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Abstract 
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1. INTRODUCTION  

Bakhtin [8] and Czerwik [29] introduced 𝑏-metric spaces as a generalization of metric spaces. In these 

spaces, the triangular inequality of the usual metric function was replaced by a more general inequality 

consisting a constant 𝑠 ≥ 1 such that for 𝑠 = 1 we obtain the usual metric as a special case. They also 

obtained the generalized version of Banach contraction principle in such spaces. After this work, several 

interesting generalization in 𝑏-metric spaces have been obtained (see [1],[17],[21],[23],[24],[26],[32] and 

the references therein). Matthews [31] introduced the notion of partial metric spaces as a part of the study 

of denotational semantics of dataflow network. In these spaces, the usual metric was generalized by 

introducing the nonzero self-distance of points of space. Matthews showed that the Banach contraction 

principle is valid in partial metric spaces and can be applied in program verification. 

On the other hand,  Ran and Reurings [4] and Nieto and Lopez [13],[14] obtained the existence of fixed 

points of a self- mapping of a metric space equipped with a partial order. The fixed point results in spaces 

equipped with a partial order can be applied in proving existence and uniqueness of solutions for matrix 

equations as well as for boundary value problems of ordinary differential equations, integral equations, 

fuzzy equations, of problems in L-spaces  etc. (see [2],[4],[7],[9],[10],[12],[13],[14],[15],[16][25]). The 

results of Ran and Reurings [4] and Nieto and Lopez [13],[14] were generalized by several authors (see, 

e.g., [2],[5],[6],[9],[11],[12],[18],[28],[33],[34]). 

Shukla [32] generalized 𝑏-metric and partial metric spaces by introducing the notion of partial 𝑏-metric 

spaces and proved the Banach contraction principle in such spaces. Some generalizations and fixed point 

results on partial 𝑏-metric spaces can be found in [3],[19],[20],[35]. In this paper, we prove a generalization 

of Banach contraction principle in partial 𝑏-metric space endowed with a partial order. Our results 

generalize the results of Bakhtin [8], Czerwik [29], Ran and Reurings [4], Nieto and Lopez [13],[14], 

Matthews [31] and a recent result of Shukla [32]. Examples are given which illustrate the results and show 

that the generalizations are proper. 
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2. PRELIMINARIES 

First, we recall some definitions from b-metric, partial metric and partial b-metric spaces (see [8],[31],[32]). 

Definition 1. Let 𝑋 be a nonempty set and the mapping𝑑: 𝑋 × 𝑋 → ℝ+ (ℝ+ stands for nonnegative reals) 

satisfies: 

(bM1)𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(bM2)𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥); 

(bM3) there exists a real number 𝑠 ≥ 1 such that 𝑑(𝑥, 𝑦) ≤ 𝑠[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)], 

for all 𝑥, 𝑦 ∈ 𝑋. Then 𝑑 is called a b-metric on 𝑋 and (𝑋, 𝑑) is called a b-metric space with coefficient 𝑠. 

Definition 2. A partial metric on a nonempty set 𝑋 is a function 𝑝: 𝑋 × 𝑋 → ℝ+ such that, for all 𝑥, 𝑦, 𝑧 ∈
𝑋: 

(P1) 𝑥 = 𝑦 if and only if 𝑝(𝑥, 𝑥) = 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑦); 

(P2) 𝑝(𝑥, 𝑥) ≤ 𝑝(𝑥, 𝑦); 

(P3) 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑥); 

(P4) 𝑝(𝑥, 𝑦) ≤ 𝑝(𝑥, 𝑧) + 𝑝(𝑧, 𝑦) − 𝑝(𝑧, 𝑧). 

A partial metric space is a pair (𝑋, 𝑝) such that 𝑋 is a nonempty set and 𝑝 is a partial metric on 𝑋. 

Definition 3. A partial 𝑏-metric on a nonempty set 𝑋 is a function 𝑏: 𝑋 × 𝑋 → ℝ+ such that for all 𝑥, 𝑦, 𝑧 ∈
𝑋: 

(Pb1) 𝑥 = 𝑦 if and only if 𝑏(𝑥, 𝑥) = 𝑏(𝑥, 𝑦) = 𝑏(𝑦, 𝑦); 

(Pb2) 𝑏(𝑥, 𝑥) ≤ 𝑏(𝑥, 𝑦); 

(Pb3) 𝑏(𝑥, 𝑦) = 𝑏(𝑦, 𝑥); 

(Pb4) there exists a real number 𝑠 ≥ 1 such that 𝑏(𝑥, 𝑦) ≤ 𝑠[𝑏(𝑥, 𝑧) + 𝑏(𝑧, 𝑦)] − 𝑏(𝑧, 𝑧). 

A partial 𝑏-metric space is a pair (𝑋, 𝑏) such that 𝑋 is a nonempty set and 𝑏 is a partial 𝑏-metric on 𝑋. The 

number s is called the coefficient of (𝑋, 𝑏). 

Remark 1 ([32]). In a partial 𝑏-metric space (𝑋, 𝑏) if 𝑥, 𝑦 ∈ 𝑋 and 𝑏(𝑥, 𝑦) = 0 then 𝑥 = 𝑦, but converse 

may not be true. 

