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1. INTRODUCTION AND PRELIMINARIES

Since the introduction of fuzzy sets by Zadeh [24] 1965, many authors have introduced the concept of fuzzy
metric spaces in different ways [4,7,9,10]. Especially George and Veeremani[8] have introduced a notion
of fuzzy metric spaces with the help of continuous t-norms. Later Gregori, Romaguera, Sapena and Morillas
have made significant contributions to fuzzy metric spaces [11,12,13,14,18,19,20].

Park [17], using the idea of intuitionistic fuzzy sets which was introduced by Atanassov [3], has defined
the notion of intuitionistic fuzzy metric spaces with the help of continuous t-norms and continuous t-
conorms as a generalization of fuzzy metric spaces due to George and Veeramani [8]. Later many authors
have studied on intuitionistic fuzzy metric spaces [1,2,5,15,22,23].

When it is thought, it can be seen that there are limited examples about intuitionistic fuzzy metrics. In this
paper we give some examples of intuitionistic fuzzy metrics in the sense of Park [17]. We show that
intuitionistic fuzzy metrics can be attained by using different distance criterias. This situation implies that
it is easy to combine different distance criteria that may originally be in quite different ranges, but
intuitionistic fuzzy metrics take away a common range which is the interval [0,1]. Therefore, the
combination of several distance criteria may be done in an easy way.

We start by recalling some definitions and notions.

Definition 1. ([21]) A binary operation *:[0,1] X [0,1] = [0,1] is continuous t-norm if * satisfies the
following conditions:

(i) * is commutative and associative;
(ii) * is continuous;
(iiia*x1 =aforalla €[0,1];

(ivya*xb < c*dwhenevera <candb <d, fora,b,c,d € [0,1].
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Definition 2. ([21])A binary operation 0:[0,1] x [0,1] — [0,1] is continuous t-conorm if ¢ satisfies the
following conditions:

(i) ¢ is commutative and associative;

(if) ¢ is continuous;

(ii)a¢1=aforalla €[0,1];

(ivya¢ b <c0dwhenevera <candb <d,fora,b,c,d € [0,1].

Remark 1. ([17])

(a) Forany r4, 7, € (0,1) with ry > 1, there exist r3, 7, € (0,1) suchthatr, xrs > r,and ry = r, 0 13.
(b) For any 5 € (0,1), there exist r,7; € (0,1) such that rg * r¢ = rsand r; 0 r; < rs.

Definition 3. ([17]) A 5-tuple (X, M, N,x,9) is said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X? x (0, o0)
satisfying the following conditions: for all x,y,z € X and s,t > 0,

(IFM-1) M(x,y,t) + N(x,y,t) < 1,

(IFM-2) M(x,y,t) > 0;

(IFM-3) M(x,y,t) = 1 ifand only if x = y;
(IFM-4) M (x,y,t) = M(y, x, t);

(IFM-5) M (x,y,t) * M(y,z,5) < M(x,z,t + 5);
(IFM-6) M (x,y,.): (0,0) — [0,1] is continuous;
(IFM-7) N(x,y,t) > 0;

(IFM-8) N(x,y,t) = 0 ifand only if x = y;
(IFM-9) N(x,y,t) = N(y, x, t);

(IFM-10) N(x,y,t) O N(y,z,5) = N(x,z,t + 5)
(IFM-11) N(x,y,.): (0,0) = [0,1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y,t) and N(x,y,t) denote
the degree of nearness and the degree of nonnearness between x and y with respect to t, respectively.

Remark 2. (i) Every fuzzy metric space (X, M,*) is an intuitionistic fuzzy metric space of the form
(X, M, 1 — M,*,0) such that t-norm * and t-conorm ¢ are associated ([16]),i.e. x ¢y =1—((1 —x) * (1 —
y)) forany x,y € [0,1].

(ii) In intuitionistic fuzzy metric space X, M(x,y,.) is non-decreasing and N(x, y,.) is non-increasing for
all x,y € X.

Example 1. ([17]) (Induced Intuitionistic Fuzzy Metric) Let (X, d) be a metric space. Denotea *b = a.b
and a 0 b = min{1,a + b} for all a,b € [0,1] and let M, and N, be fuzzy sets on X* x (0, ) defined as
follows:
ht™ d(x,y)
N, =
t" +md(x,y) ’ a(xy,t) kt™ + md(x,y)

forall h, k,m,n € R*. Then (X, My, N;,*,0) is an intuitionistic fuzzy metric space.

Remark 3. Note the above example holds even with the t-norm a * b = min{a, b} and the t-conorm a ¢
b = max{a, b} and hence (M, N) is an intuitionistic fuzzy metric with respect to any continuous t-norm
and continuous t-conorm. In the above example by taking h = k = m =n = 1, we get

d(x,y)

yNg(x,y,t) = t+diy)

t
My(x,y,t) = t+doy)
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We call this intuitionistic fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric.

Definition4. ([17]) Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, and let r € (0,1),t > 0 and
x € X. The set

Bum(x,rt) ={y € X:M(x,y,t) >1—rand N(x,y,t) <7}
is called the open ball with center x and radius r with respect to ¢t.
Theorem 1. ([17]) Every open ball By ny(x, 7, t) is an open set.
Remark 4. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. Define
Tuny ={ACX:Vx €At >0andr € (0,1) 3 Buyny(x,7,t) C A}

Then 7 vy is a topology on X.
Remark 5. (i) Since {By, vy (x, % %): n =1,2,...}isalocal base at x, the topology 7y ) is first countable.

