. Moreover their several properties are also
studied (see [1,15-17,19,20]).

On the other hand one of the basic problems in harmonic analysis is the description
of multipliers. Multipliers have also been considered in several contexts, for example
Banach algebras and Banach modules theories, partial differential equations, the existence
of invariant means etc. Our interest is to analyze the existence of an isometric isomorphism
between the multiplier of the pair (L®1(A), L*2(A)) and (LY2(A), LY1(A)) where ¥; are
complementary pairs of ®;, ¢ = 1,2, and determine the relation between ®; and ®2 to get
M(L® (A), L% (4)) = {0}.
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For LP spaces, Wendel [21] showed that M (G), the set of all complex regular Borel mea-
sures on G, is the space of multipliers when p = 1 and G is a locally compact group. More-
over if 1 < p < oo, Brainerd and Edwards characterized the elements of M (L'(G), LP(G))
(see [5]). In [11] Lau investigated the convex, closed subsets of Lebesgue spaces when
1 < p < o0; especially, he showed that the convex, compact, translation invariant (right or
left) subset of LP(G) is the origin, i.e. {0}. Moreover in [19] these standard results were
extended to L‘I’(G) spaces by Uster and Oztop. In particular, they achieved some results
for the multipliers in L®(G) spaces.

In the current paper, we study some of the basic multiplier problems for Orlicz spaces
over an affine group A.

The paper is organized as follows. In Section 2 we give essential definitions and re-
call some basic properties. In Section 3, we deduce the existence of an isometric iso-
morphism between the multiplier of the pair (L®'(A),L®2(A)) and (L¥2(A),LY'(A))
where W; are complementary pairs of ®;, i = 1,2, respectively. We also give a cri-
terion to get M(L®1(A),L®2(A)) = {0}. Thus for an affine group A only the spaces
M(L*(A), L*2(A)), with some concrete conditions, are any of interest. Moreover we
give some concrete Young function examples that can be applied to the results. Thus we
generalize some of the standard conclusions for Lebesgue spaces to Orlicz spaces.

2. Preliminaries

In this section, we give some basic definitions and state some technical results that will
be used in this paper.

We start with introducing some basic facts for the affine group and essential construc-
tions on it.

Let A := (R X R,-5). One can equip A with the multiplication

(CL, b) A (-T,y) = (ax,ay—i—b), (21)
for (a,b), (z,y) € A. Note that (1,0) -4 (a,b) = (a,b) - (1,0) = (a,b) and (a,d) -a
(!, —a='h) = (a7 !, —a=1b) o (a,b) = (1,0). Thus A, endowed with the multiplication
(2.1), becomes a group and this group is called an affine group.
Since a mapping of the real line can be defined by Fj,; : R — R such that

Fop(z) =(a,b) -2 =ax+0b, z€R
for any (a,b) € A, the affine group is also called ax + b group. F,; is the affine mapping

of the real line R and this operation is coherent with (2.1).
We can represent the affine group A with the matrix form

a b
a{(8 ) amoven).

The inverse and the identity elements are given by

a ' —a1b 1 0
(o 7)) =0 %)

One can decompose the affine group A such that A = H o A and here H is the closed
normal subgroup which is given by {(1,b) : b € R} that can be identify with R by means
of the relation (1,b) <> b and A = {(a,0) : a > 0} determine with R} where (a,0) < a
(see [8]).

The operations of the multiplication and inversion are continuous for the product topol-
ogy. Thus an affine group A is a locally compact group and

dx
dv(z,y) = e

dx
du(x,y) = g dy
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are the left (right) Haar measures, respectively (see [8]). Now since

dx 1
dy(xuy) = ﬁu d?/ = Edﬂ(:r7y))

the affine group is not unimodular. The modular function on the affine group is A(z,y) =
x.
Throughout the study we use the affine group A := (R x R,-) and the right Haar
measure dpu.

Let f: A — C and (a,b) € A. We use L, for the left translation and R, ) for the

right translation given by

(Lany (@ y) = f((a,0)7 a (2,y)) and (Riapf)(@,y) = f((2,y) -a (a,0)7").
We recall that if f is a measurable function and a > 0 the dilation operator D, is given
by
Dof(z) := f(ax).
Next we give some notions regarding Orlicz spaces and Young functions. Our main refer-
ences are [7] and [18].

Definition 2.1. Let ® : [0,00) — [0, c0] be a convex, non-zero function. Then ® is called
a Young function if

(1) ©(0) =0,

(2) Jim. O(z) = +o0.

If @ is a Young function, its complementary function ¥ is given by

U(y) =sup{zy — ®(z) 12 =0} (y=0).

By definition of ¥, it can be seen that ¥ is also a Young function and (®, V) is called
a complementary Young functions pair.
Recall that complementary Young functions satisfy

zy < (z) + V(y)

for every x,y > 0. This is called Young’s inequality.

By definition of the Young function one can observe that it can be discontinuous at
a point. However, unless otherwise specified, we only consider the real-valued Young
functions. Thus, ® is necessarily continuous and lim, ,~, ®(z) = oco. Note that the
continuity of ® may not require the continuity of W.

