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1. Introduction (Compulsory)

There is a growing literature on strong commutativity preserving (SCP) maps and derivations. Bell and Daif
[1] first investigated the derivation of SCP maps on the ideal of a semiprime ring. Bresar [2] generalized this
work to the Lie ideal of the ring. In [3], Ma and Xu handled this study for generalized derivations. Moreover,
Kog and Golbasi [4] have been studied for the multiplicative generalized derivations by generalizing these
conditions on the semiprime ring. In [5], Ali et al. showed that if R is a semiprime ring and f is an
endomorphism which is an SCP map on a nonzero ideal U of R, then f is commuting on U. Samman [6]
proved that an epimorphism of a semiprime ring is strong commutativity preserving if and only if it is
centralizing. Researchers have extensively studied derivations and SCP mappings in the context of operator
algebras, prime rings, and semiprime rings. In [7], Melaibari et al. examined this condition for homoderivation.
This paper investigated SCP maps for homoderivation in the ideal of a semiprime ring. In [8], Herstein showed
that if R is a prime ring of characteristics different from two and d is a nonzero derivation such that d(R) < Z,
then R must be commutative. This condition on the Lie ideal of the prime ring was discussed by Bergen et al.
[9]. Golbast and Kog [10] examined this condition for the (o, T)-Lie ideal of the prime ring. This condition is
then examined for different subsets of the ring and different derivations. Ashraf et al. [11] proved that a prime
ring R must be commutative if R satisfies the following condition: f(x)f(y) = xy or f(x)f(y) = yx
where f is a generalized derivation of R, and J is a nonzero two-sided ideal of R. In [12], the following
conditions are examined by Alharfie and Muthana for homoderivation in the prime ring:

.x6(y)txy€eZ,ii.x6(y)xyx € Z,iii.[6(x),y] £t xy € Z,and iv.[6(x),y] L yx € Z

This article aims to generalize the above conditions for homoderivation on an ideal semiprime ring.
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2. Preliminaries

Let R be an associative ring with center Z. For any x, y € R, the symbol [x, y] stands for the commutator xy —
yx, and the symbol x o y denotes the anti-commutator xy + yx. Recall that a ring R is a semiprime if xXRx =
0 implies x = 0. An additive mapping d: R — R is called a derivation if d(xy) = d(x)y + xd(y), for all
x,y € R. An additive mapping 6: R — R is called a homoderivation if 6 (xy) = 6§ (x)5(y) + §(x)y + x5(y),
for all x,y € R in [13]. For example, §(x) = f(x) — x, for all x € R, where f is an endomorphism on R if
6(x)6(y) = 0, forall x, y € R, then the homoderivation § is a derivation. If S € R, then a mapping f:R - R
preserves S if f(S) € S. Amapping f: R — R is zero-power valued on S if f preserves S and if, for each x €
S, there exists a positive integer n(x) > 1 such that f**) = 0. Let S be a nonempty subset of . A mapping
F from R to R is called commutativity preserving on a subset S of R if [x, y] = 0 implies [F(x),F(y)] = 0,
for all x,y € S. The mapping F is called an SCP on S if [x, y] = [F(x), F(y)], forall x,y € S.

Proposition 2.1. Let R be a semiprime ring. Then,
i. The center of R contains no nonzero nilpotent elements.
ii. If P isanonzero prime ideal of Rand a,b € R suchthata R b < P, then eithera € P or b € P.

iii. The center of a nonzero one-sided ideal is in the center of R. In particular, any one-sided commutative ideal
is included in the center of ‘R.

Lemma 2.2. [14] If R is a semiprime ring, then the center of a nonzero ideal of R is contained in the center of
R.
3. Main Results

This section investigates the aforesaid commutativity conditions for homoderivations in the semiprime ring.

Theorem 3.1. Let R be a semiprime ring and J a nonzero ideal of R. Then, R contains a nonzero central ideal
if R admits a nonzero homoderivation § on J such that 6 (3J) < Z.

