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Abstract 

In this paper, firstly, anchor curve, which is helix curve, of the B- scroll surface 
was shown as a Weingarten surface in this study. Secondly, shape operator, 
fundamental forms, asymptotic curve, Gaussian curvature, mean curvature and 
Christoffel symbols of the B- scroll Weingarten surface were calculated. 
Lastly, it was indicated that B- scroll Weingarten surface has not parallel 
surface.  
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Özet 

Bu çalışmada, ilk olarak dayanak eğrisi helis olarak alındığında oluşan B- 
scroll yüzeyin bir Weingarten yüzey olduğu gösterildi. Daha sonra, oluşan bu 

yüzeyin şekil operatörü, temel formları, asimptotik eğrisi, Gaus eğriliği, 

ortalama eğrilik ve Christoffel sembolleri hesaplanmıştır. Son olarak, B- scroll 
Weingarten yüzeyin bir paralel yüzey olmadığı gösterilmiştir.   
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1. INTRODUCTION 
 
Three-dimensional space is often used in mathematics without being formally 
defined. Looking at the corner of a room, one can picture the familiar process 
by which rectangular coordinate axes are introduced and three numbers are 
measured to describe the position of each point. A precise definition that 
realizes this intuitive picture may be obtained by this device instead of saying 
that three numbers describe the position of a point. Examples of surfaces 
abound in everyday life: Balloons, tubes, cans, the surface of our planet earth 
are all physical models of surfaces. In order to study the geometry of these 
objects, one needs coordinates to make calculations. Of course, all these 
surfaces can be thought of as embedded in Euclidean space 3  which means 
3 coordinates. But just as a (space) curve needs only 1 coordinate, the very 
definition of a surface is that it can be described using just two coordinates: We 
are used to describe points on the surface of the earth by the two geographical 
coordinates: longitude and latitude and One can produce cylindrical cans by 
rolling a plane (2-dimensional) piece of metal. The surface is said to be “ruled” 

if it is generated by moving a straight line continuously in Euclidean space 
(van–Brunt  & Grant 1996).  
 
Ruled surfaces are one of the simplest objects in geometric modeling. The 
results is that if engineers are planning to construct something with curvature, 
they can use a ruled surface since all the lines are straight. The basis notions 
about ruled surfaces in are given in (Hacısalihoğlu 1994). It is well-known that, 
if a curve is differentiable in an open interval, at each point, a set of mutually 
orthogonal unit vectors can be constructed. And these vectors are called Frenet 
frame or moving frame vectors. The rates of these frame vectors along the 
curve define curvatures of the curves. B-scrolls are non-developable ruled 
surfaces. B-scroll over null curves with null rulings in 3-dimensional 
Lorentzian space form has been introduced by L. K. Graves, (Graves 1979). 
Kılıçoğlu defined and worked on involute curves and involute B-scroll of any 
curve in 3 , (Kılıçoğlu 2011). When   is considered as the involute of the   
curve, Frenet vectors, curvature and torsion of   are given, respectively 
depending on the angle,   which is between W  Darboux vector and B  
binormal vector of   curve. In this case Gaussian and mean curvatures, I. and 
II. Fundamental forms of B-scroll generated by involute curve have been 
calculated. Finally the involute B-scrolls generated by helix curve have drawn 
application, (Şenyurt 2014).  A surface in 3  is called a Weingarten surface if 
there is some relation between its two principal curvature K  and H  are not 
independent of one another, that is, if there is a smooth function   of two 
variables such that 0.=),( KH  Weingarten surface is a classical topic in 
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differential geometry, as introduced by Weingarten, ((Weingarten 1861),  
(Weingarten 1863),). Applications of Weingarten surfaces on computer aided 
design and shape investigation can seen in (van–Brunt & Grant 1996).  E. 
Beltrami and U. Dini proved that a helicoidal ruled surface is the only non-
developable Weingarten ruled surface in 3 , ((Beltrami 1865-1866), (Dini 
1865-1866)). This result is later reproved by W. Kühnel, (Kühnel 1994). It has 
been obtained that parallel surfaces of a ruled Weingarten surface are also 
Weingarten surfaces. It has been shown that the parallel surfaces of a 
developable ruled surface are ruled Weingarten surfaces, (Ziya Savcı 2011). 
Sipus studied ruled Weingarten surfaces in Galilean space, (Sipus 2008). 
Weingarten surfaces are surfaces of revolution, tubes around curves where one 
principal curvature is constant, helicodial surfaces, surfaces of constant 
Gaussian curvature and surfaces of constant mean curvature,  (Kühnel & 
Steller  2005). 