Definition 2.2. Let ®;, i = 1,2, be two Young functions. Then ® is called stronger than
Do, if
Oo(z) < Py(az) (x>0)
for some a > 0. We denote ®1 > @5 (or ®9 < Pq) for stronger Young functions. Moreover
if &1 > ®o and Py > Py, they are called strongly equivalent and we write ®1 ~ P,.
Note that if &1 ~ ®9, &1 and P, generate the same Orlicz spaces, i.e. they consist of
the same functions and the norms are equivalent.

Let us recall some facts concerning Orlicz spaces. Let (®, ¥) be complementary Young
functions. Then the Orlicz space L®(A) is defined to be

L*A)={f:A—C: /@(a|f(a:,y)|)du(m,y) < oo for some o > 0}.
A

Here f is a member in equivalence class of measurable functions with respect to the Haar
measure du. Recall that Orlicz space is a Banach space with respect to the Orlicz norm
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which is defined by

I£le =sup{ [ £ p)vte )l dute.w) s [ Bl datey) <1
A A

for f € L*(A). Here (®, ¥) are complementary Young functions.
Another norm on Orlicz space is the Luxemburg norm Ng(f) is defined by

No(f) = inf{k >0: A/@(W) du(z,y) < 1}.

Note that the Orlicz and Luxemburg norms are equivalent; that is,

No(f) < |- [lo < 2Na(f).

Given v > 0 one can define

No~(f) :=inf{k >0: /q) (W) du(z,y) < ~}.
A

Here Ng 1 = Ng and these norms are equivalent on L2(A):

%Nq)m(f) < N, (f) < No~ (f)

for 0 < v < s.
Throughout the paper we write

Ca(A) = [[Dxllop-

We can observe that Cp(\) is submultiplicative, non-increasing and Cy(1) = 1. Moreover
notice that if ®(z) = |z|P, 1 < p < oo, then Cp(X) = A~V/P (see [4]).

It has been said that Orlicz spaces extend the classical Lebesgue spaces. For ®(z) = %p,
1 < p < o0, the complementary Young function is ¥(y) = %, where ]% + % = 1. In this
case the space L?(A) becomes the Lebesgue space LP(A) and the norm || - || is equivalent
to the norm || - [|,. For p =1, the complementary Young function of ®(z) = x is

w(y) - {

and we have L®(G) = LY(G), LY(G) = L>®(G). We can apply our results to different
Young functions and we point out some of them below (see [13] and [18]):

0, 0<y<1
oo, otherwise

(1) We can give the following examples which are called Zygmund spaces (see [2]):
Llog L Zygmund space is given by the Young function

rlogtz = /gb(s)ds
0

and here

0, 0<s<1
¢(s) =
1+logs, 1<s<o0

and log™’(z) = max(log z, 0).
(2) The exponential Zygmund space exp L is given by the next Young function

U(zx) = /z¢(s)ds
0
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where
0, s=0
P(s) =11, 0<s<l1
e~ 1< s<oo.

Hence U(z) =z for 0 <z <1 and ¥(z) =e* ! for 1 <z < oo.
(3) If ®(x) = zln(1 4 z), then ¥(x) ~ coshx — 1.
(4) If ®(x) = coshx — 1, then ¥(x) =~ zln(1 + z).
(5) f&(x)=(1+2)In(l+=z) —x, then ¥(z) =e” —2z — 1.

Next we define S®(A) as the closure of the linear space of all step functions in L®(A).
Note that S?(A) contains C.(A), the space of all continuous and compactly supported
functions on A, as a dense subspace and S®(A) is a Banach space [18, Proposition 3.4.3].
Furthermore, we will mostly use Holder’s inequality for L®(A). More specifically, if (®, ¥)
are complementary Young functions, it states that for any f € L®(A) and g € L¥(A),

1f9ll1 < No(f)lglw-

In particular, fg € L(A).

Note that S®(A)*, the dual of S®(A), can be described by L¥(A) in a natural way (for
general locally compact groups see [18, Theorem 4.1.6]).

For Orlicz spaces one of the important notion is As-condition. Let us recall the following
definition.

Definition 2.3. Let ® be a Young function. Then we say that ® satisfies the As-condition,
if
®(22) < CP(z) (z>0)
for C' > 0 and we write ® € As.
Note that if ® € Ay, then L?(A) = S®(A) and L®(A)* = LY(A) [18, Corollary 3.4.5].
Moreover if ¥ € Ay, then L®(A) becomes a reflexive Banach space. For more detail in
general case, see [9,18].

3. Main results

In this section we give a characterization for the space of the multipliers of the pairs
M(L*®1(A),L*2(A)). We also give a criterion for Young functions ®; and ®; to get
M(L®1(A), L%(4)) = {0}.

According to the definition of multipliers for topological linear spaces of functions [10,
Chapter 3, p. 66], we give the next definition for the left multipliers of (L®1(A), L?2(A)).

