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Abstract

In the present paper, we shall investigate a characterization for the boundedness of the B-
Riesz potential and its commutators on the generalized weighted B-Morrey spaces. We also
give a characterization for the generalized weighted B-Morrey spaces via the boundedness
of the Riesz potential and its commutators generated by generalized translate operators
associated with Laplace-Bessel differential operator.
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1. Introduction

The classical Morrey spaces were introduced by Morrey [26] to study the local behav-
ior of solutions to second-order elliptic partial differential equations. Moreover, various
Morrey spaces are defined in the process of study. In [11,25,28], Guliyev, Mizuhara
and Nakai introduced generalized Morrey spaces MP#(R™). In [22], Komori and Shirai
defined weighted Morrey spaces LP**(w). Guliyev [14] gave a concept of the generalized
weighted Morrey spaces MP#*(R™) which could be viewed as extension of both MP#(R"™)
and LP*(w). Authors also studied the boundedness of the classical operators and their
commutators in spaces MP#¥(R™).

The boundedness of Riesz potential operator and its commutators on certain function
spaces and their characterizations play an important role in various area in harmonic
analysis, etc. See for example [1-3,5-7,9,15-18,22, 25,26, 28,29, 31,32] and the references
therein.

Let us now present some of the studies obtained and considered in this study for the
maximal operator and Riesz potential. Suppose that f € Llloc(R”). Let M be a maximal
operator and I% be Riesz potential operator on R"™ defined by

M) =sup Bt [ 15y,
>0 B(z,t)

z,
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Io‘f(x):/ 7f(y)dy_ , 0<a<n,

Ro [z =y

where |B(z,t)| is the Lebesgue measure of the ball B(z,t) (see [30,35,36]). In order
to reveal the importance and difference of the results obtained in this study, let us give
information about the studies and some results obtained in Morrey spaces related to

these operators: In [26], they were introduced by C. Morrey and defined as follows: For
0<A<nand1<p<oo, feM\(R")if fe L;;’C(]R") and

_A
£ 0, = 1 e, ey = S I, (B @) < oo

If A =0, then M, y(R") = L,(R"), if A =n, then M, \(R") = Loo(R"), if A <0 or A > n,
then M, \(R") = ©, where © is the set of all functions equivalent to 0 on R". Also by
WM, (R™) we denote the weak Morrey space of all functions f € WL*“(R™) for which

_2
Hf”wmnA = HfHWMpYA(Rn) = ]guP ror HfHWLp(B(z,r)) < 00,

xeR™, r>0

where W L,(R™) denotes the weak L,(R™) spaces (for detail see [6-8]). Here the results
can be summarized as follows:

Theorem 1.1. Let0 < a<n,0<A<nand 1 <p < oo.
i) If 1 < p < oo, then M is bounded from My »(R™) to M, A(R™).
ii) If p=1, then M is bounded from Mj y(R™) to WM »(R").

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < ¢ < oo, then
I is bounded from L,(R™) to Lq(R™) if and only if o = 5 —gandforp=1<q<oo,
I is bounded from L;(R™) to WLg(R") if and only if « = n — 2. In [1], D. R. Adams
studied the boundedness of the Riesz potential in Morrey spaces and proved the follows
statement (see, also [7])

Theorem 1.2. Let0<a<n,0§/\<nand1§p<"7_)‘.

) Ifl<p< %, then condition % — % = 25 is necessary and sufficient for the

boundedness I from My x(R™) to My (R™).
ii) Ifp=1, then condition 1 —% = 2 is necessary and sufficient for the boundedness
I from My x(R™) to WM, A(R™).

If o = % — %, then A\ = 0 and the statement of Theorem 1.2 reduces to the above

mentioned result by Hardy-Littlewood-Sobolev.
If in place of the power function 7* in the definition of M, A(R™) we consider any positive
measurable weight function w(r), then it becomes generalized Morrey space M, ., (R"™).