Remark 2 ([32]). It is clear that every partial metric space is a partial 𝑏-metric space with coefficient 𝑠 = 1 

and every 𝑏-metric space is a partial 𝑏-metric space with the same coefficient and zero self-distance. 

However, the converse of this fact need not hold. 

Example 1 ([32]). Let 𝑋 = ℝ+, 𝑝 > 1 a constant and 𝑏: 𝑋 × 𝑋 → ℝ+ be defined by 

𝑏(𝑥, 𝑦) = [max{𝑥, 𝑦}]𝑝 + |𝑥 − 𝑦|𝑝 for all  𝑥, 𝑦 ∈ 𝑋. 

Then (𝑋, 𝑏) is a partial 𝑏-metric space with coefficient 𝑠 = 2𝑝 > 1, but it is neither a 𝑏-metric nor a partial 

metric space. Indeed, for any 𝑥 > 0 we have 𝑏(𝑥, 𝑥) = 𝑥𝑝 ≠ 0, therefore, 𝑏 is not a 𝑏-metric on 𝑋. Also, 

for 𝑥 = 5, 𝑦 = 1, 𝑧 = 4 we have 𝑏(𝑥, 𝑦) = 5𝑝 + 4𝑝 and 𝑏(𝑥, 𝑧) + 𝑏(𝑧, 𝑦) − 𝑏(𝑧, 𝑧) = 5𝑝 + 1 + 4𝑝 +
3𝑝 − 4𝑝 = 5𝑝 + 1 + 3𝑝, so 𝑏(𝑥, 𝑦) > 𝑏(𝑥, 𝑧) + 𝑏(𝑧, 𝑦) − 𝑏(𝑧, 𝑧) for all 𝑝 > 1, therefore 𝑏 is not a partial 

metric on 𝑋. 

For some more examples of partial 𝑏-metric space we refer to [32]. 

For each 𝑥 ∈ 𝑋 and 𝜀 > 0, put 𝐵𝑝(𝑥, 𝜀) = {𝑦 ∈ 𝑋: 𝑏(𝑥, 𝑦) < 𝜀 + 𝑏(𝑥, 𝑥)} and ℬ = {𝐵𝑏(𝑥, 𝜀): 𝑥 ∈ 𝑋, 𝜀 >

0}. Although, ℬ is not a base for any topology on 𝑋, hence is not a topology on 𝑋. However, ℬ can be a 

sub-base for some topology 𝜏 on 𝑋 which is 𝑇0 but need not to be 𝑇1 (see, [36]). 

Now we define Cauchy sequence and convergent sequence in partial 𝑏-metric spaces. 
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Definition 4. ([32, 36]). Let (𝑋, 𝑏) be a partial 𝑏-metric space with coefficient 𝑠. Let {𝑥𝑛} be any sequence 

in 𝑋 and 𝑥 ∈ 𝑋. Then: 

(i) The sequence {𝑥𝑛} is said to be convergent and converges to 𝑥, if  lim
𝑛→∞

𝑏(𝑥𝑛 , 𝑥) = 𝑏(𝑥, 𝑥). 

(ii) The sequence {𝑥𝑛} is said to be Cauchy sequence in (𝑋, 𝑏) if lim
𝑛,𝑚→∞

𝑏(𝑥𝑛, 𝑥𝑚) exists and is finite. 

(iii) (𝑋, 𝑏) is said to be a complete partial 𝑏-metric space if for every Cauchy sequence {𝑥𝑛} in 𝑋 there  

exists 𝑥 ∈ 𝑋 such that 

lim
𝑛,𝑚→∞

𝑏(𝑥𝑛, 𝑥𝑚) = lim
𝑛→∞

𝑏(𝑥𝑛, 𝑥) = 𝑏(𝑥, 𝑥). 

Note that in a partial 𝑏-metric space the limit of convergent sequence may not be unique (see Example 2 in 

[32]). 

If a nonempty set 𝑋 is equipped with a partial order “⊑” such that (𝑋, 𝑏) is a partial 𝑏-metric space with 

coefficient 𝑠 ≥ 1, then the triple (𝑋, 𝑏, ⊑) is called an ordered partial 𝑏-metric space. Elements 𝑥, 𝑦 ∈ 𝑋 are 

called comparable, if 𝑥 ⊑ 𝑦 or 𝑦 ⊑ 𝑥. A subset 𝐴 of 𝑋 is called well ordered if all the elements of 𝐴 are 

comparable. A sequence {𝑥𝑛} in 𝑋 is called non-decreasing with respect to ⊑, if 𝑥𝑛 ⊑ 𝑥𝑛+1 for all 𝑛 ∈ ℕ. 
A mapping 𝑇: 𝑋 → 𝑋 is called non-decreasing with respect to ⊑, if 𝑥 ⊑ 𝑦 implies 𝑇𝑥 ⊑ 𝑇𝑦. We denote the 

set of all fixed points of 𝑇 by Fix(𝑇), that is, Fix (𝑇) = {𝑥 ∈ 𝑋: 𝑇𝑥 = 𝑥}. 