(ii) Let (X, M, N,x,0) be an intuitionistic fuzzy metric space and (,, vy be the topology on X induced by the

fuzzy metric. Then for a sequence {x, } in X, x,, —» x ifand only if M(x,,, x,t) - 1 and N(x,, x,t) = 0 as
n — oo,

Theorem 2. ([17])Every intuitionistic fuzzy metric space is Hausdorff.
Definition 5. ([17]) Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. Then,

(i) A sequence {x,} in X is said to be Cauchy if for each ¢ > 0 and each t > 0, there exist n, € N such that
M(xp, X, t) > 1 —eand N(x,, X, t) < € forall n,m = n,.

(i) (X, M, N ,%,0) is called complete if every Cauchy sequence convergent with respect to 7y ).

Definition 6. ([6]) Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. The intuitionistic fuzzy metric
(M, N,*,0) is said to be stationary if M and N don't depend on ¢, in other words the functions M, ,, and N, ,,
are constant for each x,y € X.

If (X,M,N,x0) is a stationary intuitionistic fuzzy metric space, we will denote M(x,y), N(x,y) and
B,y (x,7) instead of M(x, y,t), N(x,y,t) and By Ny (x, 7, t), respectively.

2. MAIN RESULTS

Throughout this section * and ¢ will be continuous t-norm and continuous t-conorm, respectively. At the
same time X will be a nonempty set, N the positive integers, R* the set of positive real numbers and M, N
functions defined on X x X x R* with values in (0,1].

2.1 Generalizing well-known intuitionistic fuzzy metrics
Proposition 1. ([6]) Let f: X — R* be a one-to-one function and let ¢: R* = [0, +00) be an increasing

continuous function. Fixed a,8 > 0, denote axb =ab and a0 b=a+ b —ab for all a,b € [0,1] ,
define M and N by

(min{f(x).f(y)})“ﬂp(t))B NGy ) — 1 ((min{f(x),f(y)})“+cp(t)>6 W
max{f@, fP*+o®) Y (max{(f), f N + ¢®

Then, (M, N,*,0) is an intuitionistic fuzzy metric on X.

M@%0=<

Remark 6. Note that for above proposition, it is easy to say open ball By y)(x, 7, t) is

( 1 « F® + 9(®) 7
B (or, ) = {y € X: [(1 — (% + o) - e®| <1 < [F—5 — (1) }
k a-nf )
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forallr € (0,1) and t > 0.

Now, if we take f as the corresponding identity function and a = = 1 then we obtain the next three
examples as particular cases of this proposition.

Example 2. Let X = R* and ¢ be the identity function. Then (1) becomes

_ min{x, y}+t _ max{x, y} — min{x, y}

N, y,t) =

M(x,y,t)

~ max{x,y}+t max{x,y}+t

and so, (M, N,*,0) is an intuitionistic fuzzy metric on R*. At the same time it is easy to see 7y coincides
with the usual topology of R relative to R*.

Example 3. Let X = N and ¢(t) = 0 (zero function), for all t > 0. Then (1) becomes

min{x, y}
max{x,y} ’

_ max{x,y} — min{x, y}

M(x,y,t) = N(x,y,t) =

max{x, y}

and so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on N. Also, if we choose 0 <r <1 — % ne

N) the open ball By ny(x,7,t) becomes By ny(x,7,t) = {n}. Then the topology (s ) is a discrete

topology.

Example 4. Let X = (—k, +0),k > 0 and @(t) = k (constant function), for all t > 0. Then (1) becomes
min{x,y}+ k

- max{x,y} +k '

Ve < M) = mint,y)
XY= max{x,y}+ k

M(x,y)

and so, (M, N,x,0) is a stationary intuitionistic fuzzy metric on the interval (—k, +0). Since the other
conditions of intuitionistic fuzzy metric are clear, we will show only the condition (IFM-10).

(IFM-10) We show that N(x,z) < N(x,y) + N(y,z) — [N(x,¥). N(y,2)], for all x,y € X = (—k, +).
Firsty we find that the equivalent of N(x,y) ¢ N(y,z) = N(x,y) + N(y,z) — [N(x,y).N(y, z)] and then
we examine cases.

N(ny) + N(}’JZ) - [N(x'Y)N()’;Z)] =

_ kmax{x,y} — kmin{x, y} + max{x, y}max{y,z} = kmax{y, z} — kmin{y, z} — min{x, y}min{y, z}
h [max{x, y} + k][max{y, z} + k] [max{x,y} + k][max{y, z} + k]

_ [max{y,z} + k][max{x,y} + k]  [min{y, z} + k][min{x, y} + k] 5

"~ [max{x,y} + k][max{y, z} + k] ~ [max{x, v} + k][max{y, z} + k] @

Now, supposed that x < z. In such a case there are three cases:

Case 1. If x <y < z, by using (2)

Ny) + NO,2) — NGy Ny, )] = 2 REHD -Gt b+ G+ G +k)

(y+k)(z+k) (y+k)(z+k)
_z—x _max{x,z} —min{x,z}
T z+k max{x,z} + k =Nx2)
Case 2. If y < x < z, by using (2)
NG y) + N,2) — [NGoy). Ny, 2)] = x+K)z+k) -+ +k) > 1 (x+k)(x+k)

(x +k)(z+k) C(x+k)(z+k)
_z—x _max{x, z} — min{x, z}

Cz4+k max{x,z} + k

= N(x,2)

Case 3. If x < z <y, by using (2)

k k) —(x+k k
NG,Y)+ N2 = NG )NG, 2] = 25 )(y(y++ i)(y(gfza)m :
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G+ @+k) = (@+k)(z+k)
z—x max{x,z} — min{x, z}
“Zz+k  maxixz+k N&2).

