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1. INTRODUCTION

Let Z a, be a given infinite series with the partial sums (S,) and (p,) be asequence of positive numbers
such that

Pnzzpv_)oo1 n— oo, (P_izpizo, |21)
v=0

1)

The sequence —to-sequence transformation

1 n
T, = ;Z p.S, @)

defines the sequence (T,) of the Riesz mean or simply the (N, p,) mean of the sequence (s, ) generated

by the sequence of coefficients (p,) (see [7]). The series Z a, is said to be summable | N, p, |, , k>1,
if (see [1])

k-1
= (P,
Z[ j | T Tn_1|k < 0, (3)

n=1 pn

In the special case when p, =1 for all values of n (resp.k =1), | N, P, |, summability is the same as
|C,1], (resp.|N, p, |) summability.
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Let f be a periodic function with period 27 and Lebesgue integrable over (-, ) . Without any loss of
generality we may assume that the constant term in the Fourier series of f (t) is zero, so that

T

_[, f (t)dt =0 @
and
f(t) ~ é(an cosnt+b, sinnt) = ;cn(t). (5)
We write
¢(t)—l{f(x+t)+ f(X—t)} ¢l(t)—1'j‘¢(u)du
) ’ Tty ' (6)

Given a normal matrix A=(a_ ), we associate two lower semimatrices A=(a,,) and A=(4,,) as
follows:

A :Za“i » nv=01.. Za‘nv =a, —a,,,, a,,=0 (7)
and

é00 2500 :aOO ’ énv =A§nv, n :l, 2, (8)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. Then, we have

AE)=a.s =Y a.a ©)
AA(5) =Y 4,4, (1)

Let (6,) be any sequence of positive real numbers. The series Zan is said to be summable | A 6, |,
k>1, if (see [10])

i:lﬁn“\ AA (S)\k <o (11)

where

AA(S)=A(5)-A(s).
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Remark. If we take 6, :i, then | A 8, |, summability reduces to | A, p, |, summability (see [11]).
p

n

Also, if we take 6, _h and a,, :%, then we get W, P,|, summability. Furthermore, if we take
Pn n
6,=n, a, :% and p, =1for all values of n, then | A, 8, |, reduces to |C,l|k summability (see [6]).

n

Finally, if we take 6 =nanda,, :% ,then we get | R, p, |, summability (see [3]).

n

2. THE KNOWN RESULTS

The following theorems are known dealing with Fourier series (see [2]).

Theorem 2.1. Let (p,) be a sequence of positive numbers such that

P.=0(np,) as n — oo, (12)

F)nApn = O( Pn pn+l)' (]_3)

If ¢ (t) is of bounded variation in (0,7) and (4,) is asequence such that

;H | 4, [ <00 (14)
and
; |Aln| <00, (15)
. AP . —
then the series ZCn ()L is summable ‘N, p,| , k>1.
np, “
Theorem 2.2. If the sequences (p,) and (A,) satisfy the conditions (12)-(15) of Theorem 2.1 and
B, zvz;vaV =0(n), n— oo, (16)
. AP . —
then the series Zan —— is summable ‘N, Pol, - k>1.
n

n

3. THE MAIN RESULTS

Many studies have been done for Riesz summability and matrix generalization of infinite series and Fourier
series (see [4], [5], [9], [12]). The aim of this paper is to generalize Theorem 2.1 and Theorem 2.2 under

suitable and different conditions using general summability factors for | A, @, |, summability methods.

Now, we shall prove the following theorems.
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Theorem 3.1. Let A=(a,,) be a positive normal matrix such that

ano =l y n= 0,1,..., (17)
a,,, =za,, for n>v+], (18)
_o| P
ann_o(Pn]a (19)
én,v+1 = O (Vl Za’nv |) (20)

Let ¢ (t) be of bounded variation in (0, ) and (6,a,,) be a non-increasing sequence. If the conditions
(12), (13), (15) of Theorem 2.1 are satisfied and (&,) is any sequence of positive constants such that

0 ~ |ﬂ~n |k
Z_;gnk 1—nk <OO, (21)

then the series > C, (t)ﬁ is summable |A, 6, | .k >1.
np

n

Theorem 3.2. If the conditions (12), (13) and (15-21) are satisfied and (6,a,,) is a non increasing

sequence, then the series > a, 4P s summable A6, k=1,

n

Remark. It should be noted that in the above theorems, if we take 6, :i and a,, =%, then we get
Pn n
Theorem 2.1 and Theorem 2.2. In this case, condition (21) reduces to condition (14).
We need the following lemmas for the proof of our theorems.
Lemma 3.3 [8] If ¢ (t) is of bounded variation in (0, ), then
> vC,(x)=0(n) as n—> . 22)
n=1