ProOF.
By the hypothesis, we have
6(vp) ez forallv, €3
Commuting this term with r € R, we obtain that
[6(vy),r] =0,forallv; €3, reR
Replacing v, by v,v,, v, € J, in this equation and using the hypothesis, we get
([, r] + [vy,7]6(v2) =0
Taking r by v,, we obtain that
S(w)[vyv] =0 (1)
Replacing v, by v,r, r € R, in the last equation and using Equation 1, we have

6(771)772[7', Ul] = 0, fOI’ a” Ul, vz € S,T S ER (2)

Taking v, by [r,v,]t6(v,), t € R, we observe that

S(wlr,vi]té(w)[r,v1] =0
and
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§(v[r, v1IR 6(wy)[r, v1] = (0)
By the semiprimeness of R, we get
§(w)[r,v] =0
That is,
S(w)R[R, v,] = (0),forall v, €J

Since R is a semiprime ring, it must contain a family o = {P, | « € A} of prime ideals such that N ep Py =
{0}. If P is a typical member of g and v; € 3, we have [R,v;] € P or §(v,) S P by Proposition 2.1 (ii).
Define two additive subgroups £ = {v; € 3| [R,v;] S P}and F = {v, € J| §(v1) S P}.

It is clear that I = £ U F. Since a group cannot be a union of two of its subgroups, either L =J or F = 3.
Therefore, we have

[R,I]cPors(3)cP
Thus, both cases together yield
[R,316(3) < P, forany P € po

Therefore,
[%, 3]16(3) € ﬂ P, = {0}
a€EN
and
[R,3]6(3) = (0)
Hence,

[R, RIS (I)RIRRIS(I)R = (0)
This implies that [R, IT]RIT = (0) where IT = RIS (I)R is a nonzero ideal of R since §(I) # (0). Then,
[R, R[N, 1T] = (0)

By the semiprimeness of R, we get [R,II] = (0). Hence, IT < Z. We conclude that R contains a nonzero
central ideal.

The theorem below is proved for prime rings in Theorem 5 [15]. Here, it is generalized using semiprime rings.

Theorem 3.2. Let R be a semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero homoderivation 3 on J such that

i. 6([3,3]) = (0) or

ii. [6(3),3] € Zor

iii. [6(3),8(3)] = (0), I6%(I) # (0),and () € 3
PROOF.

i. By the hypothesis, we have
6([171,172]) = 0, fOI’ a” V1,VU3 S 3

Replacing v, by v,v; in this equation, we get
8([vy,v2]v)) =0

Since § is a homoderivation, we have



Journal of New Theory 42 (2023) 14-28 / A Characterisation of Semiprime Rings with Homoderivations 17

6([vy, v2)6(vy) + 6([vy, v Dvg + [v4,v2]16(v1) =0
By the hypothesis, we get
[v1,v2]6(v1) =0, forall v, v, €J
Using the same arguments in the proof of Theorem 3.1, we find that R contains a nonzero central ideal.
ii. By the hypothesis, we get
[6(vq),v,] € Z, forall vy, v, €3
That is,
[[6(v1),v,],7] =0, forall v, v, € 3,7 € R
Replacing v, by 6 (v,)v, in the last equation and using this equation, we have
0 =[6(v)[6(v1),v2],r] = [6(v1), T][6(v1), v, ]
Taking r by v,r in this equation, we see that
[6(wy), v2]r[6(v1),v2] = 0
By the semiprimeness of ‘R, we get
[6(v1),v2] =0

That is, §(v,) € Z(3J), for all v; € 3. By Lemma 2.2, we get §(v,) € Z, for all v; € J. By Theorem 3.1, we
conclude that R contains a nonzero central ideal.

iii. By the hypothesis, we get
[6(v1),6(vy)] =0, forall v, v, €
Taking v, by v,8(v,) in this equation and using this equation, we have
[6(v1),v,16%(v;) =0
Replacing v, by rv,,r € R in the last equation and using this equation, we have
[6(vy),T]v,6%(vy) =0
That is,
[6(v1), RIRIS62(v1) = (0), forall v, €

Since R is a semiprime ring, we must contain a family g = {P, | « € A} of prime ideals such that Nep Py =
{03. If P is a typical member of g and v; € J, by Proposition 2.1 (ii), we have

[6(v),R] € Por3s%(v,) SP
Define two additive subgroups
L={v, €I|[6(w),R] S P}and F = {v; € 3| I6%(v,) € P}
Itis clear that 3 = £ U F. Since a group cannot be a union of its two subgroups, either £ = 3 or F = 3. Then,
[6(3),R] S PorIs3(I)cP
Thus, both cases together yield
[6(3), R]I6%(3) € P, forany P €