Similar operations are performed if z < x.

With respect to the topology 7, ny which induced by the (M, N), the open ball By y)(x, ) is as follows.

B (e Xt YT (. Xtk
0y (1) = Py XS i = ey < T
and
B ( )—{ eX-y+k>1 x_y< }—{ EX:y> + k)}
M)y, T) =Y v r’x+k re=1{y y>x—r(x+k)
and so
x + kr
B(M,N)(x,r)z(x—r(x+k),1_r).

Then we can find r € (0,1), t > 0 such that

X+ kr
(x—r(x+k), 1_r)c(x—6,9c+6)
forall x € X, § > 0 and we can find 6 > 0 such that
x + kr
x—6x+d6)c(x—r(x+k), 1—r)

for all x € X, r € (0,1), t > 0. Consequently 7y vy coincides with the usual topology of R relative to
(—k, +o0).

It is easy to see that (M, N,*,9) is not an intuitionistic fuzzy metric with the continuous t-norm a = b =
min{a, b} and continuous t-conorm a ¢ b = max{a, b} for all a, b € [0,1] for the last three examples.

2.2 Intuitionistic fuzzy metrics defined by means of a metric

Proposition 2. Let g: R* — R* is an increasing continuous function, d isametricon X, m € R*and t,s >
0. Define the functions M, N by

_ g() _ md(x,y)
=90 rmdiy VYD = 5 T md,y)

andaxb=ab,a0b=a+b—abforall a,b € [0,1]. Then (M, N,*,0) is an intuitionistic fuzzy metric
on X.

Proof. We only show the condition (IFM-10).

(IFM-10) We show that N(x, z,t +s) < N(x,y,t) + N(y,z,s) — N(x,y,t).N(y, z,s). N is a decreasing
function. So indeed, since g is an increasing function, g(t + s) = g(t) forall t,s > 0.

= g(t+s)m.d(x,y) = gt).m.d(x,y)
= md(x,y)[md(x,y) + g(t + s)] = md(x,y)[md(x,y) + g(t)]
_ md(x,y) - md(x,y)
[md(x,y) + g(©)] ~ [md(x,y) + g(t + )]
= N(x,y,t) = N(x,y,t +5)
= N is decreasing 4)

M(x,y,t)

(3)
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At the same time N(x,z,t) < N(x,y,t) + N(¥,z,t) — N(x,y,t). N(y, z,t) is satisfied for all x,y,z € X
and t > 0. Indeed,
B g(®)*

g(®)* + mg(O)[d(x,y) + d(y,2)]
_ g(®)?

9(®)? +mg(D)d(x, 2)

md(x, z)

- gt) + md(x,z)

From (4) and 5) N(x,z,t +s) < N(x,y,t) + N(y,z,5) — N(x,y,t). N(y, z, ).
Now we will give the next two examples as a particular cases of this proposition.

N(x,y,t) + N(y,z,t) = N(x,y,t).N(y, z,t) =1

= N(x, z,t). (5

We will need the following lemma.
Lemma 1. ([18]) Let (X, d) be a metric space and t,s > 0. The following inequality holds, for all n = 1;

dx,2) _ T {d(x,y) d(y,Z)}l

(t+s)m ™ tn ' sm

Example 5. As a particular case if we take m = 1 and g(t) = t" where n € N, in the above proposition
(3) becomes

t" d(x,y)
- N = 77
t"+d(x,y)’ (x,y,6) t" +d(x,y)

so, (M, N,x,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya xb =ab,ad0b =a+b—abforalla,b € [0,1].

Note that for this example (M, N,*,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and
continuous t-conorm defined by a * b = min{a, b}, a 0 b = max{a, b} for all a, b € [0,1]. Now we will
proof (M, N,*,0) is an intuitionistic fuzzy metric on X for minimum t-norm and maximum t-conorm. We
will show only the condition (IFM-10).

(IFM-10) We show that N(x, z,t + s) < max{N(x, z,t),N(x,z,s)} forall x,y,z € X and t,s > 0. By the
previous lemma

M(x,y,t) =

d(x,z) _ ax{1+d(x;l}I)’1+d(y,Z)}

(t+s)"— t sn
(t+s)"+d(x,2) < max {t" +d(x,y) s"+d(y, Z)}
(t+s)" - tn ' sn
(t+s)" - min{ t" sn }
t+s)"+d(x,2) t"+d(x,y) s®+d(y,z)
=>1- t+s)” <1—min{ - s” }
(t+s)"+d(x,z) ~ t"+d(x,y) s™+d(y,z)

. d(x,z) < max{ d(x,y) d(y,z) }
t+s)"+d(x,2) ~ t"+d(x,y) s®+d(y,z)

= N(x,z,t +5s) <max{N(x,y,t),N(y,z,5)}.

In particular, for n = 1 the well-known standard intuitionistic fuzzy metric, defined by in ([17]) Remark
2.9 is attained.