Definition 1.3. Let w(r) positive measurable weight function on (0,00) and 1 < p < oc.
We denote by M, ,,(R™) generalized Morrey spaces, the spaces of all functions f € L;)OC(R”)
with finite quasinorm

r p
| flIne,. (R = a:E]lSRg,F;>O @HfHLp(B(x,r))'

T. Mizuhara [25], E. Nakai [28,29] and V. S. Guliyev [11] obtained sufficient conditions
on weights wy and wy ensuring the boundedness of integral operators T" from M, ,,, (R™) to
My, (R™). In [28], the following statement was proved, containing the result in [25] and
in the general setting of metric measure spaces obtained in [31,32]. In these studies, the
authors obtained sufficient conditions on weights w; and wsy for the boundedness of the
singular integral operator T from M, ., (R™) to M, ., (R™). In [28], the following doubling
conditions were imposed on w(r):

clw(r) < w(t) < cw(r), (1.1)
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whenever r <t < 2r, where ¢ > 1 does not depend on t and r, jointly with the condition:
oo dt
/ W) < CuP(r) (1.2)
-
for the maximal or singular integral operator and the condition
t pwp(t)7 < CrPuwP(r) (1.3)
.
for potential and fractional maximal operators, where C > 0 does not depend on .

Theorem 1.4 ([28]). Let 1 < p < oo and w(r) satisfy conditions (1.1)-(1.2). Then the
operators M and singular integral operator T are bounded in M, ,(R™).

Theorem 1.5 ([28]). Let 1 < p < 00, 0 < o < 2, and w(t) satisfy conditions (1.1)

and (1.3). Then the operators M® and I* are bounded from M, ,(R™) to My, (R™) with
1 _1 a

g p n
Note that Theorems 1.6 and 1.7 do not require condition (1.1)

Theorem 1.6 ([11]). Let 1 < p < 0o and wi(r), wa(r) be positive measurable functions
satisfying the condition

/Too wl(t)% < c1wa(r) (1.4)

with c¢; > 0 not depending on t > 0. Then the operators M and singular integral operator
T are bounded from My, (R™) to My, (R™).

Theorem 1.7 ([11]). Let0 < a <n, 1 <p < oo, % =
measurable functions satisfying the condition

o0 dt
/ 2w (6) < e wa(r) (1.5)
Then the operators M“ and I* are bounded from M, ., (R™) to Mg ., (R™).

— % and wi(r), wa(r) be positive

S

The results given so far are obtained in Morrey space and generalized Morrey spaces
of the maximal operator M® and Riesz potential operator I*. In this paper, we shall
investigate the maximal operator M, , (B-Maximal operator) and the Riesz potential
operator I, (B-Riesz potential operator) related to the generalized translate operator
associated with the Laplace-Bessel differential operator and its commutators on generalized
weighted Morrey spaces MP#"(R™). We also give a characterization for the B-BMO space
via the boundedness of the commutator of the B-Riesz potential I, . Our aim is to present
these two different characterizations of generalized weighted B- Morrey spaces for 1% and
I, and its commutators.

The maximal operator and potential operator related topics associated with the Laplace-
Bessel differential operator have been investigated by many researchers, see B. Mucken-
houpt and E. Stein [27], I. Kipriyanov [21], K. Trimeche [38], L. Lyakhov [24], K. Stempak
[37], A.D. Gadjiev and L.A. Aliev [10], V.S. Guliyev [12,13], V.S. Guliyev and J.J. Hasanov
[16], J.J. Hasanov [18], A. Serbetci, I. Ekincioglu [2,15,33] and others [19].

