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(0<a<1) instead of the ordinary derivatives in a traditional diffusion operator. We give an a-integral
representation for the solution of this operator and obtain the conditions provided by the kernel functions in
this representation. Also, by investigating the basic properties of this operator, we obtain the asymptotics of the

data {1, a,,}, which are called the spectral data of the operator.
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Introduction

In 2014, the concept of conformable fractional
derivative is firstly introduced by Khalil et al. (see [1]).
Then, many researchers showed the basic properties of
this new derivative in [2-5]. In 2017, Zhao and Luo gave a
physical interpretation of this derivative (see [6]). The
conformable fractional derivative has been seen in various
fields such as diffusion transport, Newton mechanics and
arbitrary time scale problems (see [7-9]). In [10], it has
been understood that this derivative is necessary and
useful for generating new types of fractional operators.
Recently, important studies for various operators with
conformable fractional derivatives have been published
(see [11-15]).

In 1981, Gasymov and Guseinov gave an integral
representation of the solution of a diffusion operator and
also showed the properties which provided by kernel
functions (see [16]). This integral representation for the
diffusion operator is so important that many researchers
have made various spectral studies by using this
representation. For example, in 2007, Koyunbakan and
Panakhov gave the solution of the Half inverse problem in
[17], and in 2010, Yang calculated the regularized trace in
[18]. In current literature, there is no such integral
representation for a diffusion operator with conformable
fractional derivative and this study can be considered as a
generalization of the representation in [16].

a —Integral Representation of the Solution
We consider a diffusion operator with discrete

boundary conditions that include conformable fractional
derivatives of order a (0 < a < 1) instead of the ordinary
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derivatives in a traditional diffusion operator. The
operator LazLa(h,H,p(x),q(x)) is called as
conformable fractional diffusion operator (CFDO) and is
the form

tay = —TETEy + 22p(x) + q(x)]y = A2y, 0<x <m (1)

Ue(¥):=T¢&y(0) —hy(0) =0 (2)

Vo(y):=T¢y(m) + Hy(w) = 0 (3)
where 4 is the spectral parameter, h, H € R, q(x) €
W3,[0,7], p(x) € W£,[0,] are real valued functions,
p(x) #constant and TFy is a conformable fractional
derivative of order a of y at x, « € (0,1].

In this section, we obtain an integral representation
for the solution of this operator and show the conditions
provided by the kernel functions in this representation.

Firstly, let’s remember some important concepts of
conformable fractional calculus. We note that more
detailed knowledge about conformable fractional calculus
can be seenin [1], [2], and [19].

Definition 2.1 Let f: [0, o) — R be a given function. Then,
the conformable fractional derivative of f of order a with
respect to x is defined by

TEF(x) = }fﬂ%f(x + hxl}:“) —f()

TEF(0) = lim TEF (),

for all x>0, a € (0,1]. If f is differentiable that is

£1() = lim B2, then TEF (x) = x170f ().
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Definition 2.2 The conformable fractional integral from 0 to x of order « is defined as follows
X X

If(x) = f f®)d,t = f t* 1f(t)dt, for all x > 0.
0 0

Definition 2.3 (¢ —integration by parts) Let f, g: [a, b] = R be a —differentiable functions. Then,

b b
| reomsgeden = @@l - [ g@Tef@der.

Lemma 2.4 (@ —Leibniz rule) Let f(x, t) be a function such that t*~1f (x, t) and t*~1f,(x, t) are continuous in t and x
in some regions of the (x, t)-plane, including a(x) <t < b(x), xo < x < x;. If a(x) and b(x) are a —differentiable
functions for x, < x < x,, then,

b(x) b(x)
Tx‘"< f(x, t)dat> = TZb(x)f(x, b(x))b* 1 (x) — T¥a(x)f (x,a(x))a* " (x) +f TEf (x, t)d,t.
a(x) a(x)

Definition 2.5 Let 1 < p < o, a > 0. We called the space L, (0, a) if for all functions f: [0, a] — R satisfies

a 1/p
( f |f(x>|pdax> < o,
0

Lemma 2.6 The space L, ,(0, a) associated with the norm function

a 1/p
11l i = ( f |f(x)|vdax)
0

is a Banach space. Moreover if p = 2 then L, ,(0, a) associated with the inner product for f, g € L, ,(0, a)

(f, g): = f F)F@) dgx
0

is a Hilbert space.
Definition 2.7 Let 1 < p < co. We called the Sobolev space W, [0, a] if for all functions on [0, a] such that f(x) is
absolutely continuous and T,¢ f (x) € L, 4(0, a).

