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Abstract
In the present paper, we shall investigate a characterization for the boundedness of the B-
Riesz potential and its commutators on the generalized weighted B-Morrey spaces. We also
give a characterization for the generalized weighted B-Morrey spaces via the boundedness
of the Riesz potential and its commutators generated by generalized translate operators
associated with Laplace-Bessel differential operator.
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1. Introduction
The classical Morrey spaces were introduced by Morrey [26] to study the local behav-

ior of solutions to second-order elliptic partial differential equations. Moreover, various
Morrey spaces are defined in the process of study. In [11, 25, 28], Guliyev, Mizuhara
and Nakai introduced generalized Morrey spaces Mp,ϕ(Rn). In [22], Komori and Shirai
defined weighted Morrey spaces Lp,k(w). Guliyev [14] gave a concept of the generalized
weighted Morrey spaces Mp,ϕ,w(Rn) which could be viewed as extension of both Mp,ϕ(Rn)
and Lp,k(w). Authors also studied the boundedness of the classical operators and their
commutators in spaces Mp,ϕ,w(Rn).

The boundedness of Riesz potential operator and its commutators on certain function
spaces and their characterizations play an important role in various area in harmonic
analysis, etc. See for example [1–3,5–7,9,15–18,22,25,26,28,29,31,32] and the references
therein.

Let us now present some of the studies obtained and considered in this study for the
maximal operator and Riesz potential. Suppose that f ∈ Lloc

1 (Rn). Let M be a maximal
operator and Iα be Riesz potential operator on Rn defined by

Mf(x) = sup
t>0

|B(x, t)|−1
∫

B(x,t)
|f(y)|dy,
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Iαf(x) =
∫
Rn

f(y)dy

|x − y|n−α
, 0 < α < n,

where |B(x, t)| is the Lebesgue measure of the ball B(x, t) (see [30, 35, 36]). In order
to reveal the importance and difference of the results obtained in this study, let us give
information about the studies and some results obtained in Morrey spaces related to
these operators: In [26], they were introduced by C. Morrey and defined as follows: For
0 ≤ λ ≤ n and 1 ≤ p < ∞, f ∈ Mp,λ(Rn) if f ∈ Lloc

p (Rn) and

‖f‖Mp,λ
≡ ‖f‖Mp,λ(Rn) = sup

x∈Rn, r>0
r

− λ
p ‖f‖Lp(B(x,r)) < ∞.

If λ = 0, then Mp,λ(Rn) = Lp(Rn), if λ = n, then Mp,λ(Rn) = L∞(Rn), if λ < 0 or λ > n,
then Mp,λ(Rn) = Θ, where Θ is the set of all functions equivalent to 0 on Rn. Also by
WMp,λ(Rn) we denote the weak Morrey space of all functions f ∈ WLloc

p (Rn) for which

‖f‖WMp,λ
≡ ‖f‖WMp,λ(Rn) = sup

x∈Rn, r>0
r

− λ
p ‖f‖W Lp(B(x,r)) < ∞,

where WLp(Rn) denotes the weak Lp(Rn) spaces (for detail see [6–8]). Here the results
can be summarized as follows:
Theorem 1.1. Let 0 < α < n, 0 ≤ λ < n and 1 ≤ p < ∞.

i) If 1 < p < ∞, then M is bounded from Mp,λ(Rn) to Mp,λ(Rn).
ii) If p = 1, then M is bounded from M1,λ(Rn) to WM1,λ(Rn).