Therefore,
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(56, %156% ) < ] £ = (0}

aEA

and
[6(3), RII62(S) = (0)
That is,
(0) = [6(3I), RIIS*(I)

=[6(3)F(I) + ()T + I56(I), RITG2(I)

=[6(3)8(T), RITF2(I) + [6(I)T, RIT62(3I) + [I6(T), RIT62(I)

= [8(3), R1S(I)TI62(I) + S(I)[F(I), RIT62(I) + [6(I)T, RITS2(I) + I[6(I), RITF2(I)

+[3, RIS (I)IS2(T)
Using §(3) < 3, we have
[6(3), RIS (I)I62(3I) + 8(I)[6(I), RIIF2(I) + [6(I)T, RITE2A(I) + I[6(3), RII62(I) + [6(3), RI6(I)I62(I) = (0)
Since [6(3), RII62(I) = (0), we get
[6(3)I, RIT62(I) = (0)
This implies that
[6(38(3))3, R[36%(3) = (0)
and
[362(3)T, RIT62(I) = (0)
Hence,
[F62(3)T, RIRIF2(I)TI = (0)
This implies that [I7, R]RIT = (0) where IT = J52(3)S is a nonzero ideal of R since I52(J) # (0). Then,
U1, RIRT,R] = (0)

By the semiprimeness of R, we get [I1,'R] = (0). Hence, IT < Z. We conclude that R contains a nonzero
central ideal.

The proof of the following result differs from that of Theorem 2.2 in [7].

Corollary 3.3. Let R be a semiprime ring, 3 a nonzero ideal of R, and & a nonzero and zero-power valued
homoderivation on 3. If 6 is an SCP on S, then R contains a nonzero central ideal.

PROOF.
By the hypothesis, we get
[6(v1),8(v)] = [v1,v,], forall vy, v, €3
Replacing v, by v,vs, v3 € T, in the last equation, we have
[6(vy), 6(,)16(v3) + 88 (1), 8(W3)] + [6(v1), 8(W,)]vs + 8 (W) [6(vy), V3] + [6(vy), 1,16(03) + v, [6(vy), 8(W3)] = [v1, V313 + v, [vy, 5]

Using the hypothesis, we obtain that
[v1,v216(v3) + (W) [vy, v3] + (W) [6(v1), v3] + [6(v1), v2]6(v3) = 0
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That is,
[v1 + 8(v1),v218(v3) + 6(W)[6(vy) +vq,v3] =0

Since & is a zero-power valued on J, there exists an integer n > 1 such that §"(v;) = 0, for all v; € 3.
Replacing v, by v; — 8(vy) + 62(vy) + -+ + (=1)*"16™ 1 (v,) in this equation, we get

[vy,v2]6(w3) + 8(vp)[vy,v3] = 0
Replacing v; by v, in the last equation, we get

[v1,v2]6(v1) =0, forall v, v, €J
The rest of the proof is the same as Equation 1. This completes the proof.

Theorem 3.4. Let R be a semiprime ring and  a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero homoderivation & on I such that

i.6(303)=(0)or
L6(3)eICZ
ProOOF.
i. We have
6(vyovy) =0, forall v, v, €3
Relacing v, by v, v in the above equation, we get
8(v1 0 v2)8(v1) + 8(v1 0o V)V + (V1 0 v3)6(vy) =0
Using the hypothesis, we get
(vyovy)8(vy) =0, forall vy, v, €3
Taking v, by rv,, r € R, in the last equation, we get
[vy,7]v,8(v,) =0, forall vy, v, € 3,7 €R
Using the same arguments in the proof of Theorem 3.1, we find that R contains a nonzero central ideal.
ii. We get
6(vy)ovy, € Z, forallvy,v, €T
Replacing v, by v,v3, v3 € S, in this equation, we have
(6(vy) o v)vs + vy[vs,6(vy)] EZ
That is,
[(6(vy) o vo)V3 + V33, 8(vy)],r] = 0, forall vy, v,,v3 €, 7 €R
and
[(6(v1) ° vp),r]vs + (8(vy) o vp)[vs, 7] + 172[[773:5(771)]:7”] + [vy,7][v3,6(v1)] = 0
Using the hypothesis, we observe that
(6(v1) o vp)[vs, 1] + Vz[[v3;5(v1)];r] + [v,,7][vs,6(v1)] = 0
Taking r by v5 in the above equation, we have
772[[773;5(771)]»773] + [v3, v3][vs,6(v)] = 0