Now, let ¢ (x, 1; @) be the solution of the equation (1) satisfying the initial conditions

Theorem 2.8 There are the functions 4 (x, %) and B (x, %) whose second order partial derivatives are summable on

[0, 7] for each x € [0, ] and fixed a such that the representation

X
a a

x% ¢ t« te t t
@(x,; a) = cos A; —0(x) +f A (x,—) cosA—d,t +f B (x,g) sinl;dat (5)
0

a a
0

a a
is provided, where the functions A (x, t;) and B (x, %) satisfy the following system of partial differential equations

TeTeA (x5) - A (1 5) - 2p(0TEB (v.5) = TeTe4 (1,5)

TeTeB (x, %) — @B (x, %) +2p()TEA(x, %) =TeTEB (x, g) ©

Moreover, the following relations

B(x,0)=0,TfA(x5)| =0, (7)

t=0
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X

00 = [ POt ®
A(0,0) = h, (9)
A (x, %) cosf(x) + B (x,%) sinf(x) = h + %f (q(®) + p2(6))dqt, (10)
6(x) = p(0) % +2 f (A (s,g) sinf(s) — B ( %) cos@(s)) d,s (11)

0

a a
are satisfied. Conversely, if the second order derivatives of functions A (x, %) and B (x, %) are summable on [0, 7] for

each x € [0, ], fixed @ and these functions satisfy the equalities (6) and relations (7)-(11), then ¢ (x, 4; @) is a solution
of equation (1) satifying the initial conditions (4).

Proof. From (5) and a —Leibniz rule, we get

a a a a
X

e, a) = —(A—Te0())sin (2% 0) |+ 4 (%= ) cosa ™+ B (x, 7 sina
Co(x, A a) = 0(x)sin (A~ x x,— ) cosA— x,— | sind—

X X
ta tzx t(l (12)
+f T“A cos/l d t+f TZB <x,;) sin/lzdat
0 0

and
x“ 2 x®
TETEp(x, A @) = (TX“TX“O(x))sin /17 —0(x) (/1 — Tx"‘e(x)) cos /1; —0(x)
xa
+ Tx"‘A( a) cosA——A ,—)sml—
tlZ
+ Tx“A <X, ;)
xa
+| TZB ( p ) 51n/1— + AB ,—) cosl—
a
+ Tx“B (x, ;)

x ta a
sm/1—+J (TX“TX“B< )) sm/1 dgt.
t=x a a
0

On the other hand, using & —integration by parts twice for the integrals at (5), we obtain

cos/l— +

t=x

t(l
(T“T“A >cos/1 d,t (13)

O\R

a a

x“ 1 x“ x* 1 X x 1
o, l;a) = cos|A——0(x) +—A(x,—)sin/1———B(x,—)cosl—+—B(x,0)
a A a a a a A

7
1.
AZTtA(x E)

a a

1, . t
- cosA— il P — T A( a)

t=0

x 14
1] T“T”‘A a) Atad £+ 1T“B< ta) i o
/120 ¢ Ty cos 2l X, . tzxsm po

X
1 a

_A_Zf (T“T“B )) 51n/1 d t.