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < q < ∞, then
Iα is bounded from Lp(Rn) to Lq(Rn) if and only if α = n

p − n
q and for p = 1 < q < ∞,

Iα is bounded from L1(Rn) to WLq(Rn) if and only if α = n − n
q . In [1], D. R. Adams

studied the boundedness of the Riesz potential in Morrey spaces and proved the follows
statement (see, also [7])
Theorem 1.2. Let 0 < α < n, 0 ≤ λ < n and 1 ≤ p < n−λ

α .
i) If 1 < p < n−λ

α , then condition 1
p − 1

q = α
n−λ is necessary and sufficient for the

boundedness Iα from Mp,λ(Rn) to Mq,λ(Rn).
ii) If p = 1, then condition 1− 1

q = α
n−λ is necessary and sufficient for the boundedness

Iα from M1,λ(Rn) to WMq,λ(Rn).
If α = n

p − n
q , then λ = 0 and the statement of Theorem 1.2 reduces to the above

mentioned result by Hardy-Littlewood-Sobolev.
If in place of the power function rλ in the definition of Mp,λ(Rn) we consider any positive

measurable weight function ω(r), then it becomes generalized Morrey space Mp,ω(Rn).
Definition 1.3. Let ω(r) positive measurable weight function on (0, ∞) and 1 ≤ p < ∞.
We denote by Mp,ω(Rn) generalized Morrey spaces, the spaces of all functions f ∈ Lloc

p (Rn)
with finite quasinorm

‖f‖Mp,ω(Rn) = sup
x∈Rn,r>0

r
− n

p

ω(r)‖f‖Lp(B(x,r)).

T. Mizuhara [25], E. Nakai [28,29] and V. S. Guliyev [11] obtained sufficient conditions
on weights ω1 and ω2 ensuring the boundedness of integral operators T from Mp,ω1(Rn) to
Mp,ω2(Rn). In [28], the following statement was proved, containing the result in [25] and
in the general setting of metric measure spaces obtained in [31, 32]. In these studies, the
authors obtained sufficient conditions on weights ω1 and ω2 for the boundedness of the
singular integral operator T from Mp,ω1(Rn) to Mp,ω2(Rn). In [28], the following doubling
conditions were imposed on ω(r):

c−1ω(r) ≤ ω(t) ≤ c ω(r), (1.1)
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whenever r ≤ t ≤ 2r, where c ≥ 1 does not depend on t and r, jointly with the condition:∫ ∞

r
ωp(t)dt

t
≤ C ωp(r) (1.2)

for the maximal or singular integral operator and the condition∫ ∞

r
tαpωp(t)dt

t
≤ C rαpωp(r) (1.3)

for potential and fractional maximal operators, where C > 0 does not depend on r.

Theorem 1.4 ([28]). Let 1 < p < ∞ and ω(r) satisfy conditions (1.1)-(1.2). Then the
operators M and singular integral operator T are bounded in Mp,ω(Rn).

Theorem 1.5 ([28]). Let 1 < p < ∞, 0 < α < n
p , and ω(t) satisfy conditions (1.1)

and (1.3). Then the operators Mα and Iα are bounded from Mp,ω(Rn) to Mq,ω(Rn) with
1
q = 1

p − α
n .

Note that Theorems 1.6 and 1.7 do not require condition (1.1)

Theorem 1.6 ([11]). Let 1 < p < ∞ and ω1(r), ω2(r) be positive measurable functions
satisfying the condition ∫ ∞

r
ω1(t)dt

t
≤ c1 ω2(r) (1.4)

with c1 > 0 not depending on t > 0. Then the operators M and singular integral operator
T are bounded from Mp,ω1(Rn) to Mp,ω2(Rn).

Theorem 1.7 ([11]). Let 0 < α < n, 1 < p < ∞, 1
q = 1

p − α
n and ω1(r), ω2(r) be positive

measurable functions satisfying the condition∫ ∞

r
tαω1(t)dt

t
≤ c1 ω2(r). (1.5)

Then the operators Mα and Iα are bounded from Mp,ω1(Rn) to Mq,ω2(Rn).

The results given so far are obtained in Morrey space and generalized Morrey spaces
of the maximal operator Mα and Riesz potential operator Iα. In this paper, we shall
investigate the maximal operator Mα,γ (B-Maximal operator) and the Riesz potential
operator Iα,γ (B-Riesz potential operator) related to the generalized translate operator
associated with the Laplace-Bessel differential operator and its commutators on generalized
weighted Morrey spaces Mp,ϕ,w(Rn). We also give a characterization for the B-BMO space
via the boundedness of the commutator of the B-Riesz potential Iα,γ . Our aim is to present
these two different characterizations of generalized weighted B- Morrey spaces for Iα and
Iα,γ and its commutators.