Definition 5. Let (𝑋, 𝑏, ⊑) be an ordered partial 𝑏-metric space with coefficient 𝑠 ≥ 1 and 𝑇: 𝑋 → 𝑋 be a 

mapping. Then 𝑇 is called an ordered Banach contraction if the following condition holds: there exists 𝜆 ∈
[0,1) such that 

                                       𝑥 ⊑ 𝑦 implies 𝑏(𝑇𝑥, 𝑇𝑦) ≤ 𝜆𝑏(𝑥, 𝑦)  for all  𝑥, 𝑦 ∈ 𝑋.                                                (1) 

The constant 𝜆 is called the contractive constant of 𝑇. 

Definition 6. Let (𝑋, 𝑏) be a partial 𝑏-metric space and 𝑓: 𝑋 → 𝑋 be a mapping. Then 𝑓 is called: 

(i) continuous, if for a sequence {𝑥𝑛} in 𝑋, lim
𝑛→∞

𝑏(𝑥𝑛, 𝑥) = 𝑏(𝑥, 𝑥) for some 𝑥 ∈ 𝑋 implies 

lim
𝑛→∞

𝑏(𝑓𝑥𝑛, 𝑓𝑥) = 𝑏(𝑓𝑥, 𝑓𝑥); 

(ii) sequentially convergent, if for a sequence {𝑥𝑛} in 𝑋, lim
𝑛→∞

𝑏(𝑥𝑛, 𝑥) = 𝑏(𝑥, 𝑥) for some 𝑥 ∈ 𝑋, whenever 

lim
𝑛→∞

𝑏(𝑓𝑥𝑛, 𝑦) = 𝑏(𝑦, 𝑦) for some 𝑦 ∈ 𝑋. 

Now we can state our main results. 

 

3. FIXED POINT THEOREMS 

The following lemma will be useful in the sequel. 

Lemma 1. Let (𝑋, 𝑏, ⊑) be an ordered partial 𝑏-metric space and 𝑇: 𝑋 → 𝑋 be a mapping. If 𝑇 is non-

decreasing with respect to ⊑ and it is an ordered Banach contraction with contractive constant 𝜆. Then for 

any 𝑘 ∈ ℕ the mapping 𝐹: 𝑋 → 𝑋 defined by 𝐹𝑥 = 𝑇𝑘𝑥 for all 𝑥 ∈ 𝑋 is also non-decreasing with respect 

to ⊑ and it is an ordered Banach contraction with contractive constant 𝜆𝑘 . 

Proof. Since 𝑇 is nondecreasing with respect to ⊑, for 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ⊑ 𝑦 we have 𝑇𝑥 ⊑ 𝑇𝑦. Continuing 

in this manner, we obtain 𝑇𝑘𝑥 ⊑ 𝑇𝑘𝑦, that is, 𝐹𝑥 ⊑ 𝐹𝑦. Therefore 𝐹 is non-decreasing with respect to ⊑. 

If 𝑥 ⊑ 𝑦 then since 𝑇 is non-decreasing with respect to ⊑ we have 𝑇𝑛𝑥 ⊑ 𝑇𝑛 𝑦 for all 𝑛 ∈ ℕ, so, using (1) 

we obtain 

𝑏(𝐹𝑥, 𝐹𝑦) = 𝑏(𝑇𝑘𝑥, 𝑇𝑘𝑦) = 𝑏(𝑇𝑇𝑘−1𝑥, 𝑇𝑇𝑘−1𝑦)

≤ 𝜆𝑏(𝑇𝑘−1𝑥, 𝑇𝑘−1𝑦)

⋮
≤ 𝜆𝑘𝑏(𝑥, 𝑦).
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Therefore, 𝐹 is an ordered Banach contraction with contractive constant 𝜆𝑘 .    

Now we state the ordered version of Banach contraction principle in partial 𝑏-metric spaces. 

Theorem 2. Let (𝑋, 𝑏, ⊑) be an ordered and complete partial 𝑏-metric space with coefficient 𝑠 ≥ 1 and 

𝑇: 𝑋 → 𝑋 be a mapping such that the following conditions hold: 

(I) 𝑇 is an ordered Banach contraction with contractive constant 𝜆; 

(II) there exists 𝑥0 ∈ 𝑋 such that 𝑥0 ⊑ 𝑇𝑥0; 

(III) 𝑇 is non-decreasing with respect to ⊑; 

(IV) if {𝑥𝑛} is a non-decreasing sequence in 𝑋 and converging to some 𝑧, then 𝑥𝑛 ⊑ 𝑧 for all 𝑛 ∈ ℕ. 

Then 𝑇 has a fixed point 𝑢 ∈ 𝑋 and 𝑏(𝑢, 𝑢) = 0. In addition, the set of fixed points of 𝑇, Fix(𝑇) is well 

ordered if and only if the fixed point of 𝑇 is unique. 

