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ABSTRACT
Let (X, |l.]|) be a normed space and ||., ...,. || be the n-norm given by Géhler. In this paper, we show that ||.||-
convergence and ||., ...,. || 2-convergence are equivalent.
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1. INTRODUCTION

The theory of 2-normed spaces was first introduced by
Gibhler [1,2] as an interesting linear generalizations of a
normed space which was subsequently studied by many
others. For a fixed number 2 < n € N, an n-normon a
real vector space X (dim(X) = n) is a mapping

I, ...,. ]l: X™ > R which satisfies the following four
conditions:

1. |lxq, ..., x|l = O ifand only if x4, ..., x;, are linearly
independent,

2. |lxq, ..., x5 || invariant under permutation,

30 lxg, e, g, axy |l = |alllxy, ..., xp—q, X, || fOr any
a € R,

4. lxg, e xpog, ¥y + 2l < lxq, oo X0, Y1l +
”xlr ""x‘l’l—er”-
The pair (X, ||., ..., . || is called an n-normed space. An

example of an n-normed space is X = R™ equipped
with the following n-norm:

*Corresponding author, e-mail: b.turan@gazi.edu.tr

[[x1, oo, x|l =

X117 Xin
det
Xn1 " Xnn

where x; = (x4, ..., Xin) € R™ foreachi = 1,2, ...,n.
For n = 2, this is the area of the parallelogram
determined by the vectors x; and x,. Another example
of an n-normed space is the space [, with 1 < p <
equipped with the following n-norm:

1
1 P
121, ., X Il = ;2"-Z|det(xuk)|”\ n
I

=12,..,n.

The following definitions was first introduced by White
[7]. A sequence (x;) in an n-normed space (X, ||., ...,. 1)
is said to cenverge to an x € X if

Jim [l = %, 1, 0, Yo ll = 0
forall yy, ...,yn_1 € X.

Gihler showed that if (X, |.]|) is a normed space with
dual X', the following Formula defines an n-norm on X
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||x1r v Xn ”G
(fl(xl) fn(’ﬁ))‘
= sup det : : .
fisi{,i”firlllﬂ fiG) o fu(xn)

So every normed space is an n-normed space.
Conversely, if (X,]||.,...,.|]) is an n-normed space and
{a4, ..., a,} is a linearly independent set in X, then the
function

x|l = maks”x, a;,, ...,ain“: {iz, ..., i} c {1,...,n}

[4]. Then, we say that every n-normed space is a normed
space. Another norm obtained from n-norm is the
following

e = >

{igomin}C{1,.m}

”X, aiz, vy ain”

[3]. These norms are called as derived norm on X with
respect to linearly independent set {a;,...,a,}. It is
easily seen that the norms ||. ||* and ||. ||, are equivalent.
Therefore, it is not importent which one taken in this
work. There are two important question in this topic:

1. Let (X,].,...,.]) be an n-normed space. Is there
any norm on X such that n-norm convergence and
norm convergence are equivalent?

2. Let (X,]l.I) be a normed space. Is there any n-
norm on X such that norm convergence and n-norm
convergence are equivalent?

The answer of first question has been obtained partially.
Gunawan and Mashadi have shown that the answer is
affirmative in a finite dimension n-normed space and the
space I, with 1 < p < oo in [4]. Turan and Bilici give
affirmative answer for an almost 2-Banach lattices in
[6]. In this study, we show that the second question has
affirmative answer. We refer to [5] for definitions and
notations not explained here.

2. MAIN RESULTS

To be effortless we will take n = 2 throughout the
study. However, it can be given for an arbitrary neN,
2 < n. Let (X, ]].]) be a normed space,

filx1)  fa(x1)
det (fl(xz) fz(xz))|

lx1, %2l = sup
fieX"lfills1
i=1,2

be the 2-norm denoted by Géhler and
llxllz = llx,allg + llx, bllg

be derived norm with respect to linearly independent set

{a, b}.