The maximal operator and potential operator related topics associated with the Laplace-
Bessel differential operator have been investigated by many researchers, see B. Mucken-
houpt and E. Stein [27], I. Kipriyanov [21], K. Trimeche [38], L. Lyakhov [24], K. Stempak
[37], A.D. Gadjiev and I.A. Aliev [10], V.S. Guliyev [12,13], V.S. Guliyev and J.J. Hasanov
[16], J.J. Hasanov [18], A. Serbetci, I. Ekincioglu [2, 15,33] and others [19].

Now, let us introduce the Riesz potential operator Iα,γ (B-Riesz potential operator)
related to the generalized translate operator associated with the Laplace-Bessel differential
operator

∆B =
n∑

i=1

∂2

∂x2
i

+
k∑

i=1

γi

xi

∂

∂xi
, γ1 > 0, . . . , γk > 0.

At first, we prove that the B-Riesz potential operator Iα,γ and their commutators for
0 < α < n+|γ| is bounded from the generalized weighted B-Morrey space Mp,ω1,ϕ1,γ(Rn

k,+)
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to Mq,ω2,ϕ2,γ(Rn
k,+), where α/(n + |γ|) = 1/p − 1/q, 1 < p < (n + |γ|)/α, (ϕ1, ϕ2) ∈

Ã1+ q
p′ ,γ(Rn

k,+), 1
p + 1

p′ = 1.
We now consider the generalized translation operator generated by the Laplace-Bessel

differential operator ∆B. Then, the B-maximal operator and B-Riesz potential associ-
ated with this operator are investigated in generalized weighted B-Morrey spaces. We
obtain for the operator Iα,γ to be bounded from generalized weighted B-Morrey space
Mp,ω1,ϕ1,γ(Rn

k,+) to Mq,ω2,ϕ2,γ(Rn
k,+) and from generalized weighted B-Morrey space

M1,ω1,ϕ,γ(Rn
k,+) to weak generalized weighted B-Morrey space WMq,ω2,ϕ,γ(Rn

k,+).
The structure of the paper is as follows. In first section, we present some definitions

and auxiliary results. In second section, we introduce generalized B-Morrey spaces. In
Section 3, the main results of the paper, the boundedness of the B-potential operator
from B-Morrey space Mp,ω1,ϕ,γ(Rn

k,+) to Mq,ω2,ϕ,γ(Rn
k,+), is proved. In the last section,

the boundedness of the commutators of the B-potential operator from generalized weighted
B-Morrey space Mp,ω1,ϕ,γ(Rn

k,+) to Mp,ω2,ϕ,γ(Rn
k,+) is obtained.

2. Preliminaries
Let Rn be n-dimensional Euclidean space. For 1 ≤ k ≤ n, let x = (x1, . . . , xn) ∈ Rn,

x′ = (x1, . . . , xk) ∈ Rk and x′′ = (xk+1, . . . , xn) ∈ Rn−k such that x = (x′, x′′) ∈ Rn.
Then, it is defined as

Rn
k,+ = {x = (x′, x′′) ∈ Rn; x1 > 0, . . . , xk > 0}.

for n ≥ 2. Recall that E(x, r) = {y ∈ Rn
k,+ ; |x−y| < r} for a measurable subset E ⊂ Rn

k,+.
Let Er = E(0, r). If γ = (γ1, . . . , γk) and γ1 > 0, . . . , γk > 0 then |γ| = γ1 + . . . + γk and
(x′)γ = xγ1

1 · · · xγk
k . For x′ ∈ Rk, we define the measures on E by equality

|E|γ =
∫

E
(x′)γdx,

then |Er|γ = ω(n, k, γ)rQ, where Q = n + |γ| and

ω(n, k, γ) =
∫

E1
(x′)γdx = π

n−k
2

2k

k∏
i=1

Γ
(

γi+1
2

)
Γ

(γi
2

) .