Proof. As, 𝜆 ∈ [0,1) we can choose 𝑛0 ∈ ℕ such that, for given 0 < 𝜀 < 1 we have 𝜆𝑛0 <
𝜀

4𝑠2. Let 𝑇𝑛0 ≡

𝐹 and 𝐹𝑘𝑥0  = 𝑥𝑘 for all 𝑘 ∈ ℕ. By Lemma 1, 𝐹 is also non-decreasing with respect to ⊑ and it is an 

ordered Banach contraction with contractive constant 𝜆𝑛0 . Since 𝑥0 ⊑  𝑇𝑥0 and 𝑇 is non-decreasing with 

respect to ⊑, we have 𝑇𝑥0 ⊑ 𝑇𝑇𝑥0 and so 𝑥0 ⊑  𝑇𝑥0 ⊑  𝑇2𝑥0. Continuing in this manner, we obtain 

𝑥0 ⊑ 𝑇𝑥0 ⊑ 𝑇2𝑥0 ⊑ ⋯ ⊑ 𝑇𝑛𝑥0 ⊑ 𝑇𝑛+1𝑥0 ⊑ ⋯    for all  𝑛 ∈ ℕ. 

Therefore, 𝑥0 ⊑ 𝑇𝑛0𝑥0 ⊑  𝑇2𝑛0𝑥0 ⊑ ⋯ ⊑ 𝑇𝑛𝑛0𝑥0 ⊑ ⋯ for all 𝑛 ∈ ℕ, that is, 

𝑥0 ⊑ 𝑥1 ⊑ 𝑥2 ⊑ ⋯ ⊑ 𝑥𝑘 ⊑ 𝑥𝑘+1 ⊑ ⋯     for all   𝑘 ∈ ℕ. 

Therefore the sequence {𝑥𝑛} is non-decreasing with respect to “⊑”. 

Now for any 𝑘 ∈ ℕ, since 𝑥𝑘−1 ⊑ 𝑥𝑘 and 𝐹 is an ordered Banach contraction with contractive constant 𝜆𝑛0, 

therefore we have 

𝑏(𝑥𝑘 , 𝑥𝑘+1) = 𝑏(𝐹𝑥𝑘−1, 𝐹𝑥𝑘) ≤ 𝜆𝑛0𝑏(𝑥𝑘−1, 𝑥𝑘)

= 𝜆𝑛0𝑏(𝐹𝑥𝑘−2, 𝐹𝑥𝑘−1) ≤ 𝜆2𝑛0𝑏(𝑥𝑘−2, 𝑥𝑘−1)
⋮
≤ 𝜆𝑘𝑛0𝑏(𝑥0, 𝑥1) → 0   as   𝑘 → ∞.

 

So, we can choose 𝑙 ∈ ℕ such that 

𝑏(𝑥𝑙 , 𝑥𝑙+1) <
𝜀

8𝑠2
. 

Now, let 

𝐵𝑏
⊑ [𝑥𝑙,

𝜀

4𝑠
] : = {𝑦 ∈ 𝑋: 𝑥𝑙 ⊑ 𝑦, 𝑏(𝑥𝑙 , 𝑦) ≤

𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙)}. 

We shall show that 𝐹 maps 𝐵𝑏
⊑ [𝑥𝑙 ,

𝜀

4𝑠
] into itself. Now it is obvious that 𝑥𝑙 ∈ 𝐵𝑏

⊑ [𝑥𝑙 ,
𝜀

4𝑠
] therefore 

𝐵𝑏
⊑ [𝑥𝑙,

𝜀

4𝑠
] ≠ ∅. Let 𝑧 ∈ 𝐵𝑏

⊑ [𝑥𝑙 ,
𝜀

4𝑠
] be arbitrary then 𝑥𝑙 ⊑ 𝑧 and since 𝐹 is non-decreasing with respect to 

⊑, we have 𝐹𝑥𝑙 ⊑ 𝐹𝑧, that is, 𝑥𝑙+1 ⊑ 𝐹𝑧 and so 𝑥𝑙 ⊑ 𝑥𝑙+1 ⊑ 𝐹𝑧 which implies 𝑥𝑙 ⊑ 𝐹𝑧. Now, since 𝐹 is 

an ordered Banach contraction with contractive constant 𝜆𝑛0 , we have 

𝑏(𝐹𝑥𝑙 , 𝐹𝑧) = 𝜆𝑛0𝑏(𝑥𝑙 , 𝑧) ≤
𝜀

4𝑠2 [
𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙)] , 

also 

𝑏(𝑥𝑙 , 𝐹𝑥𝑙) = 𝑏(𝑥𝑙 , 𝑥𝑙+1) <
𝜀

8𝑠2
. 
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Therefore, 

𝑏(𝑥𝑙 , 𝐹𝑧) ≤ 𝑠[𝑏(𝑥𝑙 , 𝐹𝑥𝑙) + 𝑏(𝐹𝑥𝑙 , 𝐹𝑧)] − 𝑏(𝐹𝑥𝑙 , 𝐹𝑥𝑙)

< 𝑠 [
𝜀

8𝑠2
+

𝜀

4𝑠2 {
𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙)}]

=
𝜀

8𝑠
+

𝜀2

16𝑠2
+

𝜀

4𝑠
𝑏(𝑥𝑙 , 𝑥𝑙)

<
𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙),

 

so, 𝐹𝑧 ∈ 𝐵𝑏
⊑ [𝑥𝑙 ,

𝜀

4𝑠
]. Thus, 𝐹 maps 𝐵𝑏

⊑ [𝑥𝑙 ,
𝜀

4𝑠
] into itself.  