  
2 . PRELIMINARIES 

The Euclidean 3-space 3E  be inner product given by 2
3

3
2

2
1=, xxx   where 

3
321 ),,( Exxx  .  Let 3: EI   be a unit speed curve denote by },,{ BNT  the 

moving Frenet frame. For an arbitrary curve 3E , with first and second 
curvature,   and   respectively, the Frenet formulae is given by (Do Carmo 
1976)  

                       














.=

=

=

NB

BTN

NT







                                      (2.1) 

 A regular parametrization of a subset 3M  is a one-to-one function  
0: 3  vuthatsoMU    

for some open set .2U  A connected subset 3M  is called a surface if 
each point has a neighborhood that is regularly parametrized. There are two 
unit vectors orthogonal to the tangent plane MTp . Given a regular 

parametrization   we know that vu    is a nonzero vector orthogonal to the 

plane spanned by u  and v ; we obtain the corresponding unit vector by taking  






 vu

vuN



=  

This is called the unit normal of the parametrized surface, (O’Neill 1997). 
 

Definition 1.1  If p is a point of M, then for each tangent vector X  to at p, let  
,=)( NDXS Xp  

where N  is a unit normal vector field on a neighborhood of p in M. pS  is 

called the shape operator of M at p derived from N , (O’Neill 1997).  



          B-Scroll Weingarten Surface 

 

223 
 

It is defined the first fundamental form, the second fundamental form and third 
fundamental form, as follow, respectively. If ),(, MYX   we have  
 

 ,2=,=),( 22 GdvFdudvEduYXYXI   

 ,2=),(=),( 22 ndvmdudvduYXSYXII                      (2.2) 

 .2=)(),(=),( 22 gdvfdudveduYSXSYXIII   

Working in a parametrization, we have the natural basis },{ vu  , and so it is 

defined 
 
 ,,=,,=,,=  vvvuuu GFE   

 ,,=,,=,,=  NnNmN vvuvuu                           (2.3) 

 .,=,,=,,=  vvvuuu NNgNNfNNe  

  
where gfeandnmGFE ,,,,,,,   are the coefficients of the first, second and 
third fundamental form, respectively, (Shifrin 2010). 

 
Definition 1.2  Let pX  be a unit vector tangent to 3M  at a point p . Then 

the number  ppp XXSXk ),(=)(  is called the normal curvature of M  in the 

pX  direction, (O’Neill 1997).  

 
Definition 1.3  A regular curve   in 3M  is an asymptotic curve provided 
its velocity   always points in an asymptotic direction. Thus   asymptotic 
curve if and only if  

 0,=),(=)(   Sk  (O’Neill 1997)..  
Definition 1.4 Gaussian and mean curvatures of the M  surface is  
 

          









22

2 2
====

FEG

nEmFG
izSHand

FEG

mn
detSK pp



                    
(2.4) 

 
where nmandGFE ,,,,   are the coefficients of the first and second 

fundamental form, pS  is the shape operator of M  at a point p , ((Sabuncuoğlu 

2001), (Hacısalihoğlu 1994)).  
Definition 1.5 M  is 1)( n -space riemann manifold, 

)1,...,=,,(: nkjiMk
ij 

 
the function is called Christoffel symbols, (Shifrin 

2010). 
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 1===,
)2(

2
=

2
1
11 kji

FEG

EvFFFGE uu




  

  

 2=1,==,
)2(

2
=

2
2

11 kji
FEG

FEEEEF uVu




  

  

                             
2=1,==,

)2(
=

2
1
12 jki

FEG

FGGE uv






                      
(2.5)  

                             
2==1,=,

)2(
=

2
2

12 kji
FEG

FEEG vu




  

       
1=2,==,

)2(

2
=

2
1
22 kji

FEG

FGGGGF vuv




  

              2.===,
)2(

2
=

2
2
22 kji

FEG

FGFFEG uvv




  

These values are the provision on the M  surface of the Christoffel symbols, 
(Gray 2006). 
 