First, we define the generalized translate operator (B-translate operator) T x, x ∈ Rn,
on Lp(Rn, dν) by equality

T xf(y) = Cγ,k

∫ π

0
. . .

∫ π

0
f

(
(x′, y′)β, x′′ − y′′) dν(β),

where (xi, yi)βi
= (x2

i − 2xiyi cos βi + y2
i )

1
2 , 1 ≤ i ≤ k, (x′, y′)β =

((x1, y1)β1 , . . . , (xk, yk)βk
), dν (β) =

k∏
i=1

sinγi−1 βi dβ1 . . . dβk, 1 ≤ k ≤ n and

Cγ,k = π− k
2

k∏
i=1

Γ
(

γi+1
2

)
Γ

(γi
2

) = 2k

πk
ω(2k, k, γ).

It acts from Lp(Rn, dν) toLp(Rn, dν) and ||T xf ||p < ||f ||p and T x1 = 1 and Lp-boundedness.
We remark that the generalized translate operator T x is closely connected with the

Bessel differential operator B (for example, n = k = 1 see [23], n > 1, k = 1 see [21] and
n, k > 1 see [24,33,34] for details).

Let Lp,ϕ,γ(Rn
k,+) be the space of Lebesgue measurable functions f such that

‖f‖Lp,ϕ,γ = ‖f‖Lp,ϕ,γ(Rn
k,+) =

( ∫
Rn

k,+

|f(x)|pϕp(x)(x′)γdx

)1/p

< ∞
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where 1 ≤ p < ∞. For p = ∞ the space L∞,γ(Rn
k,+) is defined by means of the usual

modification
‖f‖L∞,γ = ‖f‖L∞,ϕ = ess sup

x∈Rn
k,+

ϕ(x)|f(x)|.

Definition 2.1. The weight function ϕ belongs to the class Ap,γ(Rn
k,+) for 1 ≤ p < ∞, if

sup
x∈Rn

k,+, r>0

(
|E(x, r)|−1

γ

∫
E(x,r)

ϕp(y)(y′)γdy

) 1
p
(

|E(x, r)|−1
γ

∫
E(x,r)

ϕ−p′(y)(y′)γdy

) 1
p′

< ∞

and ϕ belongs to A1,γ(Rn
k,+), if there exists a positive constant C such that for any x ∈ Rn

k,+
and r > 0

|E(x, r)|−1
γ

∫
E(x,r)

ϕ(y)(y′)γdy ≤ Cy∈E(x,r)
1

ϕ(y) .

Definition 2.2. The weight function (ϕ1, ϕ2) belongs to the class Ãp,γ(Rn
k,+) for 1 < p <

∞, if

sup
x∈Rn

k,+, r>0

( 1
|E(x, r)|γ

∫
E(x,r)

ϕp
2(y)(y′)γdy

) 1
p
( 1

|E(x, r)|γ

∫
E(x,r)

ϕ−p′

1 (y)(y′)γdy

) 1
p′

< ∞.

The generalized translate operator T y generates the corresponding B-convolution

(f ⊗ g)(x) =
∫
Rn

k,+

f(y)[T xg(y)](y′)γdy,

for which the Young inequality

‖f ⊗ g‖Lr,γ
≤ ‖f‖Lp,γ

‖g‖Lq,γ
, 1 ≤ p, q ≤ r ≤ ∞,

1
p

+ 1
q

= 1
r

+ 1

holds.
Lemma 2.3. For all x ∈ Rn

k,+ the following equality is holds∫
Et

T yg(x)(y′)γdy =
∫

E((x,0),t)
g

(√
z2

1 + z2
1, . . . ,

√
z2

k + z2
k, z′′

)
dµ(z, z′),

where E((x, 0), t) = {(z, z′) ∈ Rn × (0, ∞)k :
∣∣∣(x − z, z′

)∣∣∣ < t}.