Now, let us introduce the Riesz potential operator I, . (B-Riesz potential operator)
related to the generalized translate operator associated with the Laplace-Bessel differential
operator

82

Z

= Z

k
Zl - M >0, 9% >0.
1:6'

At first, we prove that the B—Rlesz potential operator I,, and their commutators for
0 < a < n+|v| is bounded from the generalized weighted B-Morrey space Mp o, o, ( . +)



324 1. Ekincioglu, J. J. Hasanov, C. Keskin

to Mq,Wz,cpz,'y(RZ,+)’ where a/(n+[v]) = 1/p—1/q, 1 < p < (n+ |y])/a, (p1,92) €
Al—i—ﬁ,'y(RZ,—i-)) 113 + I% =1

We now consider the generalized translation operator generated by the Laplace-Bessel
differential operator Ap. Then, the B-maximal operator and B-Riesz potential associ-
ated with this operator are investigated in generalized weighted B-Morrey spaces. We
obtain for the operator I,, to be bounded from generalized weighted B-Morrey space
Mpwr 01,7 (R 1) 10 Mgy 00,7 (RE 1) and from generalized weighted B-Morrey space
M w0y (RE 1) to weak generalized weighted B-Morrey space WMgw, o~ (R) ).

The structure of the paper is as follows. In first section, we present some definitions
and auxiliary results. In second section, we introduce generalized B-Morrey spaces. In
Section 3, the main results of the paper, the boundedness of the B-potential operator
from B-Morrey space My w04 (RE 1) t0 Mg, o4 (R) ), is proved. In the last section,
the boundedness of the commutators of the B-potential operator from generalized weighted
B-Morrey space My, w; 0.4 (RY 1) t0 Mp w0 (RE 1) is obtained.

2. Preliminaries

Let R™ be n-dimensional Euclidean space. For 1 < k < n, let z = (z1,...,2,) € R",
' = (x1,...,2) € R¥ and 2" = (2p41,...,7,) € R" ¥ such that 2 = (2/,2") € R™
Then, it is defined as

he ={z=(2,2") eR" 21 >0, ..., z; > 0}.

forn > 2. Recall that E(z,7) = {y € R} | ; |[z—y| <r} for a measurable subset £ C R} .
Let E, = E(0,r). If v = (71,...,7) and y3 > 0,...,9 > 0 then |y| =~ + ...+ 7% and
(/)Y =z - al*. For 2’ € R*, we define the measures on E by equality

Bl = [ @)y de,
E
then | E,|, = w(n, k,7)r?, where Q = n + || and

LN (wrl)
T2 2
wlno) = [ @yde="on T —poy
El Ve Ey
First, we define the generalized translate operator (B-translate operator) 7%, = € R",
on LP(R™, dv) by equality

T f(y) = o /0 " /0 @ )s e — o) (),

where (z;,vi)s = (x?—2:ciyicosﬁi+yi2)%, 1 < i < k (@y)p =

k
(($17y1)ﬂ17 SERE) (xknyk)/jk)’ dv (ﬁ) = ‘1:11 Sin%.il Bz dﬁl cee dﬁkv 1<k <nand

EOT () o
———— = —w(2k,k, ).
U gy = et
It acts from LP(R", dv) toLP(R",dv) and ||T7 f||, < ||f||p and T*1 = 1 and L,)-boundedness.
We remark that the generalized translate operator T% is closely connected with the
Bessel differential operator B (for example, n = k = 1 see [23], n > 1, k = 1 see [21] and
n,k > 1 see [24,33,34] for details).
Let Ly ,~(R} ;) be the space of Lebesgue measurable functions f such that

SIS

Cyp=m

1/p
1 ep = 1ty = ([ F@PP @@ ) <o

k,+
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where 1 < p < oo. For p = oo the space Lo~ (R} ) is defined by means of the usual
modification

oy = 12 = e85 sup p(x)]f(z)].