A differentiable one-parameter family of (straight) lines )(),( uXu  is a 

correspondence that assigns to each Iu  a point 3)( u  and a vector 

0)(,)( 3  uXuX  , so that both )(u  and )(uX  depend differentiably on u . 
For each Iu , the line L  which passes through )(u  and is parallel to )(uX  
is called the line of the family at u . Given a one-parameter family of lines 

)(),( uXu  the parametrized surface 
 

                                      vIuuvXuvu ,),()(=),(                            (2.6) 
 is called the ruled surface generated by the family )(),( uXu . The lines L , 
are called the rulings, and the curve )(u  is called a anchor of the surface  , 
(Do Carmo 1976). 

 
Definition 1.6  Let striction curve and generator vector of ),( vu  ruled surface 

be )(s  and )(sX , respectively. In this situation, parametric equations of 
striction curve is  

).(
)(

)('),(
)(=)(

2
sX

sX

ssX
ss

 







                             
(2.7) 

 
Theorem 1.1 S is the matrix corresponding to the shape opeerator of B-scroll 
surface, the matrix is ,( Kılıçoğlu 2006).  
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



































0
1

1
)(1

=

22

22

2

3

22

22













v

v
v

vv

S

                                 

(2.8) 

 
 

Theorem 1.2 Gaussian and mean curvatures of the B-scroll surface is  

                             
2

3
22

22

222

2

)(1

=
)(1

=









v

vv
Hand

v
K









                       

(2.9) 

((Kılıçoğlu 2006) , (Şenyurt 2014)).  
 

Let 21, MM  be two surface oriented by U  and let N  be a unit normal vector 

field. If there is a mapping 21: MMf   to be 
 
     MPrrNPPf  ,,=)(                                      (2.10) 

 then 2M  is called the parallel surface of ,1M  ((Kılıçoğlu 2006), 
(Hacısalihoğlu 1994), (O’Neill 1997)). 

 
Definition 1.7  Surface M  to be the Weingarten surfaces, having a nontrivial 
functional relation between their Gaussian K  and mean curvature H , (Sipus 
2008) 
  

                                          0=),( KH .  
 

Theorem 1.3  Let 3M  be a surface. For surfaces of class M , Weingarten 
surfaces are exactly those surfaces whose gradients of K  and H  are linearly 
dependent which gives , (Sipus 2008). 
 

                                        0=uvvu HKHK                                   (2.11) 

                        
 

Theorem 1.4  The parallel surface of a ruled Weingarten surface are also 
Weingarten surfaces. The parallel surface of a developable ruled surface are 
ruled Weingarten surfaces, (Ziya Savcı 2011).  
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3.  B-SCROLL WEINGARTEN SURFACE  

In this subsection, It was shown to be a Weingarten surface of the B-scroll 
surface and we found that some of its most important geometric properties 
belong to the this surface. Later, the relation between striction curve and 
anchor curve was given. Lastly, we said that B-scroll Weingarten surface has 
not parallel surface. 

 
Theorem 3.1  B-scroll surface is Weingarten surface    and   values are 
constant.  
 
 Proof.  Parametric equation of the B-scroll surface is  

                                           ).()(=),( uvBuvu                             (3.1) 
 From the equation (2.9), Gaussian and mean curvatures of the B-scroll surface 
are  

 ,

)(1

=
)(1

=
2

3
22

22

222

2









v

vv
Hand

v
K









                    

(3.2) 

respectively. The (2.11) equation is needed for Weingarten surface to be a B-
scroll surface. In the (3.2) equation, the derivatives of HK ,  with respect to u  
and v  are  

 ,
)(1

4
=,

)(1

)(12
=

322

4

322

22









v

v
K

v

v
K vu




 

 
 

,

)(1

)(3)](1)(2[
=

2

5
22

2222222





v

vvvvvv
Hu




 

  







2

5
22

222222

)(1

)(3))(1(2
=





v

vvvvv
Hv

 

 
If these results are written instead of the (2.11), equation is  

 













2

11
22

222

22224

22222222

)(1

)](3

))(1)(2[(4)]

(3))(1)[(2(12

=









v

vvv

vvvvv

vvvvv

HKHK uvvu  
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0=  and 0=   are provided for Weingarten surface to be a B-scroll surface. 
Then the   and   must be a constant size. So, anchor curve of the B-scroll 
surface must be helical curve.    