0
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From the equalities (1), (5), (13), (14) and the following equalities

x ta tlZ x(l x(l X t(X tll
21 A( ,—) A—d,t =2 A( ,—) i A——f 2 T“A( ,—) inl—d,t,
p(x)f x - cos 7 da p()A|x " sin " p() | TEA(x p sin - da
0

0

; te te x* x4 ; te te

ZVeing — - _ Z Z @ - ha

ZAp(x)f B (x, a)sm/l p d,t 2p(x)B (x, p ) cosA p + 2p(x)B(x,0) +f 2p(x) <Tt B (x, a)) cosA p d,t,
0

0

we get

x* x“
ﬂCOSﬂ?(—ZTxaQ(x) + Zp(x))COSH(x) + AsinA? (—ZTx"‘G(x) + Zp(x))sine (x)
xa ara 3 a 2 a xa
+cos/1?{(Tx T 9(x))sm9 (x) + (Tx G(x)) cosf(x) — TFA (x, ?)

a

—TZA (x, g) - + q(x)cosO(x) — THA (x, %) T 2p(x)B <x, %)}
+sin/1%{—(TX“TX“B(X))cose(x) + (TX“G(X))ZSing (x) - T¢B (x, %)
(o). e r(e ) ot )

a

t
—AB(x,0) + TFA (x, ;)

+ 2p(x)B(x,0)
t=0

X
a a a a

t« t t t t
+f [Tt“Tt“A (x, ;) —TITZA <x, ;) +q(x)A <x, ;) + 2p(x)TEB <x, ;)] cos)l;dat

0

X
a a a a a

t t t t ot
+J. [T{"T{"B (x, ;) —TETEB (x, ;) +q(x)B (x, ;) —2p(x)TFA (x, ;)] sml;dat =0.
0

Since the set of {cosl%, sind %} is entire system for each fixed a and p(x) # 0, we immediately obtain equations
(6) and (7).
(—2Tx“9(x) + 2p(x))c059(x) =0
(—2Tx“9(x) + 2p(x))sin9(x) =0
- a _ t* g t* e t* .
From the equalities T,76 (x) = p(x), d,A (x, ?) =TFA (x, ;) dox + TEA (x, ;) dqt and the following system

From the system { , the equation T8 (x) — p(x) = 0 and hence (8) is taken.

a

(Tx“Tx“Q(x))sinB(x) + [(TX“H(X))Z + q(x)] cosf(x) — 2p(x)B <x, %)

x* t* t*
“rea(e) - tea(ey )| -mea(e)

=0

t=x

t=x
a

—(TX“TX“H(x))COSH(x) + [(T,f‘@(x))2 + q(x)] sinf (x) + 2p(x)A (x, %)

a

—T#B (x, —)
t=x a

a ta

x
-TZB (x, ?) - T&B (x, ;)

we get

=0

t=x

TEA (x, %) +p()B (x, %) — % (Tx“p(x))sine(x) — % (q(x) + pz(x))cosﬁ(x) =0
TZB (x, %) —px)A (x, %) + % (Tx“p(x))cose(x) — % (q(x) + pz(x))sine(x) =0

In the above system, if the first equation is multiplied by cosf8(x) and the second equation by sinf(x) and added
side by side, we obtain

TE [A (x, %) cosf(x) + B (x, %) sinf (x)] = %(q(x) + pz(x))
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or
X
x% x*\ 1
A (x, ;) cosf(x) + B (x,z) sinf(x) — A(0,0) = Ef (q(6) + p2())d,t.
0
Moreover, from equalities (4), (12), (7) and (8), we have that
TZp(0,4; ) = A(0,0) = h.

Thus, equations (9) and (10) are obtained.
On the other hand, if the first equation is multiplied by sinf (x) and the second equation by (—cosQ(x)) and added
side by side, we obtain

a

TF [A (x, %) sinf(x) — B <x, %) cosG(x)] = %Tx“p(x)

or

a a

A (x,%) sinf(x) — B (x,%) cosf(x) + B(0,0) = %(p(x) — p(O)).
From equality (7), we have that

B(0,0) = 0.
Thus, equation (11) is obtained.
Basic Properties of the Operator L,

In this section, we investigate some spectral properties of the operator L, by supposing that the function q(x)
satisfies the additional condition

T

[ 1@l + q@lyeoPldgx > 0 (15)
0

for all y(x) € W2,[0, ] such that y(x) # 0 and

(T&y(0))y(0) — (T&y(m))y(m) = 0. (16)

Let the functions @:= @(x, 4; @) and : = P (x,1; @) be the solutions of the equation (1) satisfying the initial
conditions (4) and

Y(m 4 a) =1L, TY(n, 4 a) = —H (17)
respectively. It is clear that

Ua(p) = 0,V () = 0.