Te +
Definition 2.1. The weight function ¢ belongs to the class 4, (R} ;) for 1 <p < oo, if

sup (IE(:M)IJ1 / @p(y)(y')”’dy)l<|E1fT /90 de)pl/<oo

zeRY  ,r>0
kot E(z,r) E(x,r)

and ¢ belongs to Ay, (R};‘ ), if there exists a positive constant C' such that for any = € RE |
and r > 0

1
YV dy < Cyepmr) —r—
/ el Y= Ty o)

Definition 2.2. The weight function (¢1, ¢2) belongs to the class APN(R};JF) for1 <p<
oo, if

xERi“pDo(w(xl,rm / “03(y>(y'>”y>;(|E<xl,r>|w / @lp/@)(y')”y);“o'

b
kot z,r E(x,r

The generalized translate operator 7Y generates the corresponding B-convolution

(Feg@=[ Iy,

k,+

for which the Young inequality

1 1 1
”f®gHLW, < ||f”Lpﬁ HQHL,M , 1<pg<r<oo, ;) + 5 e - +1
holds.
Lemma 2.3. For all x € RZ,+ the following equality is holds

TYq(x)(y")d :/ ( 2472 ..., z2+z2jz//>d 2,2,
B 9(z)(y')"dy Sy \/ 27 1 VAT Ak 1z, 2")

where E((z,0),t) = {(z,2') € R" x (0,00)k : ’(:z - z,?)

< t}.

Lemma 2.4. For all x € Rf | the following equality is holds

TYg(x)e(y) Myx g, (y)(y') dy

= g(w/z%—kz%,.. RV ) 2, 2" )My X .0y (% 2Ndv(z,7),

R™ x (0,00)k

Ry +

where E((x,0),t) = {(z,2') € R" x (0,00)F : ‘(x - z,?) < t}.

Lemmas 2.3 and 2.4 are straightforward via the following substitutions
2 =a" 2z =ycosa;, Zi=yisinay, 0<aq;<m i1=1,...,k,
y Ry L, 2= (Z1,...,%), (2,7) €R" x (0,00)%, 1 <k <n.

Definition 2.5 ([13]). Let 1 <p <ooand 0 < A < Q. We denote by M, » (R}, , ) Morrey
space (= B-Morrey space), associated with the Laplace-Bessel differential operator the set
of locally integrable functions f(x), z € R} +» with the finite norm

1/p
5, = s ([ 0 P@w )
o >0, x€ Z,+ t
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Define the B-maximal operator of f by

M f(@) = sup Bl [ T (o) o),
E,

and the fractional B-maximal operator by

Mo () =sup B9 [ T1f11@))dy, 0<a<Q
r>0 B,

and the B-Riesz potential by

loaf(@) = [ T @NI" 2 dy, 0<a<Q.
kot
We write Mo~ f(x) = My f(z) in the case a = 0.
Let w and ¢ positive measurable weight functions. The norm in the spaces Mp,wm/(RZ, +)
and My, (R} | ) defined in two forms,

f% , 1/p
bt = oop, s (f, T @)
and
1 1/p
171186 ::xERZi?t>0u4t)H@Hanﬁﬂ0¢» ( EthHJW]p(x)w(y)Q/)Wdy> ’

_Q A-Q
If wt) = r» then My, (RE ) = Lpy(RE ), if w(#) = ¢t 7,0 < A < Q, then

My (RE L) = Mpp(RE L)
Denote by Mg, the sharp B-maximal function defined by

MEf@) = sup| B0 [ ITF@) = foon @) dy.
E(0,)

where fro(x) = B0, )51 [ TYf(x)(y')dy.

E(0,)
B — BMO space, BMO, (RZ +), defined as the space of locally integrable functions f
with finite norm

IflBro, = sup B0, 1)]5 / TV f(2) = frm(@)|(y)dy < oo,
t>0, xeRzer B(0.)

or

Iflm30, =inf sup |BQ.0" [ [T7f(@) = Cly)dy < oc.
t>0, zERY
’ E(0,t)

The following theorem was proved in [4].
Theorem 2.6. i) If Let f € LIS (R} ).