Definition 3.1. Let ®1, ®5 be Young functions and T be a linear bounded operator from
L2 (A) to L*2(A). Then T is called a left multiplier for the pair (L*1(A), L*2(A)) if

T(Liap)f) = Liap(Tf)

for all f € L®1(A) and (a,b) € A. We use the notation M (L®1(A), L?2(A)) for the set of
all left multipliers of the pair (L®1(A), L*2(A)).

Theorem 3.2. Let (®;,¥;) be complementary Young pair with ®; € Ag, U; € Ag, i =
1,2. Then there exists an isometric linear isomorphism from M(L®'(A), L*2(A)) onto
M(LY2(4), LY (A)).

Proof. Let T € M(L*'(A), L*2(A)). Define the adjoint operator 7% : L¥2(A) — L¥1(A)
where the linear operator is determined by

< f, T g >=<Tf,g>
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for all f € L®1(A) and g € LY2(A). Then we have that
< [T Liapg > =<Tf, Liapg >
=< LnTf,g9>
=< T(L(a,b)f)zg >
=< L(a,b)fa T*g >
=</, L(a,b)T*g >
which implies T* L, ) = L(q5)T* for all (a,b) € A. Hence T* € M(L"2(A), L¥'(A)) and
1] = I17~].
Since ®;, ¥; € Ao, i = 1,2, the reflexivity of L®1(A) and L®2(A) shows that the mapping

T — T* is surjective. Thus this mapping defines an isometric linear isomorphism from

M(L®1(A), L*2(A)) onto M(L¥2(A), LY1(A)). O
Notice that for a general locally compact group G, Theorem 3.2 still holds.

Lemma 3.3. Let ® be a Young function satisfying the Ao condition. If f € L®(A) then
liHl(a,b)—>(—‘,—oo,-i—c>o) N<I>(f + L(a,b)f) = Nq),%(f)

Proof. Suppose that g € C.(A) with compact support K. Then (a,b)! -4 (z,y) € K and
hence (z,y) € (a,b).K. Then if (a,b) ¢ KK~ we have

Na(g + L(apn9)
=inf{A>0: / 9(z.y) +L/\(ab 9@, y)‘)dxd <1}
x i a -1 x T
:jnf{)\>0; [/Kq)(’g()\’y”)dxdy_i_ (ab).K(I)(w(( ,b) )\A( 7y))’)dxdy] Sl}

:inf{)\>0: [/K (]g(a:)\y)|)da:d +/ |gx)\y)‘)d$l‘ y] Sl}

. lg(x 1
= inf : P < -l =N
1n{)\>0/K _2} 1

For f € L®(A) and £ > 0 choose g € C¢(A) such that Ne(f —g) < §. Let supp(g) = K.
Then by straightforward computations we have

INo(f + Lag) f) = No, 1 (N < [Na(f + Liap) f) = No(9 + Liay)9)]

+ [No(g+ Lapg) — @,é(gﬂ + |Nq>,%(9) — Ng 1(f)]

’2

e € 2
< No(f—g)+ No(L abf Lab)g)—l-QNq)(g f) < Z+7+Z:€'
Therefore lim 4 p) s (100, 100) Vo (f + Lap)f) = N¢7%(f) for each f € L®(A). 0

Now we can give the following condition on the Young functions ®; and ®5 to get
M(L*'(A), L*2(A)) = {0}.

Theorem 3.4. Let &1, ®, be Young functions satisfying As-condition. If Co, (3)Co,(2) <
1 then M(L*®1(A), L*2(A)) = {0}.

Proof. Suppose that T € M (L®(A), L®2(A)) such that T # 0. Then for each f € L*1(A)
and (a,b) € A we have

Noo(Tf + LapTf) = Noy(T(f + Liap) f)) < NTINa, (f + Liap)f)
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From Lemma 3.3 we have
Ng, 1(Tf) < | T||Ng, 1 (f)
which implies
No,(Tf) = Nay(Da(D1Tf)) < Ca,(2)Na, (D1 T'f)
and )
C3, (2)Nay(Tf) < Noy(D1Tf) < 1T Ca, (5) N, ()-
Then we have .
C¢1(§)C¢2(2) >1

which contradicts the hypothesis. Therefore M (L®1(A), L*2(A)) = {0}. O

Thus for the affine group A only the spaces M (L®1(A), L*2(A)), Co,(3)Co,(2) > 1, are
of any interest.

The above theorem also implies that if ®;(x) = |z|P and P2(x) = |z|?, 1 < p,q < o0,
then M (LP(A), L9(A)) = {0}, whenever ¢ < p.

Remark 3.5. Besides the previous criterion for the nonzero multiplier on the affine group
A, we can give the following facts as an example.

Example 3.6. Let ®;, i = 1,2, be Young functions.

(1) By using [19, Theorem 5.4], one can see that 7' = 0 is the only compact multiplier
for the pair (L®1(A), L?2(A)).

(2) Let A be a weakly compact closed left invariant subspace of L®1(A) and T': A —
L'(A) be a bounded linear operator commuting with left translations. Then by
[19, Theorem 5.5], T' = 0.
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