Replacing v, by 6 (v,)[8(v,), v3] in the last equation, we get
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§1[8 (1), v3[[vs, §(w1)], vs] + [6(w)[8(wy), v5], v3][vs, 6 (w1)] = O
That is,
§)[8(v1), vs][[vs, 8(v1)], vs] + 8(wD[[8(wy), v3], vs][vs, 8 (v)] + [6(vy), v3][8(wy), v3][ws, (vy)] = 0
Using the above equation, we get
[6(v1), v3][8(v1), v3][v3,6(v1)] = 0
and
([6(w1),vs])? =0

The semiprime ring contains no nonzero nilpotent elements. Thus, [§(v,),v3] = 0, for all v,,v; €J. By
Theorem 3.2 (ii), we get R contains a nonzero central ideal.

Theorem 3.5. Let R be a semiprime ring and  a nonzero ideal of R. Then, R contains a nonzero central ideal,
if R admits a nonzero and zero-power valued homoderivation 6 on J such that, for all v;,v, € 3,

i. 6(v1)6(vy) = vyv, OF
ii. 6(v1)6(vy) = vyvy OF
iii. 6(v1)6(vy) = [v1,v5] Or
iv. 6(v1)6(v,) = vy ov, OF
V. §([vy,v5]) = [6(vy), v,] OF
Vi. §(v1 o vy) = 8(v1) o vy
PROOF.
i. By the hypothesis, we get
6(11)6(vy) = vy, forall vy, v, €

Replacing v, by v,vs, v3 € T, in this equation, we have

6(v1)0(vy)v3 + 8(v1)6 (V)6 (v3) + 6(v)V,6(v3) = V1V,V5
Using the hypothesis, we see that

v11,8(v3) + §(v)v,8(v3) =0 (3)
That is,

(v1 4+ 8(v1))v,8(v3) =0

Since & is a zero-power valued on S, there exists an integer n(x) > 1 such that (6"®)(x) = 0, forall x € 3.
Replacing v; by v; — §(v;) + 6%(vy) + -+ + (=1)""16™ 1 (v,) in this equation, we get

v10,6(v3) =0
Replacing v, by v,v,8(v3)rv; in this equation, we get
V10,8 (03)1v,11,8(v3) = 0
That is,
V10,8 (03)Rv1v,6(v3) = (0)

Since R is a semiprime ring, we have
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v1v,8(v3) =0, forall vy, vy, v3 €J

Replacing v, by [r, v3] in the last equation, we have
[r,v3]v,8(v3) = 0, forall vy, v; € J,r €R
and
[R,v3]36(v;) =0, forallv; €

The rest of the proof is the same as Equation 2. This completes the proof.
ii. By the hypothesis, we have

6(v)6(vy) = vyvy, forall vy, v, €3
Replacing v, by v,v3, v3 € J, in this equation, we get

8(1)6(v2)8(v3) + 6(v1)8(Vo)vs + §(V)V,6(vs) = vyvavy
and
8(1)8(v2)8(v3) + 8(v1)6(V2)vs + 6(V1)V26(V3) = Vv V3 — Va0 V3 + VU3

Using the hypothesis, we obtain that
8(v1)v26(v3) = —v,v1V3 + VU3V — V,v16(v3) 4

Replacing v, by rv,, r € R, in this equation, we obtain that
S(V)rvy6(v3) = =TV v V3 + TV, V3V — TV, 116(V3)
Using Equation 4 in this equation, we get
(v )rvy6(v3) = ré(v)v,6(v3), forall vy, vy, v; €EJr €R
Replacing r by §(v3) in the above equation, we find that
8(v1)8(v3)v,6(v3) = 6(v3)8(v1)v,6(vs3)
Using the hypothesis, we observe that
V301 V,8(v3) = v v31,6(v3), forall vy, vy, v3 €T
That is,
[vi,v3]v,6(v3) =0, forall vy, vy, v5 €
Replacing v, by rv; in the last equation and using this equation, we get
[r,v3]v,v,6(v3) =0, forall vy, vy, v; EJr€R
Taking v; by v,6(v3)t[r, vs], t € R, in the last equation, we observe that
[r, v3]v,6(v3)tlr, v3]v,6(v3) = 0
and
[r, v3]v,6 (v3)R[r, v3]v,6(vs) = (0)
By the semiprimeness of R, we get
[r,v3]v,6(v3) =0, forall vy, v; € J,r € R
The rest of the proof is the same as Equation 2. This completes the proof.