Lemma 2.4. For all x ∈ Rn
k,+ the following equality is holds∫

Rn
k,+

T yg(x)ϕ(y)MγχEr
(y)(y′)γdy

=
∫
Rn×(0,∞)k

g

(√
z2

1 + z2
1, . . . ,

√
z2

k + z2
k, z′′

)
ϕ(z, z′)Mνχ

E((x,0),r)(z, z′)dν(z, z′),

where E((x, 0), t) = {(z, z′) ∈ Rn × (0, ∞)k :
∣∣∣(x − z, z′

)∣∣∣ < t}.

Lemmas 2.3 and 2.4 are straightforward via the following substitutions
z′′ = x′′, zi = yi cos αi, zi = yi sin αi, 0 ≤ αi < π, i = 1, . . . , k,
y ∈ Rn

k,+, z′ = (z1, . . . , zk), (z, z′) ∈ Rn × (0, ∞)k, 1 ≤ k ≤ n.

Definition 2.5 ([13]). Let 1 ≤ p < ∞ and 0 ≤ λ ≤ Q. We denote by Mp,λ,γ(Rn
k,+) Morrey

space (≡ B-Morrey space), associated with the Laplace-Bessel differential operator the set
of locally integrable functions f(x), x ∈ Rn

k,+, with the finite norm

‖f‖Mp,λ,γ
= sup

t>0, x∈Rn
k,+

(
t−λ

∫
Et

T y[|f | ]p(x)(y′)γdy

)1/p

.
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Define the B-maximal operator of f by

Mγf(x) = sup
r>0

|Er|−1
γ

∫
Er

T y[|f | ](x)(y′)γdy,

and the fractional B-maximal operator by

Mα,γf(x) = sup
r>0

|Er|
α
Q

−1
γ

∫
Er

T y[|f | ](x)(y′)γdy, 0 ≤ α < Q,

and the B-Riesz potential by

Iα,γf(x) =
∫
Rn

k,+

T y[|f | ](x)|y|α−Q(y′)γdy, 0 < α < Q.

We write M0,γf(x) = Mγf(x) in the case α = 0.
Let ω and ϕ positive measurable weight functions. The norm in the spaces Mp,ω,γ(Rn

k,+)
and Mp,ω,ϕ,γ(Rn

k,+) defined in two forms,

‖f‖Mp,ω,γ = sup
x∈Rn

k,+, t>0

t
− Q

p

ω(t)

(∫
Et

T y[|f | ]p(x)(y′)γdy

)1/p

,

and

‖f‖Mp,ω,ϕ,γ = sup
x∈Rn

k,+, t>0

1
ω(t)‖ϕ‖Lp,γ(E(0,t))

(∫
Et

T y[|f | ]p(x)ϕ(y)(y′)γdy

)1/p

.

If ω(t) ≡ r
− Q

p then Mp,ω,γ(Rn
k,+) ≡ Lp,γ(Rn

k,+), if ω(t) ≡ t
λ−Q

p , 0 ≤ λ < Q, then
Mp,ω,γ(Rn

k,+) ≡ Mp,λ,γ(Rn
k,+).

Denote by M ]
γ , the sharp B-maximal function defined by

M ]
γf(x) = sup

t>0
|E(0, t)|−1

γ

∫
E(0,t)

|T yf(x) − fE(0,t)(x)|(y′)γdy,

where fE(0,t)(x) = |E(0, t)|−1
γ

∫
E(0,t)

T yf(x)(y′)γdy.

B − BMO space, BMOγ(Rn
k,+), defined as the space of locally integrable functions f

with finite norm

‖f‖BMOγ = sup
t>0, x∈Rn

k,+

|E(0, t)|−1
γ

∫
E(0,t)

|T yf(x) − fE(0,t)(x)|(y′)γdy < ∞,

or
‖f‖BMOγ = inf

C
sup

t>0, x∈Rn
k,+

|E(0, t)|−1
γ

∫
E(0,t)

|T yf(x) − C|(y′)γdy < ∞.