1/p
swp  (IEQ.05 [ 11780) ~ fron@PW)dy) - =1 flwo, , < .

>0, z€R?
kot E(0,t)

then for any 1 < p < oo

| fllBao., < fllBmo,. < Al fllBmo,

where the constant A, depends only on p.
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ii) Let f € BMOy(R} ). Then, there is a constant C > 0 such that

t
|fE©0r) — fEO8] < CllfllBMO, In - 0<2r<t
where C' is independent of f,x,r and t.
Lemma 2.7 ([20]). Let 1 <p < oo, p € Ap4(R} ), b€ BMO,(R} ). Then

HT'b(f’«") —bE©o,n
L E(0,r
bl Brro, = sup poiy (E(Or))
zeRY ,r>0 H(’O”LPW(E(O )

3. B-Riesz potentials on generalized weighted B-Morrey spaces

Theorem 3.1. Let 0 < a < Q, 1 < p < %, %—% = %, (p1,02) € A1+§W(RZ7+),

% + 1% =1 and wi(r), wa(r) be positive measurable functions satisfying the condition

/wl(r)H%!Lp,W(E(o,r)) I ). (3.1)
le2llzy 2o 7

Then I, ~ is bounded from Mp,wmpln(RZ,Jr) to Mq7w27¢277(R2’+).
Proof. Let f € My, 01~ (RZ’JF). Then

Ia,'yf(l‘) = a,'yfl (ZL') + Ia,'ny(:E)' (3'2)
Firstly, we estimate I, f1(z). By using the Holder’s inequality, we have

lan @] < [ Tyl dy
E(0,t)
—! c\o—Q
<y (o) [ Ty
j=—o0 E(0,27+14)\ E(0,2t)
-1 a—Q
3 ()

=700 E(0,29+11)\ E(0,27t)

- 1/p
X ( / @ ” (y)(y’)de>
E(0,27+ 1)\ E(0,27t)

1/p
™| 1(a) )y

S Ol fllLyo, 4 (EO1) ||4P2HL(H E(0,t))"

By the inequality (3.1), we obtain

||Ia,'vf1||Lq’¢2’,Y(E(o7t)) < CHfHLpW1 ~(E(0,t))

[e.e]

o212, (E( /w Merlle, , (gor) dr
1(t )||</71HL]M E(Ot

< Cllfllzp ey (BOM) leel, mory T
a,y T

t
< Cll Ity 0y 00,92l @2] 2y (E0.))-

Hence, we have

Mo filli, ,, E00) < ClFING 0, 02Ol 022, (B00)- (3.3)
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Now we estimate I, f2(x). By using the Holder’s inequality, we get

lagha@)l < [ TI@Ily* ) dy
RY \E(0,)

< (2%) aQ / Y| f(2)|(y' ) dy

7=0 E(0,20+11)\ E(0,27t)

< i (27¢)"° ( / wf”/(y)(y’)'ydy)l/p/

7=0 E(0,20+11)\ E(0,27t)
1/p
([ Trerdeer)
E(0,20+14)\ E(0,271)

Twr(m)lelln, . (s dr

S CHfHMp,wl,cpl,'y/ o
t

leallr,, By T

Thus, by the inequality (3.1), we obtain

’Ia,'ny(x” S CHfHMp,wl,gol,'ywz(t)' (34>
So, from (3.3) and (3.4), we have

Han fllz, . 0 < Hanfillg, .. o) T Hentell, .. 00
< O flMp sy oy w2 l02llL,  (2(0,6)-
Finally I~ f € Mq,wa,mﬁ(Rz, +) and

||Ia”yf”Mq,w2,(p2,'y S CHf”Mp,wl,wl,’y'
]

Corollary 3.2. Let0 < a <@, 1<p< %, % - % =5 (p1,92) € A1+§77(RZ7+). Then

the operator I, is bounded from Ly o, ~(R™) to Lq g, (R™).