Note that, 𝑥𝑙 ∈ 𝐵𝑏
⊑ [𝑥𝑙 ,

𝜀

4𝑠
] therefore 𝐹𝑥𝑙 ∈ 𝐵𝑏

⊑ [𝑥𝑙 ,
𝜀

4𝑠
] and repetition of this process gives 𝐹𝑛𝑥𝑙 ∈ 𝐵𝑏

⊑ [𝑥𝑙 ,
𝜀

4𝑠
] 

for all 𝑛 ∈ ℕ, that is, 𝑥𝑚 ∈ 𝐵𝑏
⊑ [𝑥𝑙 ,

𝜀

4𝑠
] for all 𝑚 ≥ 𝑙. Thus, for 𝑛, 𝑚 > 𝑙 we have 

𝑏(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝑏(𝑥𝑛, 𝑥𝑙) + 𝑏(𝑥𝑙 , 𝑥𝑚)] − 𝑏(𝑥𝑙 , 𝑥𝑙)

< 𝑠 [
𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙) +

𝜀

4𝑠
+ 𝑏(𝑥𝑙 , 𝑥𝑙)]

=
𝜀

2
+ 2𝑠𝑏(𝑥𝑙 , 𝑥𝑙) ≤

𝜀

2
+ 2𝑠𝑏(𝑥𝑙 , 𝑥𝑙+1)

<
𝜀

2
+

2𝑠𝜀

8𝑠2
< 𝜀.

 

Thus, the sequence {𝑥𝑛} is a Cauchy sequence and 

𝑏(𝑥𝑛, 𝑥𝑚) < 𝜀  for all  𝑛, 𝑚 > 𝑙. 

By completeness of 𝑋 there exists 𝑢 ∈ 𝑋 such that 

lim
𝑛→∞

𝑏(𝑥𝑛, 𝑢) = lim
𝑛,𝑚→∞

𝑏(𝑥𝑛, 𝑥𝑚) = 𝑏(𝑢, 𝑢) = 0.                                        (2) 

We shall show that 𝑢 is a fixed point of 𝑇. 

By assumption (IV) we have 𝑥𝑛 ⊑ 𝑢 for all 𝑛 ∈ ℕ. Therefore, for any 𝑛 ∈ ℕ by (1) we have 

                               𝑏(𝑢, 𝑇𝑢) ≤ 𝑠[𝑏(𝑢, 𝑇𝑥𝑛) + 𝑏(𝑇𝑥𝑛, 𝑇𝑢)] − 𝑏(𝑇𝑥𝑛, 𝑇𝑥𝑛)

≤ 𝑠[𝑠{𝑏(𝑢, 𝑥𝑛) + 𝑏(𝑥𝑛, 𝑇𝑥𝑛)} − 𝑏(𝑥𝑛, 𝑥𝑛)] + 𝑠𝜆𝑏(𝑥𝑛, 𝑢)

≤ (𝑠2 + 𝜆𝑠)𝑏(𝑥𝑛, 𝑢) + 𝑠2𝑏(𝐹𝑛𝑥0, 𝐹𝑛𝑇𝑥0).                                                     (3)

 

Again since 𝑥0 ⊑ 𝑇𝑥0 therefore 𝐹𝑛𝑥0 ⊑ 𝐹𝑛𝑇𝑥0 for all 𝑛 ∈ ℕ (as 𝐹 is non-decreasing with respect to ⊑) 

and 𝐹 is an ordered Banach contraction with contractive constant 𝜆𝑛0 , so we have 

𝑏(𝐹𝑛𝑥0, 𝐹𝑛𝑇𝑥0) = 𝑏(𝐹𝐹𝑛−1𝑥0, 𝐹𝐹𝑛−1𝑇𝑥0) ≤ 𝜆𝑛0𝑏(𝐹𝑛−1𝑥0, 𝐹𝑛−1𝑇𝑥0)
⋮
≤ 𝜆𝑛𝑛0𝑏(𝑥0, 𝑇𝑥0).

 

Therefore we obtain from (3) that 

𝑏(𝑢, 𝑇𝑢) ≤ (𝑠2 + 𝜆𝑠)𝑏(𝑥𝑛, 𝑢) + 𝑠2𝜆𝑛𝑛0𝑏(𝑥0, 𝑇𝑥0), 

which together with (2) yields 𝑏(𝑢, 𝑇𝑢) = 0. Thus, 𝑢 is a fixed point of 𝑇. 

For uniqueness, suppose Fix(𝑇) is well ordered and 𝑢, 𝑣 ∈ Fix(𝑇), then 𝑇𝑢 = 𝑢, 𝑇𝑣 = 𝑣. Suppose 

𝑏(𝑢, 𝑣) > 0, then since Fix(𝑇) is well ordered, assume that 𝑢 ⊑ 𝑣. Now it follows from (1) that 

𝑏(𝑢, 𝑣) = 𝑏(𝑇𝑢, 𝑇𝑢) ≤ 𝜆𝑏(𝑢, 𝑣) < 𝑏(𝑢, 𝑣). 

This contradiction shows that 𝑏(𝑢, 𝑣) = 0, therefore 𝑢 = 𝑣. Similarly, if 𝑣 ⊑  𝑢 we obtain 𝑢 = 𝑣. Hence, 

fixed point of 𝑇 is unique. Further, if fixed point of 𝑇 is unique then Fix(𝑇) is singleton, and so well ordered.
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The following is a simple example which illustrates the above theorem and shows that the condition of well 

orderedness of Fix(𝑇) for uniqueness of fixed point is not superfluous. Also it shows that the above theorem 

is a proper generalization of known results. 