Example 6. As a particular case if we take m =1 and g(t) = k > 0 (constant function) in above
proposition, (3) becomes
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K vy =)
k+doy) VY Tk rdy)
Then (M, N,x,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
defined by a*b =ab, ad0b=a+b—ab for all a,b € [0,1]. But in general (M,N,*,0) is not an
intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm defined by a * b =
min{a, b}, a 0 b = max{a, b} forall a,b € [0,1]. So indeed, if we take X = R, d is the usual metric on R
and choose x = 1,y = 10 and z = 100

M(x,y,t) =

d(x,z) 99
k+d(x,z) k+99 '

d(x,y) d(y,z)
k+d(x,y) k+d(y,z)

N(x,z, t+s) =

N(x,y,t) 0 N(y,z,s) = max{N(x,y,t) O N(y,z,s)} = max{

9 90 }_ 90
k+9'k+90) k+90
and N(x,z,t +s) —N(x,y,t) O N(y,z,5) > 0.

It means that the condition (IFM-10) (N(x,z,t+s) < N(x,y,t) ¢ N(y,z,5)) is not satisfies for all
x,y,Z €R.

= max{

Proposition 3. Let g: R* — R* is an increasing continuous function, d isametricon X, m € R*and t,s >
0. Define the functions M, N by

ax.y)
—d(x.y) e 96 —1
M(x;y;t)=e 9 'N(x'y,t)=Ty) (6)
e 9(t)

for all x,y€X and let axb=ab, adb=a+b—ab for all a,b €[0,1]. Then (M, N,x9) is an
intuitionistic fuzzy metric on X. At the same time the topology 7, xy coincides with the topology 7.

Proof. We only show the condition (IFM-10).
(IFM-10) We will show N(x,z,t +s) < N(x,y,t) + N(y,z,s) — N(x,y,t).N(y,z,s) forall x,y,z € X.

ax.y) a(.z) atx.y) d.z)
ed® —1 eg() —1 e 9@ —1 e 9(s) —1
N(xl y' t) + N(y' Z' S) - N(‘xl yi t)N(y' Z' S) = d(x,y) + d(y,z) - d(x,y) " d(y,z)
e 9(®) e 9(s) e 9(©) e 9(s)
dxy) , d(.z)

e 9 " g(s) —1

dxy) ,d(.z)
e 9@) " g(s)

and at the same time since g is an increasing fuction and d is a metric on X,
d(x,y) N d(y,z) > d(x,y) 4 d(y,2) > d(x,z)
gy — g(s) —gt+s) glt+s) gt+s)
_dxz) _[d(x.y) ,40.2)
gt+s) — [ g@®  g(s)

—d(x,z) _[a4Gy)  d(.2)
= ed+s) > ¢ FIGIMNIG)

—d(x,z) _[¢Gy)  dW.2)
5 1—edl+s) <1—¢ gi®) T g
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d(x,z) [d(x,y)+d(y,2)]
ed(t+s) —1 el g®) " gs) -1
<
7T dwn S G, 26
ed(t+s) el g@® " g(s)

It meansthat N(x,z,t +s) < N(x,y,t) + N(y,z,5) — N(x,y,t).N(y,z,5).

Now we show 7 vy coincides with the 7. For this it is sufficient to show By y)(x, 7, t) = Bq(x, R) for
allx e X,r € (0,1),t >0,R>0.

Bum(rt)={y € X:M(x,y,t) >1—1,N(x,y,t) <7}

—d(x,y) —d(x,y)
={y€X:e 90 >1—-7r,1—e 90 <r}
—d(xy)
= {y EX:ln(e 9O )>In(1-— r)}

d(x,y)
g()

_ {y €X:0<d(xy) < g(t)-l"<1 ir)}

:{yEX:— >1n(1—r)}

then if we take R = g(t).Iln (ﬁ) B,y (x,1,t) = Bq(x, R). At the same time for all x € X and R > 0;

B;(x,R) ={y € X:d(x,y) <R,R > 0}
={yeX:—d(x,y) > —R}

_ _dxy) R
_{y RO e g(t)}

_d(ny) i
={y€X:1—e 9@) < 1—eg(t)}
—R
Thenifwetaker =1 —e9®, B;(x,R) = By (x,7,1).
Now we will give the next two examples as a particular cases of this proposition.

Example 7. As a particular case if we take g(t) = k(k > 0) as a constant function in previous proposition,
(6) becomes

d(x.y)
—dx.y) e k -1
Mx,y)=e * NY) =—F57—
e k

so, (M, N,x,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
defined by a*b =ab, ad0b =a+ b —ab for all a,b € [0,1]. But in general (M,N,*,0) is not an
intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm defined by a * b =
min{a, b}, a ¢ b = max{a, b} for all a,b € [0,1]. So indeed, if we take X = R, k = 1 and d is the usual

metric on R and choose x = 0,y = %and z=1,

d(x,z)

e k —1 e—1 -
N(x,z) = G - g = 0,63
e k

and
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1
ez —1
N(x,y) 0 N(y,z) = max{N(x,y),N(y,2z)} = —— = 0.39
ez
so we find that N (x, z) > max{N(x,y), N(y, z)} contradicts with (IFM-10).
Example 8. As a particular case if we take g(t) = t in previous proposition, (6) becomes

axy)
—dx.y) e t —1
Mxy)=e t N&Y)=—gay—
e t

so, (M, N,x,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
defined by a * b = min{a, b}, a ¢ b = max{a, b} for all a,b € [0,1]. At the same time (M, N,,0) is an
intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm defined by a * b =
ab,a0b=a+b—abforall a b € [0,1] because of the previous preposition.