iii. By the hypothesis, we get
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6(v1)6(vy) = [vy,v,], forall vy, v, €3

Replacing v, by v, v5 in this equation, we have

8(v1)8(v3)6(v) + 8(v)v36(v,) + v18(v3)6(v2) = [vy, v2]vs + v1[v3, 5]

Using the hypothesis, we see that
(v, v3]6 (W) + 6 (V) v36(vy) = [V, v2]vs
Taking v, by v, in the above equation, we find that
[vy,v3]6(v1) + 8(v)v36(v,) =0
By the hypothesis, we have

8(v1)8(v3)6(v1) + 6(v)v36(v1) =0

That is,
8(w1)(6(v3) + v3)6(v1) =0

22

®)

Since § is a zero-power valued on S, there exists an integer n > 1 such that §™(x) =0, for all x € 3.

Replacing v; by v — §(v3) + §%2(v3) + -+ + (=1)" 18" 1 (v3) in this equation, we get

8(v1)v36(v) =0
That is,
6(v)v3RE6(v)vs = (0), forall vy, v; €
By the semiprimeness of ‘R, we have
6(v)vz =0, forall v, v3 €

Taking v5 by r[6(v,), v3], r € R, in this equation, we obtain that
S(vr[6(vy),v3] =0, forall vy, v; € J,r €R
Replacing r by v;r in Equation 6, we find that
S(vvsr[6(vy),v3] =0, forall v, v; € J,r € R
Multiplying Equation 6 on the left by v5, we have
v38(vr[d(vy),v3] =0, forall v, v; € J,r € R

Subtracting Equation 7 from Equation 8, we arrive at
[6(v1), v3]r[6(vy),v3] = 0

(6)

()

(8)

Since R is a semiprime ring, we get [§(v,),v3] = 0, for all v;,v; € J. By Theorem 3.2 (ii), we have R

contains a nonzero central ideal.
iv. By the hypothesis, we have
5(171)6(172) = Vq ° Uy, fOI’ a." V1, V3 € S

Replacing v, by v,v3, v3 € J, in this equation, we get

8(v1)8(v3)6(v2) + 6(v1)v36(v2) + 118(13)8(V2) = v1 (V3 0 V) — [V, V2]V

Using the hypothesis, we obtain that
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6(v1)8(v3)8(vy) + 6 (V)36 (vy) = —[v, v, ]vs

Replacing v, by v, in this equation, we obtain that
8(v1)6(v3)8(v1) + 6(v)v36(v,) =0
The rest of the proof is the same as Equation 5. This completes the proof.
v. We obtain that
6([vy,v,]) = [6(vy), v,], forall vy, v, €3
This implies that
[6(v1), (V)] + [6(vy), v3] + [v1,6(v,)] = [6(v1), v,], forall vy, v, €

and

[6(v1),8(w,)] + [v1,6(vy)] =0, forall vy, v, €J
That is,

[6(vy) +v,6(w)] =0

Since & is a zero-power valued on J, there exists an integer n > 1 such that 6™(x) =0, for all x € 3.
Replacing v; by v; — 8§(v;) + 6%(vy) + -+ (=1)""16™ 1 (v,) in this equation, we get

[vy,6(vy)] =0, forall v, v, €T
Theorem 3.2 (ii) concludes that R contains a nonzero central ideal.
vi. We get
6(vyovy) =8(vy) ovy, forall vy, v, €3
If this expression is edited, we have
(1) 0 6(v2) + 8(v1) 0o vy + V1 08(W2) = §(vy) ° vy
and
(1) e 6(wy) +vy06(v2) =0
That is,
(6(wy) +v)ed(vy) =0, forall vy, v, €T

Since & is zero-power valued on J, there exists an integer n > 1 such that §™(x) = 0, for all x € . Replacing
vy by vy — () + 6%(vy) + -+ (=)™ 16" 1 (v,) in this equation, we obtain that

Vq° 6(172) = 0, fOI’ a” V1,03 S S
By Theorem 3.4 (ii), we get R contains a nonzero central ideal.