Example 2. Let 𝑋 = {1,2,3,4} and 𝑏: 𝑋 × 𝑋 → ℝ be defined by 

b(x, y) = {

|𝑥 − 𝑦|2 + max{𝑥, 𝑦} ,     if   𝑥 ≠ 𝑦;

𝑥,                            if   𝑥 = 𝑦 ∈ {2,3};

0,                            if   𝑥 = 𝑦 ∈ {1,4}.

 

Then (𝑋, 𝑏) is a complete partial 𝑏-metric space with coefficient 𝑠 = 4 > 1. We note that, 𝑏(2,2) = 2 ≠ 0 

therefore 𝑏 is not a 𝑏-metric. Also 𝑏 is not a partial metric. Indeed, 𝑏(4,1) = 13 > 9 = 𝑏(4,3) + 𝑏(3,1) −
𝑏(3,3). 

Define a mapping 𝑇: 𝑋 → 𝑋 and a partial order ⊑ by 

𝑇1 = 1, 𝑇2 = 1, 𝑇3 = 2, 𝑇4 = 4 

and ⊑= {(1,1), (2,2)(3,3), (4,4), (1,2), (2,3), (1,3)}.Now note that, 𝑇 does not satisfy the contractive 

condition of Ran and Reurings [4] in usual metric space (𝑋, 𝑑), for example, 𝑑(𝑇2, 𝑇3) = |𝑇2 − 𝑇3| =
1 = |2 − 3| = 𝑑(2,3), therefore there exists no 𝜆 ∈ [0,1) such that 𝑑(𝑇2, 𝑇3) ≤ 𝜆𝑑(2,3). So, the result of 

[4] cannot be applied to 𝑇. Also, (𝑋, 𝑏) is neither a 𝑏-metric nor a partial metric space therefore the results 

of [29], and [31] are not applicable. Again, since 𝑏(𝑇2, 𝑇4) = 13 > 8 = 𝑏(2,4), therefore 𝑇 does not 

satisfy (1) for all 𝑥, 𝑦 ∈ 𝑋, and so the result of [32] is not applicable. Note that, all the conditions of Theorem 

2 (except that the set Fix(𝑇) is well ordered) are satisfied with 𝜆 ∈ [
3

4
, 1) and 𝑇 has two fixed point. Indeed, 

Fix(𝑇) = {1,4} and (1,4), (4,1) ∉⊑, that is, Fix(𝑇) is not well ordered. Therefore, when we consider the 

uniqueness of fixed point of an ordered Banach contraction in partial 𝑏-metric space then the well 

orderedness of Fix(𝑇) cannot be omitted. 

Definition 7 (see [22] and the references therein). Let (𝑋, 𝑏, ⊑) be an ordered and complete partial 𝑏-metric 

space with coefficient 𝑠 ≥ 1 and 𝑓: 𝑋 → 𝑋 and 𝑇: 𝑋 → 𝑋 be two mappings. The mapping 𝑇 is called an 

ordered 𝑓-contraction if there exists 𝜆 ∈ [0,1) such that 

                                      𝑥 ⊑  𝑦  implies  𝑏(𝑓𝑇𝑥, 𝑓𝑇𝑦) ≤ 𝜆𝑏(𝑓𝑥, 𝑓𝑦)for all  𝑥, 𝑦 ∈ 𝑋.                                      (4) 

The constant 𝜆 is called the contractive constant of 𝑇. 

Next, we prove a common fixed point result for two mappings as a consequence of Theorem 2. 

Corollary 3. Let (𝑋, 𝑏, ⊑) be an ordered and complete partial 𝑏-metric space with coefficient 𝑠 ≥ 1. Let 

𝑓: 𝑋 → 𝑋 and 𝑇: 𝑋 → 𝑋 be two mappings such that the following conditions hold: 

(I) 𝑇 is an ordered 𝑓-contraction; 

(II) there exists 𝑥0 ∈ 𝑋 such that 𝑥0 ⊑ 𝑇𝑥0; 

(III)𝑇 is non-decreasing with respect to ⊑; 

(IV) if {𝑓𝑥𝑛} is a nondecreasing sequence in 𝑋 and converging to some 𝑓𝑧, then 𝑥𝑛 ⊑ 𝑧 for all 𝑛 ∈ ℕ. 

If 𝑓 is continuous, injective and sequentially convergent then 𝑇 has a fixed point 𝑢 ∈ 𝑋 and 𝑏(𝑢, 𝑢) = 0. 
In addition, the set of fixed points of 𝑇, Fix(𝑇) is well ordered if and only if the fixed point of 𝑇 is unique. 

Proof. Define 𝑏1: 𝑋 ×  𝑋 → ℝ+ by 

𝑏1(𝑥, 𝑦) = 𝑏(𝑓𝑥, 𝑓𝑦)  for all  𝑥, 𝑦 ∈ 𝑋. 