We denote

B ) = Wl o] = |V @

T&Y T

= YT — T. (18)

The function A, (1) is called the characteristic function for the operator L,, where W, [y, @] is the fractional
Wronskian of the functions 1 and ¢. Obviously, the function A, (4) is entire function in A.
Lemma 3.1 For each fixed @, A, (1) does not depend on x and can be written as

Dg (D) = Vo (@) = U (¥). (19)

Proof. It is clear from (18) that
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TxaAtx (/1) = Txa (¢Txa§0 - (pTxalpb) = lpTxaTxaQD - (pTxaTxalp- (20)

On the other hand, since the functions ¢ and Yy are the solutions of equation (1), the following equations are
obtained

TETEp = 2Ap(0) + q(x) — g,

TETEY = Ap(x) + q(x) — ).

If these equations are substituted in (20)
TIA,(A) =0

is obtained. Thus, the function A, (1) is a constant with respect to x in [0, 7r].

Moreover, if x = 0 and x = 7 are substituted in equation (18) and conditions (4) and (17) are taken into account,
then (19) is immediately taken.
Lemma 3.2 The zeros {A,,} of the function A, (1) coincide with the eigenvalues of the operator L, and for eigenfunctions
Y=Y (x, Ap; @) and @,,: = @(x, A,; @) there exists a sequence {f3,}, such that the following relations are satisfied for
each fixed a

lpn = ﬁn(pn' ﬁn ¢ 0' (21)

Proof. Let 1, be an eigenvalue of the operator L,, we show that A, (4,) = 0. We suppose that A,(1,) # 0. Then the
functions @ (x, Ay; @) and Y (x, Ay; @) are linearly independent. Thus

y(x, Ag; @) = c1p(x, Ag; @) + c,0(x, Ay; @)

is a general solution of the operator L, corresponding to A = A, for constants c¢; and c,. Hence, the above equation can
written for ¢; # 0 as

1 C
W(x, Ag; @) = —y(x, Ag; @) — — @(x, Ag; @).

Thus, we get

1
Aa (AO) = Wa [ll)(x,/loi (I), (P(x' AO; a)] = a Wa [Y(x, AO; a), ‘p(x» /10; a)]

If the initial conditions (4) and especially x = 0 are taken into account in this equation, A, (4,) = 0 contradiction is
obtained for each fixed a.

On the other hand, let A, be a zero of the function A, (1). Then A, (4,) = 0. So, we get Y(x, Ay; @) = By (x, Ag; @)
for B, # 0. Furthermore, the functions ¢ (x, Ay; @) and Y (x, Ay; @) satisfy the initial conditions (4) and (17), respectively.
So, the functions @ (x, 1; @) and Y (x, Ay; @) are eigenfunctions related to A,.

Since the eigenfunctions corresponding to each eigenvalue differ from each other by a multiplicative constant, there
is a sequence {f8,,} such that the equality (21) is satisfied for each n € N and fixed a.

Lemma 3.3 The eigenvalues of the operator L, are real and nonzero for each fixed a.

Proof. This lemma can be proved similarly as in [20].
Denote a linear operator L, o with the following differential expression

fa,oy(x): = —TIT¢y(x) + q(x)y(x)

and boundary conditions (2) and (3), where y(x) € W£,[0,].
Using a —integration by part and the condition (15), we get

Um%ﬂ=f(%wﬁ%x=IHWﬂﬂp+M@W@WMM>Q
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Let A, be an eigenvalue of the operator L, and y, = y(x, 1y; @) an eigenfunction corresponding to this eigenvalue
and normalized by (y,, ¥o) = 1.
It is clear that

“TITyo + (Zlop(x) + Q(x))J’O = A5¥o

or

A?J.VO = 240 (X)yo — La0Y0 = 0. (22)
If we take the inner product of both sides of the equation (22) by y,, we obtain

/1(2) — Zﬂo(p(x)yO,YO) - ({)a,OYO: yO) =0

Hence

2o = (P(X)Y0 ¥o) — J<p(x)yo.yo>2 + (€0 0Yo Vo).