Proposition 4. Let (X, d) be a bounded metric space, d(x,y) < k forall x,y € X and g: R* — (k, +00) be
an increasing continuous function. Define the functions M, N by

d(x,y) _dxy)
9@ VYD =0

and denote a x b = max{0,a + b — 1}, a 0 b = min{1,a + b} for all a, b € [0,1]. Then (M, N,*,0) is an
intuitionistic fuzzy metric on X. At the same time the topology 7y, coincides with the topology 7.

Proof. We only show the (IFM-10).

M(x,y,t)=1— 7

g(t+s)
g

(IFM-10) Since g is increasing function 0 > 1 and £ > 1. And from the triangle inequlity

gty —

gt +s) gt+s)
0@ NI

d
L, A7) _dGoy) d.2)
gt+s)™ g@®  g(s)
=> N(x,z,t +s5) < N(x,y,t) + N(y,2,5)
This means that N(x, z,t + s) = min{1,N(x,y,t) + N(y,z,5s)}.

d(x,z) <d(x,y) +d(y,z) <

d(y,z)

Now we show z(y, vy coincides with the 7. For this, it is sufficient to show By yy(x,7,t) = B4(x, R) for
allx e X,r € (0,1),t > 0.

d(x,y) d(x,y)
>1—r,——
g(®) Q)
then if we take R = g(¢).r, we find R > 0 for all x,y € X s0 By n)(x,7,t) = By(x, R). At the same time
forall x € Xand R > 0;

By (x,1,t) = {y eEX:1—- < r} ={yeX:dx,y) <g(t).r}

B;(x,R) ={y € X:d(x,y) <R,R > 0}

3 _dxy) R

— X" 5w)

_ L, _dy) . R

—{yEX.l 200 >1 g(t)}

={y€X:M(xyt)>1—i N(xyt)<i}
e gy’ gy

R
9@
Now we will give the next example as a particular case of this proposition.

we have taken r = S0, B4(x,R) = By (x,7,t) forallx € X and R > 0.
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Example 9. If we take g = K > k as a constant function then (7) becomes

d@m{mm%ﬂzﬂiw

so, (M, N,x,0) is an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
defined by a * b = max{0,a + b — 1}, a 0 b = min{1,a + b} for all ¢, b € [0,1]. But in general (M, N,*
,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm defined
byaxb=a.b,ad0b=a+b—abforall a,b € [0,1]. So indeed, if we take X = [0,10], d is the usual
metric on X and choose x = 0,y = 1 and z = 2;

M(x,y,t) =1—

_ d(x,z) B 2

N(x,z) e %

and

N(X, y) + N(y, Z) _ N(X,:Y)N(y, Z) — d(x'}’) + d(}’; Z) _ [d(x,y) d(y;Z):| E _ i

K K K K | K KZ
so we find that N(x,z) > N(x,y) + N(y,z) — N(x,y).N(y, z) contradicts with (IFM-10).

2.3 The discrete intuitionistic fuzzy metric

Proposition 5. Let ¢: R* — (0,1) be an increasing continuous function. Define the functions M, N by

1 x=y 0 xX=y )
) x#y 1-e@® x=#y

and denote a * b = min{a, b}, a 0 b = max{a, b} for all a,b € [0,1]. Then (M, N,*,0) is an intuitionistic
fuzzy metric on X.

Proof.We only show the condition (IFM-10).

(IFM-10) We show that N(x,zt+5s) < N(x,y,t) 0 N(y,z,5) = max{N(x,y,t),N(y,zs)} for all
x,y,z € X and t,s > 0. For this, we examine the following five cases.

MGy, 0) = | NGy0) =

Case lLIfx =y =2;N(x,z,t +s) = 0and
N(x,y,t) 0 N(y, z,s) = max{N(x,y,t),N(y,z,5)} =0
then N(x,z,t +s) = max{N(x,y,t),N(y,z,5)}.
Case2lfx =y # 2z, N(x,z,t+s)=1—@(t +s)and
N(x,y,t) 0 N(y,z,s) = max{N(x,y,t),N(y, z,5s)}
=max{0,1 — @(s)} =1 — @(s).
Since ¢ is increasing @(t +s) = @(s),S0 N(x,z,t +5) < max{N(x,y,t),N(y,z,5)}.
Case3.Ifx #y=2z,N(x,z,t+s)=1—@(t +s) and

N(x,y,t) 0 N(y,z,s) = max{N(x,y,t),N(y,z5s)}
=max{l — @(t),0} =1 — o@(t).
Since ¢ is increasing @(t +s) = @(t), N(x,z,t + s) < max{N(x,y,t),N(y,z,s)}.
Cased. Ifx=z#y,N(x,z,t +s) = 0and
N(x,y,t) 0 N(y,2z,5)

max{N(x,y,t),N(y,z,5s)}
= max{l - @(t),1 — @(s)}

then N(x,z,t +s) < max{N(x,y,t),N(y,z5s)}.

Casebf x #y#z#x; N(x,z,t +s)=1—@(t +s) and



Ebru YIGIT, Hakan EFE | GU J Sci, 30(1):413-429(2017) 423

N(x,y,t) 0 N(y,z,5) = max{l — @(t),1 — @(s)}.