Lemma 3.4 [2] If the sequence (p,) such that conditions (12) and (13) of Theorem 2.1 are satisfied, then
P, 1
ot o()

Let (1) denotes the A-transform of the series Zan P A (np,)™". Then, by (9) and (10), we have

4. PROOF OF THEOREM 3.2.
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n

ZIn = aA‘nva'\/l:)vﬂ‘\/ (va)_l' (24)
v=1

Applying Abel's transformation to this sum, we get that

=> 4,aPRA(vp,)"
v=1

_ZA( nv vﬂ\/)zra + nn n nzra

n

n—lZ P n-14 nv+ v v nn n
:{Z a'n;/ VAV +Z 1 Aﬂ\/—i_zanv-f—lﬂ\/#—l (V ]}Zra Zl’a

v=1 \Y pv v=1 V pv =1 n pn r=1

1

— nn n Z nv vﬂvB +Zanv+lﬂwl { ij +nla vl VA/%B

npn v=1 va v=1

= In,l+ In,2+ In,3+ In,4

To complete the proof of Theorem 3.2, by Minkowski inequality, it is sufficient to show that
3 k-1 k
Z;é'n 1, [‘<oo, for r=1,234. (25)

Firstly, we have that

nnﬂ’n Pn B
n’p

n

nl 0(1)29 “ n

N k
-1
AT
n=1

Ok 1
O(l)zgnk ' | //Ln |k| Bn |k W
n=1

:O(l)Z&nH' " =0(1) as m—>o,

p=}
IR
>

by virtue of the hypotheses of Theorem 3.2. Now, applying Holder’s inequality, we have that

m-+1 m+1 k

29 _1||n2| _Zekleanv 2

V

p] A T8, |k}x{”i|5am |

—O(1)§0“a ‘1Z|Aanv (VZP

V=

_0(1)mz+19 ‘ 1{12&1 [

k
—| 1418, [
3
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m+1

=0(1)i| A 1B, I (%j > (Gan) 124, |

n=v+1

—om>(8a,) " 14 FIB, I ( pj > |3,

v=1 n=v+1

|k

=0() as m— oo,

P, 1
Vp =0 7z by Lemma 3.4,

w(l)i(%ﬁ%{%] —ow3 a4

by virtue of the hypotheses of Theorem 3.2. On the other hand, since A{

we obtain

k
m-+1 m-+1

Zenk—l | Ze k-1
n=2

n3

vep,

P
Z n,v+1||ﬂv+1|A( 2v ]Bv

—0(1)m2“e“{zlamlmﬂ| }{z '}

V=

—o<1)mz”e“{zl aoll Al }x{§|5anv |}

v=1

—0<1>2|ﬂm| LS (02.) " Aol =00 (02, o] _(1 1)

Viovat v=1 v+l \

=0(1)(91aﬂ)k‘1i|zm|k%:oa) as m—» oo,

by virtue of the hypotheses of Theorem 3.2 and Lemma 3.3. Finally, we get

m+1 m+1 k

2.0 . I= Zek B
n=2

nv+l v
Z p AB,

v=1 \

m+1 k

_0(1)29k *

Z n\;/+1 AﬂVB

IMVI| i } {Z

B[ - k-1
1 B S

-1

n,v+1 n,v+1

—0(1)20 - 1{2 |Aﬂv|}

a

n,v+1
v=1

:oa)fen“am“{ni
n=2
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m+1

o<1>z|w' $ 0a)a

n=v+1

n v+1

m+1

—oa)z(e a,) (a4 Y |4

n=v+1

n,v+1

=0(1)(ba,) 7li|MV|:O(1) as m— oo,

v=1
by virtue of the hypotheses of Theorem 3.2.
This completes the proof of Theorem 3.2.

Proof of Theorem 3.1. Theorem 3.1 is a direct consequence of Theorem 3.2 and Lemma 3.3.

5. CONCLUSIONS

P
If we take @, =—" in Theorem 3.1 and Theorem 3.2, then we get two theorems dealing with |A, p, |,

Py
- . P
summability (see [13]). Also, if we take 6, =— and a,, = % , then we get Theorem 2.1 and Theorem
Pn n
2.2. Additionally, if we take €, =n and a, P then we get a theorem dealing with |R, p,|,
n
_b

summability. Finally, if we take 6, =n, a,, and p, =1 for all values of n, then we get a result

n

for |C,1, summability.
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