We shall show that (𝑋, 𝑏1) is a complete partial 𝑏-metric space with same coefficient 𝑠 ≥ 1. Then, for all 

𝑥, 𝑦, 𝑧 ∈ 𝑋, we have 

(Pb1) 𝑏1(𝑥, 𝑦) = 𝑏1(𝑥, 𝑥) = 𝑏1(𝑦, 𝑦) implies 𝑏(𝑓𝑥, 𝑓𝑦) = 𝑏(𝑓𝑥, 𝑓𝑥) = 𝑏(𝑓𝑦, 𝑓𝑦), i.e., 𝑓𝑥 = 𝑓𝑦 and 𝑓 is 

injective, so 𝑥 = 𝑦; 

(Pb2) 𝑏1(𝑥, 𝑥) = 𝑏(𝑓𝑥, 𝑓𝑥) ≤ 𝑏(𝑓𝑥, 𝑓𝑦) = 𝑏1(𝑥, 𝑦); 
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(Pb3) 𝑏1(𝑥, 𝑦) = 𝑏(𝑓𝑥, 𝑓𝑦) = 𝑏(𝑓𝑦, 𝑓𝑥) = 𝑏1(𝑦, 𝑥); 

(Pb4) 𝑏1(𝑥, 𝑦) = 𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝑠[𝑏(𝑓𝑥, 𝑓𝑧) + 𝑏(𝑓𝑧, 𝑓𝑦)] − 𝑏(𝑓𝑧, 𝑓𝑧) = 𝑠[𝑏1(𝑥, 𝑧) + 𝑏1(𝑧, 𝑦)] − 𝑏1(𝑧, 𝑧). 

Thus (𝑋, 𝑏1) is a partial b-metric space with coefficient 𝑠 ≥ 1. 

Let {𝑥𝑛} be a Cauchy sequence in (𝑋, 𝑏1), then lim
𝑛,𝑚→∞

𝑏1(𝑥𝑛, 𝑥𝑚) = lim
𝑛,𝑚→∞

𝑏(𝑓𝑥𝑛, 𝑓𝑥𝑚) exists. Therefore, 

{𝑓𝑥𝑛} is Cauchy sequence in (𝑋, 𝑏) and (𝑋, 𝑏) is complete, so there exists 𝑦 ∈ 𝑋 such that lim
𝑛→∞

𝑏(𝑓𝑥𝑛, 𝑦) =

𝑏(𝑦, 𝑦). Thus {𝑓𝑥𝑛} is convergent in (𝑋, 𝑏), therefore by choice of 𝑓, there exists 𝑥 ∈ 𝑋 such that 

lim
𝑛→∞

𝑏(𝑥𝑛, 𝑥) = 𝑏(𝑥, 𝑥). Again by choice of 𝑓, we have lim
𝑛→∞

𝑏(𝑓𝑥𝑛, 𝑓𝑥) = 𝑏(𝑓𝑥, 𝑓𝑥), i.e., lim
𝑛→∞

𝑏1(𝑥𝑛, 𝑥) =

𝑏1(𝑥, 𝑥). Thus {𝑥𝑛}  converges in (𝑋, 𝑏1) and so it is complete. 

Note that, the contractive conditions (a) is reduced into the following condition: 

(𝑎′)  𝑥 ⊑  𝑦  implies  𝑏1(𝑇𝑥, 𝑇𝑦) ≤ 𝜆𝑏1(𝑥, 𝑦)  for all  𝑥, 𝑦 ∈ 𝑋. 

Thus, 𝑇 is an ordered Banach contraction in (𝑋, 𝑏1). Therefore, by Theorem 2, 𝑇 has a fixed point 𝑢 ∈ 𝑋 

and 𝑏1(𝑢, 𝑢) = 𝑏(𝑓𝑢, 𝑓𝑢) = 0. Again, the condition for uniqueness follows from Theorem 2.                  □ 

Remark 3. A pair (𝑇, 𝑓)of self-maps of a nonempty set 𝑋 is called a Banach pair if 𝑇𝑓𝑥 = 𝑓𝑇𝑥 for all 𝑥 ∈
Fix(𝑇). If all the conditions of the above corollary are satisfied and in addition, (𝑇, 𝑓) is a Banach pair then 

𝑇 and 𝑓 have a unique common fixed point. Indeed, if (𝑇, 𝑓) is a Banach pair and if 𝑇 has a unique fixed 

point 𝑢 ∈ 𝑋 (which is ensured by Corollary 3) then 𝑇𝑓𝑢 = 𝑓𝑇𝑢 = 𝑓𝑢, and by uniqueness of fixed point of 

𝑇 we have 𝑓𝑢 = 𝑢. Thus, the pair (𝑇, 𝑓) has a unique common fixed point. 

In the above Corollary, for 𝑢 ∈ Fix(𝑇) the self-distance 𝑏1(𝑢, 𝑢) = 0, but 𝑏(𝑢, 𝑢) need not be zero, also, 

when we consider the existence of common fixed point of the pair (𝑇, 𝑓) then the condition that (𝑇, 𝑓) is a 

Banach pair cannot be omitted, as shown in the following example. 

Example 3. Let 𝑋 = {1,2,3,4} and 𝑏: 𝑋 × 𝑋 → ℝ be defined by 

𝑏(𝑥, 𝑦) = {
0,                              𝑖𝑓       𝑥 = 𝑦 = 4;

|𝑥 − 𝑦|2 + max{𝑥, 𝑦} ,   otherwise.
 