Since g is increasing @(t +s) = @) and (t+s) = @(s)sol—@(t+s)<1—o@)and 1 — @(t +
) <1—-@(s),N(x,z, t +s) < max{N(x,y,t),N(y,z5s)}

Now we will give the next example as a particular case of this proposition.
Example 10. As a particular case if we take @(t) = k (k € (0,1)) as a constant function then (8) becomes

MGy, 0) = { NGy, 0 =

then (M, N,*,0) is an intuitionistic fuzyy metric on X with a * b = min{a, b}, a 0 b = max{a, b} for all
a,b € [0,1]. We will call the (M, N,*,0) discrete intuitionistic fuzzy metric due to its analogy with the
classical discrete metric. For this it is sufficient to see that {x} is open respect to 7y, y forall x € X. Indeed,

By (x, 1 —@(0),t) = {x}.

2.4 Intuitionistic fuzzy metrics deduced by symmetric functions

1 x=y
k x#y

0 xX=y
1-k x#y

Proposition 6. Let F: X x X — (0, %) be a symmetric function (i.e. F(x,y) = F(y,x) for all x,y € X).
Define the functions M, N by

B 1 xX=y _ 0 x=Yy
M(x’y)_{F(x,y) X#y 'N(x'y)_{l—F(x,y) XFYy (9)

And denote a * b = max{0,a + b — 1}, a 0 b = min{1,a + b} for all a,b € [0,1]. Then (M, N,*,0) is a
stationary intuitionistic fuzzy metric on X.

Proof. We only show the condition (IFM-10).

(IFM-10) We show that N(x,z) < N(x,y) ¢ N(y,z) = min{1,N(x,y) + N(y,z)} for all x,y € X. For
this we examine the following five cases. Take x,y,z € X.

Casel.Ifx =y =2z, N(x,z) =0and
N(x,y) 0 N(y,z) = min{1,N(x,y) + N(y,2z)} = min{1,0 + 0} = 0,
SON(x,z) = N(x,y) 0 N(y, 2).
Case2.If x =y #z; N(x,z) = 1 - F(x,2) € (;,1) and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,2)}
=min{1,0+1—-F(y,2)} =1—-F(y,2).
Sincex =y, F(x,z) = F(y,z) andso N(x,z) = N(x,y) 0 N(y, z).
Case3Ifx#y=2z,N(x,z) =1—F(x,z) € (%,1) and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,2)}
=min{l,1 —F(x,y)+0}=1—-F(x,y)
Sincey=z,1-F(x,z)=1—F(x,y)andso N(x,z) = N(x,y) 0 N(y, z).
Cased.Ifx =z #y;N(x,z) = 0and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,z)}
=min{l,1-F(x,y)+1—-F(y,2)}=1
(Remember that F (x, y), F(y, z) € (0, %) forall x,y,ze Xandso1 <2 —-F(x,y) — F(y,z) < 2)

Case5.f x #y # z # x; N(x,z) = 1 — F(x,2) € (5, 1) and

N(x,y) O N(y,z) = min{1,N(x,y) + N(y,2)}
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=min{1,1-F(x,y)+1—-F(y,z)} = 1.
Example 11.As a particular case, if we take X = (0, g) and F (x,y) = cos*x — sin*y then (9) becomes

0 xX=y
1— (cos?x —sin’y) x+#y

x=y
cos?x —sin’y x#y

,N(x,y)={

so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,*,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya*b =a.b,a®b=a+b—abforall a,b € [0,1]

M) =

It is clear that F(x,y) = cos®x — sin*y is a symmetric function for all x,y € X = (0, %) and the function

F provides the above proposition and if we take a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all
a,b € [0,1] then (M, N,*,0) be an intuitionistic fuzzy metric on X. But, if we take a*b =a.b, a0 b =

a+b—abforalla, b € [0,1] then (M, N,*,9) is not a stationary fuzzy metric on X. So indeed, if we choose
11 T 43T,

Y T 10 f T 0
N(x,z) = 0,0130
and
N(x,¥) + N(y,z) — N(x,).N(y,z) = 0,0037

SON(x,z) > N(x,y) + N(y,z) — N(x,y).N(y, 2) i.e. the condition (IFM-10) is not provided.
Proposition 7. Let X and Y be two sets of real numbers, such that x + y € Y foreachx,y € X. Let f:Y —
(0, %) be a function. Define the functions M and N by

MEN ={puryy 2 ey NN =l fry) 2e)

and denote a * b = max{0,a + b — 1}, a 0 b = min{1,a + b} for all a,b € [0,1]. Then (M, N,*,0) is a
stationary intuitionistic fuzzy metric on X.

(10)

Proof.We only show the condition (IFM-10). (Remember the function F(x,y) = f(x + y) is a symmetric
functionon X x X.)

(IFM-10) We show that N(x,z) < N(x,y) 0 N(y,z) = min{1,N(x,y) + N(y,z)} for all x,y,z € X. For
this we examine the following five cases. Take x,y,z € X.