Corollary 3.3. Let0 < a<Q,1<p< @, 1 _1_— ol (p1,p2) € ZH&,V(RZ,Q' Then

[0}

Pq
the operator My~ is bounded from Ly ,, ~(R™) to Lg,, ~(R™).

4. Commutators of B-Riesz potential on generalized weighted B-Morrey
spaces

In this section, we consider commutators of the B-Riesz potential defined as the follow-
ing equality

[0, Top ] f(2) = / (b(@) = b(y)y|* P T f(2)(y')'dy, 0<a<Q.
R+
Given a measurable function b the operator |b, I, 5| is defined by
b Lagl @) = [ Io(a) = b)ly* O T () () dy, 0<a<Q.
R+
Theorem 41. Let0 < a<Q, 1 <p< %, %D— é =5 be BMOL(R} L), (p1,02) €
Arpa (R L), o1 € Apy(RE ) and wi(r), wa(r) be positive measurable functions satisfy-
P K )
ing the condition (3.1). Then |b, Io | is bounded from My w; o1 ~(RY 1) 10 Mgy 00~ (RY ).
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Proof. Let f € My 4, (R}, ). Then

b, Lo |f(0) ( [+ [ )i sens@ie

B0y RP L \E(0D)
= Fi(z,t) + Fa(x,t).
Firstly, we estimate F(x,t). By using the Holder’s inequality, we have

R )= [ TUlb—b@lf @lsl™ ) dy

E(O,t)
—1
<Y @[ T @l @) dy
J=—oo E(0,20+11)\ E(0,27t)
—! Na—Q , 1/p
<Y @) [ e - e ay)
J=—oo E(0,2+10)\ E(0,271)

1/p
([ Teramer)
E(0,20+14)\ E(0,27t)
< Cbll grro, |’f”Lp,¢m(E(o,t))HS@HZ;YW(E(OJ)).

By the inequality (3.1), we obtain

1L, ., - 20.0) < C 0l Bro, 11, (EO)

o0

02l L, - (E©.) /w Mellr,. mo.) dr
wi®)llerllz,  (20.0) le2llz, (e T

< Clblgumo, HfHLp,mﬁ(E(o,t))
t

< Clbll grro, 1 130y o1 w2 @2l 1, (B0,8)-
Hence we have
11z, ., - 20.0) < C Il prro, 11100, o w2Ol@2llL, , (B0)- (4.1)
Now we estimate Fy(z,t). By using the Holder’s inequality, we get

Be)< [ 1(b=b@)llf@)lyl ) dy

<)Y [ - Ir @)
=0 B(0,2114)\ E(0,27¢)
= o , 1/p
<SE( [ e -0 W)y
=0 E(0,29+ 1)\ E(0,29t)

X ( / | f () sol(y)(y’)”dyy/p

E(0,27+14)\ E(0,29t)

wi(Mlleillz, (&0, dr-
le2llz, (B T

[e.e]
< C ¥l 210, 1536y s | =
t

Thus by the inequality (3.1), we have
Faf,) < C bl o, 156y, 00 n02(0): (42)
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Therefore, from (4.1) and (4.2), we obtain

o, Lo\ f g, o, om0y = WL, B0 T IERIL, L (EO)

IN

Clvl garo, 1INy w202l L, - (B0,8)-

Finally, we get |b, In|f € Mq,wz,wn(Rz,Jr) and

|||b’ '[057")/|zf”:]\/[(17&“,279927,y S C Hb”BMO,Y HfHMp,wl,(pl,’y’
t
Corollary 4.2. Let 0 < a < Q, 1 <p < @ L_Ll-2 pcBMO,RY,), (p1,92) €
Apa (RE ) and g1 € Ap (R ). Then the operator |b, 1, | is bounded from Ly, o, ~(R™)
P 2 9’

to Lq,<ﬂ2f¥(Rn)'
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