Since p(x) is real and (i’aloy, y) > 0, the proof is completed from the last relation.
Lemma 3.4 The eigenfunctions y,: = y(x, 4,; @) and y,: = y(x, A;; a) corresponding to the eigenvalues 4,, and A,
(A, # A;) of the operator L, are orthogonal in the sense of

(A + 1) f YuYedax — 2 f P()YnYidax = 0. @3)

Proof. Take into our account that the operator L, ¢ is symmetric and
2a,0y(0): = —TETEY () + q()y(x) = 22y(x) — 2Ap(x)y (x).
We have that

({)a,oyn' yk) = <yn' {)a,oyk ):

U

j (An:)’n 22,0 (X)Yn)yidex = J yn(/liYR = 2P (X)) dgx,
0 0

a2 - 22) f YaYedax — 200 — A) j P)YYidax = 0.

By V|rtue of 1, # Ay the equality (23) is obtained.
Definition 3.5 Let ¢,, be the eigenfunction of the operator L, corresponding to the eigenvalues 4,,. The numbers

VA 1 T
an = [ wrder = 1 [ PG 24)
n
0 0

are called the normalizing numbers of the operator L, and the data {1, a,} are also called the spectral data of the
operator L.

Lemma 3.6 The equality Aa(/ln) = —2A,Bn, is valid and the eigenvalues of the operator L, are simple, i.e., Aa()tn) *
0, where A, (1) = %Aa(/l)-

Proof. Since ¥ and ¢,, are the solutions of the equation (1), the following equalities
T Y + (le(x) + Q(x))l/) = 1’9,

_TxaTxa(pn + (Zlnp(x) + q(x))(pn = A%(pn
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are held.
If the first equation is multiplied by ¢, the second equation is multiplied by ¥ and substracting them side by side,
then the equality

Tana [ll), (pn] = (AZ - A%l)(pnlp - 2()' - An)p(x)(pnlp

is obtained. By conformable fractional integrating above equation over [0, 7] and taking into account (17) and (19), we
get

2 - 22) f Pt — 2Q— 2) f P Puipdax = Welth, pullE = Ao ().
Hence ° ’

T

(A + An) (pnlpdax -2 P(x)<ﬂn¢dax ==
fores]

0

A, (A)
A=2,

Passing to the limit as A = A,, in the last equation, it yields

Aa(/l)
22n <pn¢nd X = p(x)<pn¢nd ¥ == lim ~8g ().
From (21) and (24), we have that
Aa(ln) = _Zlnﬁnan- (25)

It is obvious from (25) that A(/ln) # 0 for A, # 0, that is, the eigenvalues are simple. Therefore, the proof is
completed.
Theorem 3.7 The operator L, has a countable set of eigenvalues {1, } and the following estimate holds:

na Can 1
An = gai T Cao T om0 <£): In| - o, (26)

where
s

a 1
Cao = T[_af p(x)dax' Cq1 = ;
0

1 s
h+H+ Ef (q(x) + pz(x))daxl.
0

Proof. According to (19) the relation A, (1), with the help of (5) and (12), as

a a

A, (2) = —=(2 = p(m))sin (A:{—a - 9(71)) +A (n, %) cos/l%

n ¢ ¢
+B (n, —) sinl— + Hcos| A— — 6(m)
a a a

‘ t* ‘ t* t*
+f TXA (x — cosﬂ—dat+J TXB (x,—) sind—d,t 27
X=T a a/x=n a
0 0
T T
6( tll
+HfA ﬂ—)cosﬂ dt+HJB sm/1 d,t
0 0

is written.
It follows from (10) and (11)
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a a

(A (n, %) cosf(m) + B (TL’, %) sinf(m) = h+ %fon(q(t) + pZ(t))dat

iA (n, HT:) sinf(m) — B (n, HT:) cosO(m) = w

which implies that

(A (n, %z) = wsine(n) + [h + %fon(q(t) + pZ(t))dat] cosf(m)

B (nz_"‘) _p©) —p(@m

3 cosO(m) + [h + %fon(q(t) + pZ(t))dat] sin@ (1)

and hence

T T* T® * 0) —p(x ¢
A (n,—) cosA—+ B (n,—) sind— = Msin (A— - 9(7T)>
a a a a 2 a

Vs

h+ gf (a(®) + Pz(t))datl cos (A’Z—a — e(n)>.