Case 1.Ifx =y =2; N(x,z) = 0 and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,2)}
=min{1,0+0} =0
SON(x,z) = N(x,y) 0 N(y, 2).
Case 2.If x =y # z; N(x,2) = 1 — f(x +2) € (3,1) and
N(x,y) 0 N(y,z) = min{1,N(x,y) + N(y,2)}
=min{1,0+1—-f(y+2)}=1-f(y+ 2).
Sincex=y,f(x+2)=f(y+2z)andsoN(x,z) = N(x,y) ¢ N(y, 2).
Case3.f x #y =z N(x,2) = 1 — f(x +2) € (3,1) and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,z)}
=min{l,1-f(x+y)+0}=1—-f(x+y).
Sincey=z,1-f(x+z)=1—f(x+y)andso N(x,z) = N(x,y) ¢ N(y, 2).
Case4 Ifx =z +y; N(x,z) = 0 and
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N(x,y) 0 N(y,z) = min{1,N(x,y) + N(y,2)}
=min{l,1-f(x+y)+1—-f(y+2)}=1

(Remember that f(x +y),f(y +2) € (0,%) forallx,y,zeXandso1<2—f(x,y)—f(y,2) <2)
Caseblfx #y#z#x;N(x,z2)=1—-f(x+2) € (%, 1) and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,z)}
=min{l,1-f(x+y)+1-f(y+2)}=1.
Example 12.As a particular case, if we take X = (,7) and f(x) = cos x then (10) becomes

1 xX=y
cos(x+y) x#y

0 xX=y

M(x,y)={ 'N(x'Y)z{l—cos(x+y) X+y

so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya+*b =a.b,a¢b=a+b—abforalla,b €[0,1].

It is clear that F(x,y) = f(x + y) is a symmetric function for all x,y € X = (Z”,%) and the function F

provides the above proposition and if we take a * b = max{0,a + b — 1}, a ¢ b = min{1, a + b} for all
a,b € [0,1] then (M, N,*,9) be a stationary intuitionistic fuzzy metric on X. But, if we take a x b = a. b,

adb=a+b—abforalla,b €[0,1] then (M, N,*,0) is not an intuitionistic fuzzy metric on X. So indeed,

f 11w 31m 43T,
ifwechoose x =—,y=—2z=—;
45 180 180

N(x,z) = 0,95
and
N(x,y)+ N(y,z) = N(x,y).N(y,z) = 0,93.
SON(x,z) >N(x,y) O N(y,z) = N(x,y) + N(¥,z) — N(x,y).N(y, z) i.e. the condition (IFM-10) is not
provided.
Proposition 8. Let X and Y be two sets of real numbers such that x —y € Y foreachx,y € X. Let f:Y —
(0, %) be a function such that f(z) = f(—z) for each z € Y. Define the functions M and N by

1 xX=y 0 xX=y

M (x, ={ , N(x, ={ 11
.y fx=y) x#y () I-f(x-y) x#y (11

and denote a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a,b € [0,1]. Then (M, N,*,0) is a

stationary intuitionistic fuzzy metric on X.

Proof. It is proved in a similar way with Proposition 7.

Example 13. As a particular case if we take X = (0, g) and f(x) = x* then (11) becomes

1 xX=y 0 xX=y
(x=y)? x#y’ (x=y)? x#y
so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya*b =a.b,a¢b =a+ b —abforalla,b €[0,1].

M(x,y)={ N(X,}’)={1_

It is clear that F(x,y) = f(x — y) is a symmetric function for all x,y € X = (0, g) and the function F

provides the above proposition and if we take a * b = max{0,a + b — 1}, a ¢ b = min{1, a + b} for all
a,b € [0,1] then (M, N,*,9) be a stationary intuitionistic fuzzy metric on X. But, if we take a x b = a. b,
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a0b=a+b—abforalla,b € [0,1] then (M, N,*,0) is not an intuitionistic fuzzy metric on X. So indeed,
if we choose x = 0,01,y = 0.3,z = 0,001;

N(x,z) = 0,9999
and
N(x,y) + N(y,z) — N(x,y).N(y,z) = 0,9924
sOoN(x,z) > N(x,y) 0 N(y,z) = N(x,y) + N(y,z) — N(x,y). N(y, z) i.e. the condition (IFM-10) is not
provided.
Proposition 9. Let f: X — (0, %) be a function and define the functions M and N by
1 xX=y 0 xX=y
M(x,y) = { N(x,y) = { 12
=@ +70) 22y VO TU—f@ -10) =y (12

and denote a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a,b € [0,1]. Then (M, N,*,0) is a
stationary intuitionistic fuzzy metric on X.(Notice that now the range of Fis (0,1).)

Proof. It is proved in a similar way with the Proposition 7.
Example 14. As a particular case if we take X = (2, +) and f(x) = ithen (12) becomes

1 xX=y 0 xX=y

M(x,y)=41 1 N, y) =

a1 (12)
x+y XFYy

111¢
xyxy

so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya+*b =a.b,a¢b=a+b—abforalla,b € [0,1].

It is clear that F(x,y) = %+§ is a symmetric function for all x,y € X = (2,+o0) and the function F
provides the above proposition and if we take a * b = max{0,a + b — 1}, a ¢ b = min{1, a + b} for all
a,b € [0,1] then (M, N,*,9) be a stationary intuitionistic fuzzy metric on X. But, if we take a x b = a. b,
ad0b=a+b—abforalla,b €[0,1] then (M, N,*,0) is not an intuitionistic fuzzy metric on X. So indeed,
if we choose x = 1000,y = 3,z = 10000;
N(x,z) = 0,9989
and
N(,y)+ N(y,z) — N(x,y).N(y,z) = 0,8885.

SON(x,z) >N(x,y) 0 N(y,z) = N(x,y) + N(y,z) — N(x,y).N(y, z) i.e. the condition (IFM-10) is not
provided.

At the same time x € X and chose r < % — % then By, vy (x, 7, t) = {x} and so (4, is discrete topology.

Example 15. If we take X = (0, %) and we take f as the identity function on X, then (12) becomes

0 xX=y

M(X;Y)={ : nyN(x'y)z{l—x—y X#EYy

x+y x+y’

so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya*b =a.b,a¢b =a+ b —abforalla,b €[0,1].