Theorem 3.6. Let R be a 2-torsion free semiprime ring and I a nonzero ideal of R. Then, R contains a nonzero
central ideal, if R admits a nonzero and zero-power valued homoderivation & on J such that, for all v;, v, €
3,

i.v16(vy) +vyv, EZ Or

“ 1715(172) + 172171 = 0 or

||| 1718(172) i vl o vl = 0 or

iV. [6(171),172] i vle = 0 or
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V. [6(v1),v,] £ vv; =0
PROOF.
i. By the hypothesis, we get
v,6(vy) + vyv, € Z, forall vy, v, €3
That is,
v1(6(vy) +vy) € Z, forall vy, v, €T

Since § is a zero-power valued on J, there exists an integer n > 1 such that §™(x) = 0, for all x € 3.
Replacing v, by v, — §(v,) + 6%2(v,) + -+ + (=1)*"18™ 1 (v,) in this equation, we obtain that

viv, € Z, forall vy, v, €T
Commuting this term with r € R, we obtain that
0 = [v1v,, 7] = [vy, 7]V, + v4[v5,7]
Replacing v, by v3v4, v3 € S, in this equation and using this equation, we get
[vs, ], =0
Taking v, by t[vs, r]v; in this equation, we have
[vg, r]vytvg, ]y, =0, forall vy, v3 € 3,1, t €R
That is,
[vs, r]v R[vs, r]v, = (0), forall vy, v; € J,r € R
Since R is a semiprime, we have
[vg,r]v, =0, forall vy, v3 €3, r €R
Replacing v, by t[vs,7] in the last equation, we get
[vs, r]t[vs,r] =0, forallv; € 3,7, t €R

By the semiprimeness of R, we have [v;,r] =0, for all v3 € 3, € R. Thus, I € Z. We conclude that R
contains a nonzero central ideal.

ii. We get
1715(172) + VU1 = 0, fOI’ a” V1,VU; S S

Replacing v, by v,v,, v, € 3, in this equation and using this equation, we have
v106(w1)(6(vy) +v,) =0

Since § is a zero-power valued on 3, there exists an integer n > 1 such that §™(x) = 0, forall x € 3. Replacing
v, by v, — 5(vy) + 8%2(vy) + -+ (—1)""16™ 1 (v,) in this equation, we obtain that

v:6(v)v, =0, forall vy, v, €3
Taking v, by rv,6(v;), r € R, in the last equation, we have
v,86(v)rvi6(vy) =0, forallv; e J,r e R
By the semiprimeness of ‘R, we get

v15(v1) == 0, fOI’ a” Ul € 3 (9)

By the hypothesis, we get
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v,6(v) +vi=0forallv, €3
Using Equation 9, we obtain that

vi=0,forallv, €3

Replacing v4 by v; + v, in this equation, we observe that
viov, =0, forallvy,v, €T
Replacing v, by v,v3, v3 € 3, in the above expression and using this, we get
[vy,v5]vs =0, forall vy, vy, v; €T
Replacing v5 by r[v,, v,] in this equation, we have
[v1, v2]R[v1, v2] = (0)

Since R is a semiprime ring, we get
[vi,v,] =0, forall v, v, €T

25

(10)

That is, [J, 3] = (0). By Lemma 2.2, we get 3 € Z. We conclude that R contains a nonzero central ideal. This

completes the proof.

iii. By the hypothesis, we get
U16(U2) i V1oV, = 0

Replacing v, by v,v; in this equation, we get
v16(v2)8(v1) + v16(W)vy + v1V,6(v1) £ (v 0 vx)vy =0
Using the hypothesis, we get

v16(v2)8(v1) + v1v,6(v1) =0
That is,
v1(6(v2) +v2)8(vy) =0

Since & is zero-power valued on J, there exists an integer n > 1 such that §™(x) = 0, for all x € J. Replacing

v, by v, — 5(vy) + 8%2(vy) + -+ (—1)"" 16" 1(v,) in this equation, we obtain that
v1v,6(v) =0, forall vy, v, €3
Taking v, by 6 (v;)rv,, r € R, in the above equation, we see that
v16(v)rvi6(vy) =0
By the semiprimeness of R, we have
v,6(vy) =0, forallv, €3