 
Theorem 3.2 The shape operator of B-scroll Weingarten surface, S is  

                                  






























0
1

11
=

22

2222













v

vv
S

                       

(3.3) 

  
Proof. 0=   is for Weingarten surface to be a B-scroll surface. Given the 
equation (2.8), the proof is complete.    

 
Theorem 3.3  Gaussian and mean curvatures of the B-scroll Weingarten 
surface is  

                




22222

2

1
=

)(1
=









v
Hand

v
K                     (3.4) 

  
 Proof. From the equations (2.4) and (3.3), Gaussian and mean curvatures of 
the B-scroll Weingarten surface are  

 




22222

2

1
==

)(1
==









v
izSHand

v
detSK  

    

Theorem 3.4 Let 0= 
 v

v
pY




 be a tangent vector on B-scroll Weingarten 

surface. This vector is called the asymptotic direction of the surface and the 
curve whose tangent vector is pY  is called as the asymptotic line of this 

surface.  

Proof. Let 
 u

u
pX




= , 

 v

v
pY




=  be two tangent vector on B-scroll Weingarten 

surface. By substituting (3.3), definition (2.3), we get  

,
1

=)(
22 pp X

v
YS








 

0.=,
1

=),(=)(
22





 ppppp YX

v
YYSYk




 

 Then pY  vector is called the asymptotic direction of the surface and the curve 

whose tangent vector is pY  is called as the asymptotic line of this surface.    
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Theorem 3.5  The first fundamental form, the second fundamental form and 
third fundamental form of B-scroll Weingarten surface are, respectively  
 

 ,)(1= 2222 dvduvI    

 ,2)(1= 222 dudvduvII    

 .2))(1(= 222222 dvdudvduvIII                        (3.5) 
 

 
 Proof. From the (2.3), gfeandnmGFE ,,,,,,,   the coefficients of the first 
fundamental form, the second fundamental form and third fundamental form of 
B-scroll Weingarten surface are, as follow: 

 
,1=,= 22 vE uu   

                                       0,=,=  vuF   

1,=,=  vvG   

 

             ),(1=,= 22 vNuu   

                                          ,2=,=   vu Nm                                (3.6) 

                                           0,=,=  vv Nn   

 

                  ,)(1=,= 222   vNNe uu  

  ,2=,=  vu NNf  

                                         .=,= 2 vv NNg  

  
By substituting (2.2), we get 

 
,)(1= 2222 dvduvI    

      ,2)(1= 222 dudvduvII    

                            .2))(1(= 222222 dvdudvduvIII    
    
From the equation (2.5), the provisions on the B-scroll Weingarten surface of 
the Christoffel symbols are 

 

 0,=
)2(

2
=

2
1
11 FEG

EvFFFGE uu




  

  

 ,=
)2(

2
= 2

2
2

11 v
FEG

FEEEEF uVu 



  
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 ,
1

=
)2(

=
22

2

2
1
12





v

v

FEG

FGGE uv




  

  

 0,=
)2(

=
2

2
12 FEG

FEEG vu




  

  

 0,=
)2(

2
=

2
1
22 FEG

FGGGGF vuv




  

  

 0.=
)2(

2
=

2
2
22 FEG

FGFFEG uvv




  

 
Theorem 3.6 Let striction curves of ),( vu  ruled surface be  . Then, the 

relation between striction curve and anchor curve is, )(=)( ss  .  
 
Proof. By substituting (2.1) and (2.7), then we can write  

 )(
)(

)('),(
)(=)(

2
sB

sB

ssB
ss







  

  

 )(
)(

)(),()(
)(=

2
sB

sB

sTsNs
s







  

 )(= s  
    

 
Theorem 3.7 B-scroll Weingarten surface has not parallel surface.  
Proof.  Let ),( vur  be the surface. From the equation (2.10), the surface is 

 
 ),,(),(=),( vurNvuvur   

 )),()()(()()(=),( uNuTuvruvBuvur                    (3.7) 

 )).()()(()()(=),( uBuTurvurNuvur    
 

r
v

r
u

rN  = .)()(1= BrNvvrTr    
rN  is the unit normal of the parametrized ),( vur  surface. The unit normal of 

the parametrized ),( vu  surface was  

 .== NTvN uu    
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Thus, rN  and N are not linear dependent. Consequently, B-scroll Weingarten 
surface has not parallel surface.    
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