Itis clear that F (x, y) = x + y isasymmetric function forall x,y € X = (0, %) and the function F provides
the above proposition and if we take a * b = max{0,a+ b — 1}, a ¢ b = min{l,a + b} for all a,b €
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[0,1] then (M, N,*,0) be a stationary intuitionistic fuzzy metric on X. But, ifwetakea*b = a.b,a ¢ b =
a+ b —ab forall a,b € [0,1] then (M, N,*,0) is not an intuitionistic fuzzy metric on X. So indeed, if we
choose x = 0,01,y = 0,4,z = 0,0001;

N(x,z) =1-0,01-0,0001 = 0,9899
and
N(x,y)+N(y,z) = N(x,y).N(y,z) = 0,8360

sON(x,z) > N(x,y) 0 N(y,z) = N(x,y) + N(y,z) — N(x,y). N(y, z) i.e. the condition (IFM-10) is not
provided.

At the same time if we chose 0 < r < % — x then By ny(x, 7, t) = {x} and so, T(y,y) is discrete topology.
2.5 Intuitionistic fuzzy metrics deduced from pair of functions

Proposition 10. Let g and h be two functions on X with values in (0,1) such that sup{g(x):x € X} <
inf{h(x):x € X}and (h + g)(x) = c (with 0 < ¢ < 2) for all x € X. Define the functions M and N by
1 X=y 0 xX=Yy

Mxy) = {h(x) ~g0) xxy NN = i h(x) +9() x*y (19

and denote a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a,b € [0,1]. Then (M, N,*,0) is a
stationary intuitionistic fuzzy metric on X.

Proof.We only show the conditions (IFM-9) and (IFM-10).
(IFM-9)
Nx,y) =1-h(x)+g(») =1-[c—gx)]+g9®»)
=l-c+tg+gx)=1-hy)+gx = N@,x)

(IFM-10) We show that N(x,z) < N(x,y) ¢ N(y,z) = min{1,N(x,y) + N(y,z)} for all x,y,z € X. For
this we examine the following five cases. Take x,y,z € X.

Case lLIf x =y =2, N(x,z) = 0and
N(x,y) 0 N(y,2z) = min{1,N(x,y) + N(y,z)} = min{1,0 + 0} =0
SON(x,z) = N(x,y) 0 N(y,2).
Case2. If x =y #2z;N(x,z) =1 —h(x) + g(z) and
N(x,y) 0 N(y,z) = min{1, N(x,y) + N(y,2)}
=min{1,0+1—-h(y)+g(2)}=1-h() + g(2).
Sincex =y, N(x,2z) = N(x,y) ¢ N(y, 2).
Case3. Ifx #y =2, N(x,z) =1—h(x) + g(z) and

N(x,y) 0 N(y,z) = min{1,N(x,y) + N(y,2)}
=min{1,1 —h(x) + g(y) + 0} =1 — h(x) + g(¥).

Sincey =z, N(x,z) = N(x,y) 0 N(y, 2).
Case4.Ifx =z +# y; N(x,z) = 0 and
N(x,y) O N(y,z) = min{1,N(x,y) + N(y,2)} = min{1,1 —h(x) + g(y) + 1 — h(y) + g(2)}.

(Remember thath, g: X = (0,1) forall x,y,z € Xandso 0 < 2 — h(x) — h(y) + g(y) — g(z) < 4.) Then
N(x,z) < N(x,y) ¢ N(y, 2).

CaseS5.Ifx #y #z#x; N(x,z) =1— h(x) + g(z) and

N(x,y) 0 N(y,2z) = min{1,N(x,y) + N(y,z)}
=min{1,1 - h(x) + g(y) + 1 = h(y) + g(2)}
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then
N(x,z) = 1-h(x) +g(2) =[1 - h(x) + 9]+ h(y) —c +g(2) + 2h(y)
= [1-h(x)+gW]+[1-h()+9(@)]—c+2h(y)—1
< [1=h(x)+gOM]+I[1-h()+g()]
=min{1,N(x,y) + N(y,2)} = N(x,y) 0 N(y, z).
Example 16. If we take X = (0,3), h(x) = 1 —x and g(x) = x then (13) becomes

1 xX=y
—x—y x*vy’

0 xX=y

M(X'J/)={1 N(x,y)={x+y X+y

so, (M, N,*,0) is a stationary intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-
conorm defined by a * b = max{0,a + b — 1}, a ¢ b = min{1,a + b} for all a, b € [0,1]. But in general
(M, N,,0) is not an intuitionistic fuzzy metric on X with the continuous t-norm and continuous t-conorm
definedbya+*b =a.b,a¢b=a+b—abforalla,b €[0,1].

So indeed, if we choose x = 0,4,y = 0,01,z = 0,45;
N(x,z) =x+z=10,85
and
N(x,y)+ N(y,z) — N(x,y).N(y,z) = 0,6814

SO N(x,z) > N(x,y) O N(y,z) = N(x,y) + N(y,z) — N(x,y).N(y, z) i.e. the condition (IFM-10) is not
provided. Also,

Bum@x,r)={y€X:M(x,y)>1—-r,N(x,y) <r}
={yeXil—-x—-y>1-rx+y<r}
={yeX:0<y<r—ux}

If r <x, itis clear that By n)(x,7) = {x} and if r > x, By n)(x,7) = (0,7 — x) then By ny(x,7) =
{x}u (0,7 — x).
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