By the hypothesis and using this equation, we have

vyovy =0, forallv; €3
and
2v2=0,forallv, €3
Since R is a 2-torsion free, we have
vi=0,forallv, €5

Replacing v, by v; + v, in this equation, we see that

(11)
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viov, =0, forall v, v, €3

Replacing v, by v,v3, v3 € J, in the above expression and using this, we get
[vq,v3]vs =0, forall vy, v,,v; €3
Replacing v3 by r[v4, v,] in this equation, we have
[vy, v2]R[vy, v2] = (0)

Since R is a semiprime ring, we get

[vy,v,] =0, forall v, v, €T
That is, [, 3] = (0). By Lemma 2.2, we get I < Z. We conclude that R contains a nonzero central ideal.
iv. We get

[6(vy),v,] £ viv, =0, forall v, v, €3
Taking v, by v, v, in this equation, we get
[6(v1), vo]vy + v2[6(vy), 1] £ v1v,v1 =0

By the hypothesis, we get
U, [6(U1), Ul] = 0, fOI’ a" V1, V3 € S (12)

Replacing v, by [6(v;), v1]r, r € R, in this equation, we get
[6(vy), v1]r[6(v1),v1] =0
Since R is a semiprime ring, we have
[6(vy),v,] =0, forallv; €
By the hypothesis, we get
vi=0,forallv, €5
Replacing v4 by v; + v, in this equation, we see that
vov, =0, forall v, v, €3
Replacing v, by v,v3, v3 € 3, in the above expression and using this, we get
[vi,v5]vs =0, forall vy, vy, v; €T
Replacing v; by r[v;, v,] in this equation, we have
[vy, v2]R[vy, v,] = (0)
Since R is a semiprime ring, we get
[v,v,] =0, forall v, v, €T
That is, [J, 3] = (0). By Lemma 2.2, we get 3 < Z. We conclude that R contains a nonzero central ideal.
v. By the hypothesis, we get
[6(v1),v,] £ vpv; = 0, forall vy, v, €3
Replacing v, by v, v, in this equation, we have
v1[6(v1), v2] + [6(vy), v, ]V, £ v1v5v, =0

That is,
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[6(vy),v1]v, =0, forall vy, v, €3
Replacing v, by r[6(v,), v1], r € R, in this equation, we get
[6(v), v1]r[6(v1),v1] =0
Since R is a semiprime ring, we have
[6(vy),v,] =0, forallv, €
By the hypothesis, we get
vi=0,forallv, €5
Replacing v4 by v; + v, in this equation, we see that
vov, =0, forall v, v, €3
Replacing v, by v,v3, v3 € J, in the above expression and using this, we get
[vi,v2]vs =0, forall vy, vy, v; €T
Replacing v3 by r[v;, v,] in this equation, we have
[vy, v2]R[vy, v2] = (0)
Since R is a semiprime ring, we get
[vi,v,] =0, forall v, v, €T

That is, [, 3] = (0). By Lemma 2.2, we get 3 < Z. We conclude that R contains a nonzero central ideal. We

complete the proof.
0 0O 0 0O
a 0 bllabceR; I=4a 0 0]la,beR
c 0 O

c 0 O
0 0 O 0 0 O
6la 0 b|l=(a 0 O
c 0 O c 0 O

Then, it is easy to verify that § is an homoderivation of R, 3 is an ideal of R, and R is not a semiprime ring.
The commutativity conditions given in Theorem 3.5 are satisfied. However, we have 3 € Z. We conclude
that ‘R does not contain a nonzero central ideal.

Example 3.7. Let R = ,and 6:R - R be a map

defined by

4. Conclusion

The present study has shown some essential properties of a nonzero ideal of a semiprime ring with
homoderivation. Moreover, it has exemplified the necessity of the hypotheses used in theorems. In future
research, some well-known results in derivation can be applied to homoderivation and generalized
homoderivation. Besides, the findings herein could help to uncover properties of homoderivations in Lie ideals
or square-closed Lie ideals.
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