The following theorem was proved in [4].

Theorem 2.6. i) If Let f ∈ Lloc
1,γ(Rn

k,+).

sup
t>0, x∈Rn

k,+

(
|E(0, t)|−1

γ

∫
E(0,t)

|T yf(x) − fE(0,t)(x)|p(y′)γdy

)1/p

= ‖f‖BMOp,γ < ∞,

then for any 1 < p < ∞

‖f‖BMOγ ≤ ‖f‖BMOp,γ ≤ Ap‖f‖BMOγ

where the constant Ap depends only on p.
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ii) Let f ∈ BMOγ(Rn
k,+). Then, there is a constant C > 0 such that

|fE(0,r) − fE(0,t)| ≤ C‖f‖BMOγ ln t

r
, 0 < 2r < t

where C is independent of f, x, r and t.

Lemma 2.7 ([20]). Let 1 < p < ∞, ϕ ∈ Ap,γ(Rn
k,+), b ∈ BMOγ(Rn

k,+). Then

‖b‖BMOγ ≈ sup
x∈Rn

k,+,r>0

∥∥∥T ·b(x) − bE(0,r)
∥∥∥

Lp,ϕ,γ(E(0,r))
‖ϕ‖Lp,γ(E(0,r))

.

3. B-Riesz potentials on generalized weighted B-Morrey spaces
Theorem 3.1. Let 0 < α < Q, 1 < p < Q

α , 1
p − 1

q = α
Q , (ϕ1, ϕ2) ∈ Ã1+ q

p′ ,γ(Rn
k,+),

1
p + 1

p′ = 1 and ω1(r), ω2(r) be positive measurable functions satisfying the condition
∞∫
t

ω1(r)‖ϕ1‖Lp,γ(E(0,r))
‖ϕ2‖Lq,γ(E(0,r))

dr

r
≤ Cω2(t). (3.1)

Then Iα,γ is bounded from Mp,ω1,ϕ1,γ(Rn
k,+) to Mq,ω2,ϕ2,γ(Rn

k,+).

Proof. Let f ∈ Mp,ω1,ϕ1,γ

(
Rn

k,+

)
. Then

Iα,γf(x) = Iα,γf1(x) + Iα,γf2(x). (3.2)

Firstly, we estimate Iα,γf1(x). By using the Hölder’s inequality, we have

|Iα,γf1(x)| ≤
∫

E(0,t)

T y|f(x)| |y|α−Q(y′)γdy

≤
−1∑

j=−∞

(
2jt

)α−Q
∫

E(0,2j+1t)\E(0,2jt)

T y|f(x)|(y′)γdy

≤
−1∑

j=−∞

(
2jt

)α−Q( ∫
E(0,2j+1t)\E(0,2jt)

T y |f(x)|p ϕp
1(y)(y′)γdy

)1/p

×
( ∫

E(0,2j+1t)\E(0,2jt)

ϕ−p′

1 (y)(y′)γdy

)1/p′

≤ C‖f‖Lp,ϕ1,γ(E(0,t))‖ϕ2‖−1
Lq,γ(E(0,t)).

By the inequality (3.1), we obtain

‖Iα,γf1‖Lq,ϕ2,γ(E(0,t)) ≤ C‖f‖Lp,ϕ1,γ(E(0,t))

≤ C‖f‖Lp,ϕ1,γ(E(0,t))
‖ϕ2‖Lq,γ(E(0,t))

ω1(t)‖ϕ1‖Lp,γ(E(0,t))

∞∫
t

ω1(r)‖ϕ1‖Lp,γ(E(0,r))
‖ϕ2‖Lq,γ(E(0,r))

dr

r

≤ C‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)).

