Journal of 41 (2022) 94-99
| \| eW I eor Journal of New Theory
https://dergipark.org.tr/en/pub/jnt
ISSN: 2149-1402 Open Access

New Thésry

Cesaro Summability Involving /-Quasi-Monotone and Almost
Increasing Sequences

Bagdagiil Kartal®

Article Info
Received: 07 Oct 2022
Accepted: 16 Nov 2022
Published: 31 Dec 2022
doi:10.53570/jnt.1185603

Research Article

Abstract — This paper generalises a well-known theorem on | C, p |, summability
to the ¢ — | C, p; B |,, summability of an infinite series using an almost increasing
and a d-quasi monotone sequence.

Keywords —  Cesaro summability, d-quasi-monotone sequence, summability factors, almost increasing se-
quence, infinite series

Mathematics Subject Classification (2020) — 40F05, 40G05

1. Introduction

The absolute summability of some infinite series (ISs) is an interesting topic.
Especially, absolute Cesaro and absolute Riesz summability methods have different applications deal-
ing with some well-known classes of sequence such as J-quasi monotone, (¢,d) monotone, almost
increasing and quasi power increasing sequences. In [1], Bor and Ozarslan proved two theorems on
| C,p; B |, and | N,p,; 8|, summability methods. In [2-4], the authors obtained theorems on abso-
lute Cesaro and absolute Riesz summability via almost increasing and J-quasi monotone sequences.
Ozarslan [5-9], Bor [10], Kartal [11] proved theorems on absolute Cesiro summability factors. Kar-
tal [12,13] used almost increasing sequences to absolute Riesz summability, Bor and Agarwal [14],
Kartal [15] applied almost increasing sequences to absolute Cesaro summability, also Bor et al. [16],
Ozarslan [17] operated quasi power increasing sequences. In [18], Ozarslan and Sakar used (¢,d)
monotone sequences to get sufficient conditions for absolute Riesz summability of an ISs.

This article is organized as following: preliminaries on some sequences and the absolute Cesaro
summability methods are given in Section 2, a known result about absolute Cesaro summability of
a factored ISs is stated in Section 3, a generalisation of the theorem stated in Section 3 is proved in
Section 4.

2. Preliminaries

In this section, several fundamental notions which will be used throughout this paper are defined.
Throughout this paper, let > a, be an ISs with the partial sums (s,) and () be the nth Cesaro
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mean of order p, with p > —1, of the sequence (na,), that is [19]
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where
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Here, T is gamma function defined by T (p) = [;° 2/ le “da.
Let (wh) be a sequence defined as below [20]
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Definition 2.1. [21] Let (p,) be any positive sequence. The series ) a,, is said to be summable
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Remark 2.2. ¢ —| C, p; § |, summability reduces to | C, p |, summability [22] in case of ¢, = n and
B =0.
Definition 2.3. [23] A sequence (Gy,) is said to be d-quasi-monotone if G,, — 0, G, > 0 ultimately

and AG,, = G, — G 41 > —0, where 0 = (J,,) is a sequence of positive numbers.

Definition 2.4. [24] A positive sequence (cy,) is said to be almost increasing if there exist a positive
increasing sequence (d,,) and two positive constants M and N such that Md,, < ¢, < Nd,.
Lemma 2.5. [25]If0< p <1 and 1<wv <n, then
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Lemma 2.6. [26] Let (H,,) be an almost increasing sequence such that n|AH,| = O (H,). If (G,) is
a d-quasi-monotone, and > nd, H, < oo, Y Gy, H, is convergent, then
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nH,G, =0(1) as n— o0 (3)
> nH,|AG,| < oo (4)
n=1

3. Known Result

In [27], | C, p |, method has been used to obtain following theorem.

Theorem 3.1. Let (H,) be an almost increasing sequence and (v,) be any sequence with
|AH,| = O (H,/n) such that

|| Hn = O(1) as n — 00 (5)

Assuming also that there exists a sequence of numbers (G),) such that it is d-quasi-monotone such
that > nd,H, < oo, > GpH, is convergent, and |A~v,| < |G, for all n. If the sequence (wh) satisfies
the condition

u p

Z (wz)_"il =0(H,) as u— o0 (6)
nH

n=1

then the series ) a,7, is summable | C,p |, 0<p <1, k> 1.
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4. Main Result

The main concern of the article is to generalise Theorem 3.1 for the more general ¢ — | C,p; 5 |,
method.

Theorem 4.1. Let (H,), (G,) and (7,) be the sequences satisfying the same conditions as given in

Theorem 3.1. Assuming that there is an € > 0 such that the sequence (n"*“(pg'ﬁ“_l) is non-increasing.

If

Z Br+r—1 —n(wfl«)n _O(H ) - - (7)
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then the series ) a,7y, is summable ¢ — | C,p; 8|, 3>0,0<p <1, e+ (p—1)xk >0, k> 1.

PROOF. Let 0 < p < 1. Let (If) be the nth (C,p) mean of the sequence (na,y,). Using Abel’s
formula, we write
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By Lemma 2.5, we achieve
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To prove Theorem 4.1, we need to show that
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E o | I, |"<oo for j=1,2

First, for j = 1, we have
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Using the fact that [Avy,| < |G,| and Hélder’s inequality, we achieve
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Here, using (3), we get |G;| = O(1/iH;), therefore
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Now, by applying Abel’s formula, and by the hypotheses of Theorem 4.1 and Lemma 2.6, we achieve

u+1

= O

Now, we write that |vy,| =

Zsogﬁ—l-kﬁ 1 n= " ’ L, |n

From Abel’s formula, we get
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Then, we achieve
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5. Conclusion
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O(1/H,,) from (5). Therefore, for j = 2, we get
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In this paper, a theorem dealing with generalised absolute Cesaro summability has been introduced
which reduces to Theorem 3.1 for ¢, = n, 5 =0 and € = 1. Hence, the equality (7) reduces to the
equality (6). Furthermore, a known result on |C, 1|, summability can be deducted whenever ¢, = n,
f=0,p=1ande=1[27]. In the light of this study, one can generalise these results for using either
different summability methods or different sequence classes.
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