Lemma 1. Let (X,].]]) be a normed space. For every
X1, X, € X the following inequality holds

llx1, %2l < 211 [l -

Proof For every x;, x, € X we have

2lla, bllg

———||x|| < |[x|lz < 2(llall + IBIDI[xI.
(||a”+”b||)ll Il < llxlle < 2Cllall + pIDNI

||x1,x2||3c( ) f( )
_ 11 2(X1
_fieXS"lil'?iusl det (f1(x2) fz(x2)>
i=1,2
= sup  |fi(e)fo(x2) — fi(x2) f2 (x|
fieX"lfills1
i=1,2
< sup  {IAGDIALGI + Gl f2 (e}
fieX"lfills1
=12

< Nl I + e [l
= 2lxy[lllxl.

Lemma 2. Let (X,]|.||) be a normed space. For every
X,V1,Y2 € X, we have

lxlHlys valle < 2lly2llllx, yallg + lyallllx, y2llg-
Proof For every x,y;,y, € X we get

det (

Il yalls = el sup e (10 20))
fieX"lIfills1

i) f2(r2)
i=1,2
= ||| sup iy f2(r2)

fieX"lfills1
i=1,2

- )00l

= sup |fz3(x)| sup ) f2(02)
fzex'lIfslis1 fieX' lIfills1
i=1,2

- )2l
= sup s f2(v2)

fex’lIfslls1

- f:(0f (J’z)fZ_(}’1)|

wp | BEOROVEDD = AODAWAD + HOADLG)
FfieX"lIfill<1 DAL + 0D AG L) = ) A0 01)
i=1,2,3
LOIf0H0) — )]
= sup +0IALG2) — i) ()]
e R ACA T ACATACIEI XCIACH]

< sup L)) fi(re)
fieX"NIfills1
i=1,2,3

- ) AM]I
+ sup s f02) = AG) 0]

fieX"lIfills1
i=1,2,3

+ sup i) LM — 000
fiEiX:,i”giyl,lﬂ

< llyzllllx, yalle + llyalllix, y2llg

+ Iy llllx, y1lla
= 2|y, llllx, 4 ll6
+ Ly llllx, y2llg-
Proposition 1. Let (X, ||.]|) be a normed space, ||.,.|l¢

be the 2-norm obtained from norm and ||. ||; be derived
norm with respect to linearly independent set {a, b}.
Then, the following inequality holds

Proof By the inequality in Lemma 1, for any x € X we
obtain
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lxllz = llx, allg + |1, bllg < 2llxllllall + 2lx|ll|5]l
< 2(llall + 11pID1xI-

From the inequality in Lemma 2, we have

lIxlllla, bllg < 2lIbllllx, allg + llallllx, bllg
< 2(llall + 1IpID1xIlG.

Theorem 1. Let (X, |I.]|) be a normed space. A sequence
in X convergent in the norm ||. || if and only if it is
convergent in the 2-norm ||.,. |l¢ .

Proof If (x;) converges to an x € X in the norm, then
Jim llx, — Il = 0.
Hence, for every y € X, we have

Jim [l — x, yllg < lim 2]lx, —x[ Iyl = 0.
—00 k—o

It has been proved that (x;) |l.,.[l¢-converges to x.
Conversely, let (x;) € X |I.,.|lg- converges to x € X,
that is,

lim ”Xk - X,y”G =0
k—oo

for every y € X. Let {a, b} be a linearly independent set
in X. Then, we have

l}im llx — x,allg = 0 and }lim [ —x,bllg =0
S0
Jim flxc = xl|° = 0.
This implies, by Proposition 1,
lim |[x;, — x|l =0
k—oo
as required.

A sequence (x;) in an n-normed space X is called a
Cauchy sequence if

lim |[xx — X, ¥1, oo, Ynall = 0
k,l>00

for all y, ...,y,_1 € X and all k,I. An n-normed space
in which every Cauchy sequence is convergent is called
an n-Banach space. We can give the following result
from the above theorem.

Corollary 1. Let (X,]||.]|) be a normed space. X is a
Banach space if and only if X is a 2-Banach space.
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