Hence, we have

‖Iα,γf1‖Lq,ϕ2,γ(E(0,t)) ≤ C‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)). (3.3)
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Now we estimate Iα,γf2(x). By using the Hölder’s inequality, we get

|Iα,γf2(x)| ≤
∫

Rn
k,+\E(0,t)

T y|f(x)||y|α−Q(y′)γdy

≤
∞∑

j=0

(
2jt

)α−Q
∫

E(0,2j+1t)\E(0,2jt)

T y|f(x)|(y′)γdy

≤
∞∑

j=0

(
2jt

)α−Q
( ∫

E(0,2j+1t)\E(0,2jt)

ϕ−p′

1 (y)(y′)γdy

)1/p′

×
( ∫

E(0,2j+1t)\E(0,2jt)

T y |f(x)|p ϕp
1(y)(y′)γdy

)1/p

≤ C‖f‖Mp,ω1,ϕ1,γ

∞∫
t

ω1(r)‖ϕ1‖Lp,γ(E(0,r))
‖ϕ2‖Lq,γ(E(0,r))

dr

r
.

Thus, by the inequality (3.1), we obtain
|Iα,γf2(x)| ≤ C‖f‖Mp,ω1,ϕ1,γ ω2(t). (3.4)

So, from (3.3) and (3.4), we have
‖Iα,γf‖Lq,ϕ2,γ(E(0,t)) ≤ ‖Iα,γf1‖Lq,ϕ2,γ(E(0,t)) + ‖Iα,γf2‖Lq,ϕ2,γ(E(0,t))

≤ C‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)).

Finally Iα,γf ∈ Mq,ω2,ϕ2,γ(Rn
k,+) and

‖Iα,γf‖Mq,ω2,ϕ2,γ
≤ C‖f‖Mp,ω1,ϕ1,γ .

�

Corollary 3.2. Let 0 < α < Q, 1 < p < Q
α , 1

p − 1
q = α

Q , (ϕ1, ϕ2) ∈ Ã1+ q
p′ ,γ(Rn

k,+). Then
the operator Iα,γ is bounded from Lp,ϕ1,γ(Rn) to Lq,ϕ2,γ(Rn).

Corollary 3.3. Let 0 < α < Q, 1 < p < Q
α , 1

p − 1
q = α

Q , (ϕ1, ϕ2) ∈ Ã1+ q
p′ ,γ(Rn

k,+). Then
the operator Mα,γ is bounded from Lp,ϕ1,γ(Rn) to Lq,ϕ2,γ(Rn).

4. Commutators of B-Riesz potential on generalized weighted B-Morrey
spaces

In this section, we consider commutators of the B-Riesz potential defined as the follow-
ing equality

[b, Iα,γ ]f(x) =
∫

Rn
k,+

(b(x) − b(y))|y|α−Q T yf(x)(y′)γdy, 0 < α < Q.

Given a measurable function b the operator |b, Iα,γ | is defined by

|b, Iα,γ |f(x) =
∫

Rn
k,+

|b(x) − b(y)||y|α−Q T yf(x)(y′)γdy, 0 < α < Q.

Theorem 4.1. Let 0 < α < Q, 1 < p < Q
α , 1

p − 1
q = α

Q , b ∈ BMOγ(Rn
k,+), (ϕ1, ϕ2) ∈

Ã1+ q
p′ ,γ(Rn

k,+), ϕ1 ∈ Ap,γ(Rn
k,+) and ω1(r), ω2(r) be positive measurable functions satisfy-

ing the condition (3.1). Then |b, Iα,γ | is bounded from Mp,ω1,ϕ1,γ(Rn
k,+) to Mq,ω2,ϕ2,γ(Rn

k,+).



The boundedness of B-Riesz potential and its commutators 329

Proof. Let f ∈ Mp,ω1,ϕ1,γ

(
Rn

k,+

)
. Then

|b, Iα,γ |f(x) =
( ∫

E(0,t)

+
∫

Rn
k,+\E(0,t)

)
T y|[b − b(x)]f(x)||y|α−Q(y′)γdy

= F1(x, t) + F2(x, t).
Firstly, we estimate F1(x, t). By using the Hölder’s inequality, we have

F1(x, t) =
∫

E(0,t)