0

[UnN

+

Take into account (28) in (27), we obtain

A,(D) = —(/1 — p(n))sin (ATX—‘Z — 9(71)) + Msin (A%ﬂ — 9(n)>

+

1 m?
h+H+ Ef (q® + pz(t))datl cos (/17 - 9(”)>
0
T ta
¥ f rea(x )

; te t ‘ t¥ ot
fA(n,—)cosA—dat+f B(n,—)sml—d,ﬂf .
a a a a

0 0

A
a a

t t
1 d ¢+ T"‘B( ,—)
cosA—dq f <B(x—
0

tlx
sind—d,t
. a

X=TC xX=

+H

Thus, for A # p(1) the equation A, (1) = 0 as

sin (l:{—a — 9(1‘[)) + p(m) ; P 1= ;(n) sin (/17'[7:‘ — 9(71))

 Baa@)
2—p@ -

1[ «
Ti=pm h+H+§0f (q(t)+P2(t))datl COS(A%—H(n))

is taken, where

a0 = [ [1a ()
- 0
o [reo ()

Taking Taylor’s expansion formula for the

t* t*
+ HA <TL’, —)] cosA—d,t
xX=m a a

a tll

t n®
+ HB (n,—)] sinl—d,t =o (eIImMT).
a a

X=TC

_1,p@®
A-p(m) _;1+ 22

sin (A%a— 9(11)) +Msin (l%ﬂ - 8(11)) —%

21
1 e
+o0 (ze“mll a) =0

+o (%z)' [A] = oo into account, we get

h+H+%f(M0+p%ﬂWﬂ}%(ﬂ%_9W0
0

(28)

(29)

(30)
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We take a circle I}, = {Al |A ca0| < (n + ) n=0,1,2, } in the A —plane and define A,(1) = f(4; @) +
g(4; @), where

f(4; @) = sin (/17;—“ — 9(71))

and

g =PI (z——e(n)>——

h+H+- f(CI(t)+p (®))d, t]cos(,1—_49(n))+o(/11 IImA|—)

For sufficiently large n and each fixed a, the number of zeros of the function A, (1) = f(4; @) + g(4; @) in the region
[, is the same as the number of zeros of the function f(4; @) from Rouche’s theorem (see, e.g., [21]).

Thus, if sin (Aﬂ — 9(71)) =0,then 1, = n—f + €40, 1 € Z\{0} is taken, where ¢, o = %9(7‘[) = %f: p(x)d,x.

We concludethat A, = —— +co0t+ &y € =0 (%) as |n| — co. By substituting this into (30), we obtain
p(m) — p(0) 1 . m
sin (nn + &, . ) + > T sin (nrr + &, ?>

n-a 1+Ca0+gn

(1

1

)+o(711) 0.

= h+H+= f (q@©® +p*(1))d, tl cos (nn + &,
za—1 T Caotén

This implies that

sin (s n_a> + p(m ~p(0) ! sin (e n_a) -
n na n
a 2 a1 + C(x,O + En a
1 1 ; 5 ¢ 1
i h+H +§f (q(®) + p2(t))dt| cos (sn—> +o (—) =0.
po s L rd a n

From the following asymptotics

() =14o(a) sn(aT)=ao(3) et R

cos(e,—)=1+4+0(=), sin(eg—)=e,—+o0|=), = o|l=

"a n? "a "a n3 D o te, M@ n?
T

and the above last equation, we get

c 1
sn—ﬂ+o<)

n n
where
1 1/
Can = — h+H+ Ef (e + pz(t))datl.
0

Thus, (26) is valid, i.e., the proof is completed.

Lemma 3.8 The normalizing numbers «a,, of the operator L, holds the following asymptotic formula
m  dao (1) In| 31)
ap,=—+—"+o0|—), n| - oo,
n n n

where
a

T
da,o = _EP(O)-
Proof. The formula (31) obtains from (24) by using the asymptotic formula (26) for 4,,.
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