Then (𝑋, 𝑏) is a complete partial 𝑏-metric space with coefficient 𝑠 = 4 > 1. Define the mappings 𝑇, 𝑓: 𝑋 →
𝑋  by 

𝑇1 = 1, 𝑇2 = 1, 𝑇3 = 2, 𝑇4 = 1   and   𝑓1 = 4, 𝑓2 = 2, 𝑓3 = 3, 𝑓4 = 1, 

and a partial order by ⊑= {(1,1), (2,2), (3,3), (4,4), (1,2), (4,2)}. Then 𝑓 is continuous, injective and 

sequentially convergent mapping. It is easy to see that 𝑇 is an ordered 𝑓-contraction with contractive 

constant 𝜆 ∈ [
2

3
, 1). All the conditions of Corollary 3 are satisfied and 𝑇 has a unique fixed point, namely 

Fix(𝑇) = {1}. Note that 𝑏(𝑓1, 𝑓1) = 𝑏(4,4) = 0 but 𝑏(1,1) = 1 ≠ 0. Also, since 𝑇𝑓1 ≠ 𝑓𝑇1 so (𝑇, 𝑓) is 

not a Banach pair and 𝑇 and 𝑓 have no common fixed point. Finally, 𝑇 is not an ordered Banach contraction 

since 𝑏(𝑇4, 𝑇4) = 𝑏(1,1) = 1 ≰ 𝜆 ⋅ 0 = 𝜆𝑏(4,4) for any real 𝜆. 

In the next theorem the completeness of space and the monotonicity of 𝑇 are replaced by another condition 

on 𝑇. 

Theorem 4. Let (𝑋, 𝑏, ⊑) be an ordered partial 𝑏-metric space and 𝑇: 𝑋 → 𝑋 be a mapping satisfies the 

following condition: 

                                                         𝑥 ⊑  𝑦  implies   𝑏(𝑇𝑥, 𝑇𝑦) ≤ 𝜆𝑏(𝑥, 𝑦)                                                         (5) 

for all  𝑥, 𝑦 ∈ 𝑋, where 𝜆 ∈ [0,1). Suppose, there exists 𝑢 ∈ 𝑋 such that 𝑢 ⊑ 𝑇𝑢 and 𝑏(𝑢, 𝑇𝑢) ≤ 𝑏(𝑥, 𝑇𝑥) 

for all 𝑥 ∈ 𝑋. Then 𝑢 becomes a fixed point of 𝑇 and 𝑏(𝑢, 𝑢) = 0. In addition, the set of fixed points of 𝑇, 
Fix(𝑇) is well ordered if and only if the fixed point of 𝑇 is unique. 

Proof. Let 𝐹(𝑥) = 𝑏(𝑥, 𝑇𝑥) for all 𝑥 ∈ 𝑋. Then by the assumption we have 

𝐹(𝑢) ≤ 𝐹(𝑥)for all 𝑥 ∈ 𝑋. (6) 

Suppose 𝐹(𝑢) > 0, then since 𝑢 ⊑ 𝑇𝑢, it follows from (5) that 
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𝐹(𝑇𝑢) = 𝑏(𝑇𝑢, 𝑇𝑇𝑢)

≤ 𝜆𝑏(𝑢, 𝑇𝑢) = 𝜆𝐹(𝑢)

< 𝐹(𝑢).
 

So, we have 𝐹(𝑇𝑢) < 𝐹(𝑢), which contradicts the inequality (6). Thus, we must have 𝐹(𝑢) = 𝑏(𝑢, 𝑇𝑢) =
0, that is, 𝑇𝑢 = 𝑢. Therefore,𝑢 is a fixed point of 𝑇. 

Now for any fixed point 𝑧 ∈ 𝑋 of 𝑇, if 𝑏(𝑧, 𝑧) > 0, then from (5) we have 

𝑏(𝑧, 𝑧) = 𝑏(𝑇𝑧, 𝑇𝑧) ≤ 𝜆𝑏(𝑧, 𝑧) < 𝑏(𝑧, 𝑧). 

This contradiction shows that 𝑏(𝑧, 𝑧) = 0. 

For uniqueness, suppose Fix(𝑇) is well ordered and 𝑢, 𝑣 ∈ Fix(𝑇), then 𝑇𝑢 = 𝑢, 𝑇𝑣 = 𝑣 and 𝑏(𝑢, 𝑢) =
𝑏(𝑣, 𝑣) = 0. Suppose 𝑏(𝑢, 𝑣) > 0, then since Fix(𝑇) is well ordered, assume that 𝑢 ⊑ 𝑣. Now it follows 

from (5) that 

𝑏(𝑢, 𝑣) = 𝑏(𝑇𝑢, 𝑇𝑣) ≤ 𝜆𝑏(𝑢, 𝑣)

< 𝑏(𝑢, 𝑣).
 

Therefore we must have 𝑏(𝑢, 𝑣) = 0, that is, 𝑢 = 𝑣. Similarly if 𝑣 ⊑ 𝑢 we have 𝑢 = 𝑣. Hence fixed point 

of 𝑇 is unique.  Further, if fixed point of 𝑇 is unique then Fix(𝑇) is singleton, and so well ordered.           □ 
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