T y|[b − b(x)]f(x)||y|α−Q(y′)γdy

≤
−1∑

j=−∞

(
2jt

)α−Q
∫

E(0,2j+1t)\E(0,2jt)

T y|[b − b(x)]f(x)|(y′)γdy

≤
−1∑

j=−∞

(
2jt

)α−Q
( ∫

E(0,2j+1t)\E(0,2jt)

|T yb(x) − b|p′
ϕ−1

1 (y)(y′)γdy

)1/p′

×
( ∫

E(0,2j+1t)\E(0,2jt)

T y |f(x)|p ϕ1(y)(y′)γdy

)1/p

≤ C ‖b‖BMOγ
‖f‖Lp,ϕ1,γ(E(0,t))‖ϕ2‖−1

Lq,γ(E(0,t)).

By the inequality (3.1), we obtain
‖F1‖Lq,ϕ2,γ(E(0,t)) ≤ C ‖b‖BMOγ

‖f‖Lp,ϕ1,γ(E(0,t))

≤ C ‖b‖BMOγ
‖f‖Lp,ϕ1,γ(E(0,t))

‖ϕ2‖Lq,γ(E(0,t))
ω1(t)‖ϕ1‖Lp,γ(E(0,t))

∞∫
t

ω1(r)‖ϕ1‖Lp,γ(E(0,r))
‖ϕ2‖Lq,γ(E(0,r))

dr

r

≤ C ‖b‖BMOγ
‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)).

Hence we have
‖F1‖Lq,ϕ2,γ(E(0,t)) ≤ C ‖b‖BMOγ

‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)). (4.1)

Now we estimate F2(x, t). By using the Hölder’s inequality, we get

F2(x, t) ≤
∫

Rn
k,+\E(0,t)

T y(|b − b(x)||f(x)|)|y|α−Q(y′)γdy

≤
∞∑

j=0

(
2jt

)α−Q
∫

E(0,2j+1t)\E(0,2jt)

T y(|b − b(x)||f(x)|)(y′)γdy

≤
∞∑

j=0

(
2jt

)α−Q
( ∫

E(0,2j+1t)\E(0,2jt)

|T yb(x) − b|p′
ϕ−1

1 (y)(y′)γdy

)1/p′

×
( ∫

E(0,2j+1t)\E(0,2jt)

T y |f(x)|p ϕ1(y)(y′)γdy

)1/p

≤ C ‖b‖BMOγ
‖f‖Mp,ω1,ϕ1,γ

∞∫
t

ω1(r)‖ϕ1‖Lp,γ(E(0,r))
‖ϕ2‖Lq,γ(E(0,r))

dr

r
.

Thus by the inequality (3.1), we have
F2(x, t) ≤ C ‖b‖BMOγ

‖f‖Mp,ω1,ϕ1,γ ω2(t). (4.2)
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Therefore, from (4.1) and (4.2), we obtain

‖|b, Iα,γ |f‖Lq,ϕ2,γ(E(0,t)) ≤ ‖F1‖Lq,ϕ2,γ(E(0,t)) + ‖F2‖Lq,ϕ2,γ(E(0,t))

≤ C ‖b‖BMOγ
‖f‖Mp,ω1,ϕ1,γ ω2(t)‖ϕ2‖Lq,γ(E(0,t)).

Finally, we get |b, Iα,γ |f ∈ Mq,ω2,ϕ2,γ(Rn
k,+) and

‖|b, Iα,γ |f‖Mq,ω2,ϕ2,γ
≤ C ‖b‖BMOγ

‖f‖Mp,ω1,ϕ1,γ .

�

Corollary 4.2. Let 0 < α < Q, 1 < p < Q
α , 1

p − 1
q = α

Q , b ∈ BMOγ(Rn
k,+), (ϕ1, ϕ2) ∈

Ã1+ q
p′ ,γ(Rn

k,+) and ϕ1 ∈ Ap,γ(Rn
k,+). Then the operator |b, Iα,γ | is bounded from Lp,ϕ1,γ(Rn)

to Lq,ϕ2,γ(Rn).
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